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Abstract
Given any nontrivial alternating tri-character f on a finite abelian group G, one can

construct a finite dimensional non-commutative and non-cocommutative semisimple
Hopf algebra H. The group of group-like elements of H is an abelian central extension
of B by Ĝ where B is the radical of f .

1 Introduction

In this exposition, we will discuss the Hopf algebra structure of the twisted quantum double
Dω(G)0 constructed from a finite abelian group G and a normalized 3-cocycle ω of G [DPR92]
(Section 2). These Hopf algebras are semisimple and self-dual [MN01]. Moreover, Dω(G)0

is non-commutative and non-cocommutative if there exist x, y, x ∈ G such that

ω(x, y, z)ω(y, z, x)ω(z, x, y)

ω(y, x, z)ω(z, y, x)ω(x, z, y)
6= 1 . (1)

The formula on the left hand side of equation (1) actually defines an alternating tri-character
of G. If we write ψ∗([ω])(x, y, z) for the left hand side of equation (1), then [ω] 7→ ψ∗(ω)
defines a split epimorphism from H3(G,C∗) onto Hom(

∧3 G,C∗), where [ω] denotes the co-
homology class of ω. Moreover, Dω(G) is commutative if, and only if, [ω] ∈ kerψ∗ (Section 4).

Let f be non-trivial alternating tri-character of G and ω a normalized 3-cocycle of G such
that ψ∗(ω) = f . We define the radical B of f by

B = {x ∈ G|f(x, y, z) = 1 for any y, z ∈ G} .

Then, the group of all the group-like elements of Dω(G)0, denoted by Γω, is an abelian central

extension of B by Ĝ (Section 3). In addition, Γω lies in the center of Dω(G)0. If [ω] ∈ kerψ∗,
then B = G. The map Λ : kerψ∗−→H2(G, Ĝ), Λ : [ω] 7→ bω is a group homomorphism,
where bω is the cohomology class associated to the extension

1−→Ĝ−→Γω−→G−→1 .

Though we defined the map Λ in terms of quantum doubles, it turns out that Λ has an
purely homological interpretation using the Eilenberg-MacLane cohomology (Section 5).
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2 Twisted Quantum Double of a Finite Group

Let G be a finite group and let ω : G × G × G−→C∗ be a normalized 3-cocycle; that is a
function such that ω(x, y, z) = 1 whenever one of x, y or z is equal to the identity element 1
of G and it satisfies the functional equation

ω(g, x, y)ω(g, xy, z)ω(x, y, z) = ω(gx, y, z)ω(g, x, yz) for any g, x, y, z ∈ G .

We will denote the group of all normalized 3-cocycles on G by Z3(G,C∗). For any g ∈ G,
one can define the functions θg, γg : G×G−→C∗ as follows:

θg(x, y) =
ω(g, x, y)ω(x, y, (xy)−1gxy)

ω(x, x−1gx, y)
, (2)

γg(x, y) =
ω(x, y, g)ω(g, g−1xg, g−1yg)

ω(x, g, g−1yg)
. (3)

Let {e(g)|g ∈ G} is the dual basis of the canonical basis of C[G]. The twisted quantum double
Dω(G) of G with respect to ω is the quasi-triangular quasi-Hopf algebra with underlying
vector space C[G]∗ ⊗ C[G]. The multiplication, comultiplication, and associator are given,
respectively, by

(e(g)⊗ x)(e(h)⊗ y) = θg(x, y)e(g)e(xhx−1)⊗ xy , (4)

∆(e(g)⊗ x) =
∑

hk=g

γx(h, k)e(h)⊗ x⊗ e(k)⊗ x , (5)

Φ =
∑

g,h,k∈G

ω(g, h, k)−1e(g)⊗ 1⊗ e(h)⊗ 1⊗ e(k)⊗ 1 . (6)

The counit and antipode are given by

ε(e(g)⊗ x) = δg,1 and S(e(g)⊗ x) = θg−1(x, x−1)−1γx(g, g−1)−1e(x−1g−1x)⊗ x−1 ,

where δg,1 is the Kronecker delta. The universal R-matrix is given by

R =
∑

g,h∈G

e(g)⊗ 1⊗ e(h)⊗ g . (7)

The corresponding elements α and β are 1Dω(G) and
∑
g∈G

ω(g, g−1, g)e(g)⊗ 1 respectively (cf.

