Chapter 6

Product Measures and Fubini’s
Theorem

All students learn in elementary calculus to evaluate a double integral by
iteration. The theorem justifying this process is called Fubini’s theorem.
However, the cleanest and simplest form of Fubini’s theorem appears for the
first time with the Lebesgue integral.

6.1 Product Measures

We will assume here that we are given two measure spaces, which may or
may not be identical to one another. We let the two measure spaces be
called (X,2(, \) and (Y,B, 1). We intend to construct the product measure
on a suitable o-field contained in the power set of the Cartesian product
Z = X xY. By a rectangular set R in Z we mean any set of the form
R = A x B where A € 2 and B € B. We will take as the family of

elementary sets for the product measure
¢ = {Eezp(XxY))E: Uri={JAxBi, 4 e, Bie%} (6.1)
k=1 i=1
where R; is a rectangular set for each ¢, and n is an arbitrary natural number.

Exercise 6.1.1. Show that the set & of Equation is a field of subsets of
Z=XxY.
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Definition 6.1.1. Define the product measure
v(E) =) AA)u(By)
i=1

for each elementary set ' € € as defined by Equation
This definition requires justification from the following theorem.

Theorem 6.1.1. The product measure v is well-defined on € by Definition
[6. 11, despite the fact that the decomposition given in Equation [6.1] is not
unique.

Proof. Suppose that we have

i=1 i=1
The reader should verify that without loss of generality we can assume that
the sets A; are mutually disjoint, and similarly for the sets B;, the sets Cj,
and the sets D; in turn. Furthermore, we can write

OZ:OCZHAJ:OQU andAj:OCiﬂAj
i=1

j=1 j=1

where the sets @);; are mutually disjoint. Define mutually disjoint sets ;;
similarly for the sets B; and D;. Then we have

E= ZQU X R
ij

E(xe) (5n) -5 (5e)- (5n)
i=1 \j=1 j=1 j=1 \i=1 i=1
and theorem is now established by the additivity of A\ and p. O

The theorem just proven establishes also the finite additivity of v = A x
on €. This finite additivity is built in to Definition [6.T.Il It was necessary
only to know that the definition is valid, meaning that it is independent of
how the elementary set is decomposed into a union of disjoint rectangular
sets. Our next goal is to show that v can be extended to a countably additive
measure on € = B(€), the o-field generated by €. It will be helpful to make
the following definition.
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Definition 6.1.2. If S C X x Y, a Cartesian product space, we define the
x-section of S by

xS:{y|($,y)€S,y€Y}
and the y-section by

Sy={z|(z,y) €S,z e X}

Theorem 6.1.2. There exists a countably additive measure v defined on
¢ = B(€) such that v(A x B) = MNA)u(B) for all A € A and B € B.
Moreover, v is unique provided that A\ and p are both o-finite.

Proof. Uniqueness will follow at the end from Exercise 2.4.1] since v will
be o-finite if both A and p are o-finite. Existence depends upon proving
countable additivity within €.

Each elementary set is a disjoint union of finitely many rectangular sets
of the form

i=1
with each A; and each B; measurable. To prove the countable additivity
within & it will suffice to prove for each of the sets of the form

R=AxB= NA"XB”

ne

that (A x B) = > .y A(An)u(By). Next define
folz) =p (A x BiU...UA, X By))

so that f, € G is a non-negative simple function. Note that although the
sets B, need not be disjoint, we do have

(AxB) =) _ (A x B,

neN
which is a disjoint union. Since p is countably additive, it follows that the
sequence f, increases monotonically toward the limit f, where
uw(B) ifzeA
0 if v ¢ A.



By the Monotone Convergence Theorem (Theorem [5.4.1]) we see that

and this is true even if v(R) = oo. O

Note that in the preceding proof we have applied the Monotone Con-
vergence only to non-negative measurable functions defined on X, on which
there is already a countably additive measure A. (We are not applying it
to functions defined on the product space, for which we are establishing the
existence of a countably additive measure.) We remark that we did not need
to use the hypothesis of completeness that appeared in the Monotone Con-
vergence theorem because in the preceding proof f,, converges everywhere to
f - not merely almost everywhere.

Definition 6.1.3. We will denote the Cartesian (or cross) product
AxB={AxB|AecA BecB}
and the field that it generates is called €. But we will denote by
AR B =B x B)

the Borel field generated by the field €. Finally, we denote by

AX) B
the completion of A ® B.

It is reasonable to wonder whether it is necessary to form the completion
A B if both A and B happen to be complete families of measurable sets
for their respective measures. The answer-that the completion needs to be
formed-is provided by the following special case.

Let X =Y =R and Z = X xY = R?, the Euclidean plane. Here we will
assume that A\ = 1 = [, Lebesgue measure on the line. And 2 =B = L(R)
will be the o-field of all Lebesgue measurable sets in the line.

Theorem 6.1.3. With the notations of Theorem[6.1.3, we have

—

B (R?) ; L(R) ® L(R) iCi) £L®) Y LR QL®).
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Proof.

i. Since the elementary sets of the plane are contained in L(R) x L(R),
it follows that B (R?) C L(R) ® L(R). Observe that the family

S = {SQRQ)Sy 6%(R)VyeR}

is a o-field in the plane containing the elementary sets of the plane, as
defined in Section B.5. Thus it contains all the Borel sets of the plane.
On the other hand, by Remark [3.3.1] there exists a set

E € £(R) \ B(R)

so that
ExRe (LR)\B(R?)® L(R).

Hence there is a set F x R that is in £(R) x £(R) but not in B (R?).
This proves the first (improper) containment.

ii. For the second improper containment, let M be any non-measurable
subset of R. Then the planar Lebesgue measure [? ({z} x M) = 0 for
each singleton set {z} in R, being a subset of a plane Lebesgue null
set. Hence

{z} x M € L (R?).

Thus it would suffice to show that {z} x M ¢ L(R) ® L(R). Consider
the class S of all sets £ C R? for which ,F € L(R) for a fixed z € R.
Then it is easy to check that S is a monotone class, which implies that
S contains the o-field £L(R) ® L£(R). But since the set {z} x M lacks
this property, it follows that {z} x M ¢ L(R) ® L(R).

iii. Since £(R?) is the (minimal) completion of B(R?), it must be also the
completion of L(R) ® L(R), as is L(R) @ L(R).

O

!The strict containment (i) could be proven also by a cardinality argument, since the
transfinite cardinal number of the right-hand side is greater than that of the left.
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