[DPR92]). For the definition and details about quasi-Hopf algebras, the readers are referred
to see [Dri90], [Kas95] or [CP95]. Verification of the details involves the following identities,
which result from the 3-cocycle identity for ω:

θz(a, b)θz(ab, c) = θa−1za(b, c)θz(a, bc) , (8)

θy(a, b)θz(a, b)γa(y, z)γb(a
−1ya, a−1za) = θyz(a, b)γab(y, z) , (9)

γz(a, b)γz(ab, c)ω(z−1az, z−1bz, z−1cz) = γz(b, c)γz(a, bc)ω(a, b, c) , (10)

for all a, b, c, y, z ∈ G. We leave the verification for the readers as an exercise.
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Remark 2.1 If ω = 1, then the twisted quantum double Dω(G) is identical to the Drinfeld
double of the group algebra C[G]. However, Dω(G) is not a Hopf algebra in general. More-
over, even if ω, ω′ are differed by a coboundary, Dω(G) and Dω′(G) are not isomorphic as
quasi-bialgebras. Nevertheless, they are gauge equivalent.

The dual space, C[G]∗, admits a natural C[G]-module structure given by

x · e(g) = e(xgx−1)

for any x, g ∈ G. Actually, C[G]∗ is a C[G]-module algebra. Moreover, the algebra structure
of Dω(G) is the cross-product of C[G]∗#σC[G] where σ ∈ HomC(C[G]⊗ C[G],C[G]∗) is the
Sweedler 2-cocycle [Swe68] defined by

σ(x⊗ y) =
∑
g∈G

θg(x, y)e(g)

for any x, y ∈ G. Since both C[G] and C[G]∗ are semisimple and so is Dω(G) (cf. [Mon93]
7.4.2 or [BM89]).

When G is abelian, θg = γg for any g ∈ G. We will collectively write ωg for both θg and γg

in the sequel whenever G is abelian.

Theorem 2.2 [MN01, 2.2]Let G be a finite abelian group and ω a normalized 3-cocycle ω
of G. Then (Dω(G), ·, 1Dω(G), ∆, ε, S) is a self-dual Hopf algebra. Moreover, if ω and ω′ are
normalized 3-cocycles differed by a coboundary, then the Hopf algebras Dω(G), Dω′(G) are
isomorphic.

As a consequence of the above theorem, the Hopf algebra structure on Dω(G) depends only
on the cohomology class w ∈ H3(G,C∗) represented by ω but not the representatives of w.
In the sequel, we will write Dω(G)0 for the Hopf algebra (Dω(G), ·, 1Dω(G), ∆, ε, S) whenever
G is abelian.

Remark 2.3 The Hopf algebra Dω(G)0 is not necessarily quasi-triangular although the
quasi-Hopf algebra Dω(G) is quasi-triangular. The universal R-matrix for the quasi-Hopf
algebra Dω(G) given in (7) is failed to be a universal R-matrix for the Hopf algebra Dω(G)0.

3 Group-like Elements of Dω(G)0

Let G be a finite abelian group and ω ∈ Z3(G,C∗). A nonzero element u in Dω(G)0 is called
group-like if ∆(u) = u ⊗ u. We will denote by Γω the group of all group-like elements of
Dω(G)0. The elements in Γω can be characterized by the following proposition [MN01, 3.2].

Proposition 3.1 Let G be a finite abelian group and ω ∈ Z3(G,C∗). Then u ∈ Γω if, and
only if, u =

∑
g∈G

α(g)e(g)⊗ x for some x ∈ G and a function α : G−→C∗ such that

ωx(g, h) =
α(g)α(h)

α(gh)

for any g, h ∈ G.
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Corollary 3.2 Let G be a finite abelian group and ω a normalized 3-cocycle of G. Then
Γ6ω lies in the center of Dω(G)0.

Proof. For any u ∈ Γω, by Proposition 3.1,

u =
∑
g∈G

α(g)e(g)⊗ x

for some x ∈ G and α : G−→C∗ such that

ωx(y, z) =
α(y)α(z)

α(yz)

for any y, z ∈ G. Then for any h, y ∈ G,

(e(h)⊗ y) · u = ωh(y, x)α(h)⊗ yx

u · (e(h)⊗ y) = ωh(x, y)α(h)⊗ yx .

Since ωx(h, y) = ωx(y, h),

ωh(x, y)

ωh(y, x)
=

ω(h, x, y)ω(y, h, x)ω(x, y, h)

ω(x, h, y)ω(h, y, x)ω(y, x, h)
=

ωx(y, h)

ωx(h, y)
= 1 .

Therefore, ωh(x, y) = ωh(y, x) for any h, y ∈ G. Hence, (e(h)⊗ y) · u = u · (e(h)⊗ y) for any
h, y ∈ G. ¤

Since ω is normalized, ω1 ≡ 1. Therefore, for any character α of G,
∑
g∈G

α(g)e(g) ⊗ 1 ∈ Γω

is a group-like element of Dω(G)0. It is easy to see that the map i : Ĝ−→Γω, i : α 7→∑
g∈G

α(g)e(g)⊗ 1 actually defines an injective group homomorphism where Ĝ is the character

group of G.

The assignment e(g)⊗x 7→ δg,1x defines an algebra map from Dω(G) to C[G]. We write j for
the restriction of this map on Γω. Then j(Γω)⊆G and j : Γω−→G is a group homomorphism.
It follows from Proposition 3.1 that Im i = ker j. Let

Bω = {x ∈ G |ωx is a 2-coboundary.} .

Then, by Proposition 3.1, Im j⊆Bω. Conversely, for any x ∈ Bω, there is a function
α : G−→C∗ such that

ωx(g, h) = δ(α)(g, h) =
α(g)α(h)

α(gh)

for any g, h ∈ G. Then,
∑
g∈G

α(g)e(g)⊗ x ∈ Γω and j(u) = x. Hence, Im j = Bω and Bω is a

subgroup of G. This gives the proof for the first part of following lemma (cf [MN01, 2.3 and
2.4], ).
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Proposition 3.3 Let G be a finite abelian group and ω a normalized 3-cocycle of G. Then,
Γω is an abelian central extension of Bω by Ĝ. If ω and ω′ are cohomologous normalized
3-cocycles of G, then Bω = Bω′ and the central extensions

1−→Ĝ−→Γω−→Bω−→1 and 1−→Ĝ−→Γω′−→Bω′−→1

are equivalent.

Let Z3(G,C∗)ab denote the set of all normalized 3-cocycles w of G such that Bω = G, and
H3(G,C∗)ab the set of cohomology classes associated to Z3(G,C∗)ab. Thus, ω ∈ Z3(G,C∗)ab

if, and only if, ωg is a 2-coboundary for all g ∈ G. It is fairly easy to show that H3(G,C∗)ab

is a subgroup of H3(G,C∗).

Take any ω ∈ Z3(G,C∗)ab. Then, by Proposition 3.3, Γω is an abelian central extension of

G by Ĝ. Let βω ∈ Z2(Bω, Ĝ) be a 2-cocycle associated to this extension

1−→Ĝ−→Γω−→G−→1 .

Proposition 3.3 also implies that ω 7→ βω induces a map Λ : H3(G,C∗)ab−→H2(G, Ĝ),

where H3(G,C∗)ab. In addition, Λ : H3(G,C∗)ab−→H2(G, Ĝ) is a group homomorphism (cf.
[MN01, 3.8]). We will discuss this map again in Section 5.

4 Construction of non-commutative, non-cocommutative

Hopf algebras

Let G be a finite abelian group and ω ∈ Z3(G,C∗). Since Γω lies in the center of Dω(G)0,
C[Γω] is a commutative normal Hopf subalgebra of Dω(G)0. In fact, Dω(G) is a commutative
algebra if, and only if, Dω(G) is identical to the C[Γω].

Proposition 4.1 [MN01, 3.6] Let G be a finite abelian group and ω a normalized 3-cocycle
of G . Then the following statements are equivalent :

(i) Dω(G) is spanned by Γω;

(ii) ω ∈ Z3(G,C∗)ab;

(iii) Dω(G) is a commutative algebra.

In order to obtain a non-commutative, non-cocommutative Hopf algebra from the twisted
quantum double Dω(G) of a finite abelian group G, the necessary and sufficient condition is
that [ω] 6∈ H3(G,C∗)ab, where [ω] denotes the cohomology class represented by ω.

Proposition 4.1 suggests how to determine whether Dω(G) is commutative. However, using
the definition of Z3(G,C∗) to check whether ω ∈ Z3(G,C∗)ab is not very practical. Inter-
esting enough, H3(G,C∗)ab can be described as the kernel of a map ψ∗ from H3(G,C∗) to
Hom(

∧3 G,C∗).
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To see the construction of such a map ψ∗, we firstly consider the homology groups of G. The
homology groups H∗(G,Z) is the homology of the standard complex A0(G) given by

· · · ∂−→ C3
∂−→ C2

∂−→ C1−→Z ,

where Cn is the free abelian group generated by all n-tuples (x1, . . . , xn) of elements xi of G
and ∂ is a Z-linear map defined by

∂(x1, . . . , xn) = (x2, . . . , xn) +
n−1∑
i=1

(−1)i(x1, . . . , xi−1, xixi+1, . . . , xn) + (−1)n(x1, . . . , xn−1) .

We will call (x1, . . . , xn) a n-dimensional cell of A0(G).

For any two cells (x1, . . . , xn) and (y1, . . . , ym) in A0(G), we can define a “shuffle” of the n
letters x1, . . . , xn through the m letters y1, . . . , ym to be the n+m-tuple in which the order of
the x’s and the order of y’s are preserved. The sign of the shuffle is the sign of the permuta-
tion required to bring the shuffled letters back to the standard shuffle (x1, . . . , xn, y1, . . . , ym).
Then, we can define the “star” product (x1, . . . , xn) ∗ (y1, . . . , ym) to be the signed sum of
the shuffles of the letters x through the letters y.

Since G is abelian, A0(G) is a differential graded ring with respect to ∗. Moreover, H∗(G,Z)
is an anti-commutative ring under the induced product of ∗. Since G is also finite, there is
a split embedding ψ :

∧∗ G−→H∗(G,Z) which sends g1 ∧ · · · ∧ gn in
∧n G to the homology

class of
∑

σ∈Sn
sgn(σ)(gσ(1), . . . , gσ(n)) (cf. [Bro82, V.5]). In particular, ψ :

∧3 G−→H3(G,Z)

is a split monomorphism. Then the dual ψ∗ : Hom(H3(G,Z),C∗)−→Hom(
∧3 G,C∗) of ψ is

a split epimorphism.

For any ω ∈ Z3(G,C∗), ω naturally defines a homomorphism Eω in Hom(H2(G,Z),C∗) by
the evaluation on the cell representatives. By the universal coefficient theorem, the map E :
H3(G,C∗)−→Hom(H2(G,Z),C∗), [ω] 7→ Eω is a group isomorphism. We will simply identify
H3(G,C∗) with Hom(H3(G,Z),C∗) through E. Then, ψ∗ : H3(G,C∗)−→Hom(

∧3 G,C∗) is
given by

ψ∗([ω])(x, y, z) =
ω(x, y, z)ω(y, z, x)ω(z, x, y)

ω(y, x, z)ω(z, y, x)ω(x, z, y)
(11)

for any cohomology class [ω] represented by a 3-cocycle ω. The group H3(G,C∗)ab can be
characterized nicely by the kernel of ψ∗ [MN01, 7.4]).

Proposition 4.2 Let G be a finite abelian group. Then H3(G,C∗)ab is identical to the kernel
of the homomorphism ψ∗.

The formula of ψ∗ given in (11), together with propositions 4.1 and 4.2, suggest an easy way
to determine whether Dω(G)0 is non-commutative and non-cocommutative.

Theorem 4.3 Let G be a finite abelian group and ω a normalized 3-cocycle. Then Dω(G)0

is a non-commutative, non-cocommutative semisimple Hopf algebra if, and only if ψ∗(ω) 6= 1.
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The radical of ψ∗([ω]) is then given by

B = {x ∈ G |ψ∗([ω])(x, y, z) = 1 for all y, z ∈ G }

=

{
x ∈ G

∣∣∣∣
ω(x, y, z)ω(z, x, y)

ω(y, x, z)
=

ω(x, z, y)ω(z, y, x)

ω(z, x, y)
for all y, z ∈ G

}

= {x ∈ G |ωx(y, z) = ωx(z, y) for all y, z ∈ G }

Since C∗ is divisible, ωx(y, z) = ωx(z, y) for all y, z ∈ G if, and only if, ωx is a 2-coboundary
of G. Hence B = Bω. This proves the following proposition.

Proposition 4.4 Let G be a finite abelian group and ω a normalized 3-cocycle of G. Then
Bω is the radical of ψ∗([ω]).

The set of tri-characters of G is a good source of normalized 3-cocycles of G. By Theorem
4.3, non-commutative and non-cocommutative Hopf algebras of the form Dω(G) can be
constructed easily.

Example 4.5 Let n be a positive integer and let G = Zn×Zn×Zn. For any a = (a1, a2, a3),
b = (b1, b2, b3), and c = (c1, c2, c3) ∈ G, define ω(a, b, c) = ζa1b2c3 , where ζ is a primitive nth
root of unity. One can easily see that ω is a tri-character on G and hence a normalized
3-cocycle on G. Moreover,

ψ∗([ω])(a, b, c) = ζdet[a,b,c]

where [a, b, c] is the matrix 


a1 a2 a3

b1 b2 b3

c1 c2 c3


 .

Obviously, ψ∗([ω])((1, 0, 0), (0, 1, 0), (0, 0, 1)) = ζ. Therefore, ψ∗([ω]) 6= 1. Hence, Dω(G)0

is then a non-commutative, non-cocommutative semisimple Hopf algebra of dimension n6.
One can easily see that det[a, b, c] = 0 for all b, c ∈ G if, and only if, a = 0. Hence, the

radical of ψ∗([ω]) is trivial and so is Bω. Therefore, the group Γω is isomorphic to Ĝ.

Since the map ψ∗ : H3(G,C∗)−→Hom(
∧3 G,C∗) is surjective, for any non-trivial alternating

tri-character f of G, there exists a cohomology class [ω] ∈ H3(G,C∗), represented by a
normalized 3-cocycle ω, such that ψ∗([ω]) = f . Then, Dω(G)0 is non-commutative, as well
as, non-cocommutative. However, if G ∼= C1×C2 where C1, C2 are finite cyclic groups, then∧3 G is trivial. Hence, Dω(G)0 is always commutative and cocommutative. When G is a
direct sum of more than or equal to three cyclic factors, neither

∧3 G nor Hom(
∧3 G,C∗)

is trivial. Hence, there must be an [ω] ∈ H3(G,C∗) such that Dω(G)0 is non-commutative,
and non-cocommutative as well.
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5 Relation to the Eilenberg-MacLane Cohomology

Let G be a finite abelian group. The subgroup H3(G,C∗)ab of H3(G,C∗) is the of cohomol-

ogy classes [ω] such that Dω(G)0 is commutative. The map Λ : H3(G,C∗)ab−→H2(G, Ĝ),
defined in the end of section 3, has an interesting relation to the Eilenberg-MacLane coho-
mology for abelian groups.

Using the multiplicative structure of the complex A0(G), one can define the complex A1(G)
as follows [Mac52]: The cells of A1(G) are symbols σ = [α1|α2| · · · |αp], with each αi a cell
of A0(G). The dimension of σ is p − 1 plus the sum of the dimensions of the αi, and the
boundary of σ is

∂σ =

p∑
i=1

(−1)εi−1 [α1| · · · |∂αi| · · · |αp] +

p−1∑
i=1

(−1)εi [α1| · · · |αi ∗ αi+1| · · · |αp] ,

where εi = 1+dim[α1| · · · |αi]. For any abelian group M , we denote by Cn
ab(G,M), Zn

ab(G, M),
Bn

ab(G,M) and Hn
ab(G,M) the dimension n-cochains, cocycles, coboundaries, and cohomol-

ogy classes of Hom(A1(G),M) respectively. Note that H2
ab(G, M) is the same as ExtZ(G, M).

Notice that A0(G) is a subcomplex of A1(G). We have the exact sequence of complexes

0−→A0(G)−→A1(G)−→B(G)−→0

with B(G) the quotient complex A1(G)/A0(G). Since C∗ is divisible, the sequence

1−→Hom(B(G),C∗)−→Hom(A1(G),C∗)−→Hom(A0(G),C∗)−→1

is exact and we have the long exact sequence

· · · δ−→ H∗(B(G),C∗)−→H∗
ab(G,C∗)−→H∗(G,C∗) δ−→ H∗+1(B(G),C∗)−→H∗+1

ab (G,C∗)−→· · ·

where Hn(B(G),C∗) is the nth cohomology group of the cochain complex Hom(B(G),C∗).
In particular,

H3(B(G),C∗)−→H3
ab(G,C∗)−→H3(G,C∗) δ−→ H4(B(G),C∗) . (12)

The subgroup H3(G,C∗)ab of H3(G,C∗) is contained in the kernel of δ and ImΛ⊆H2
ab(G, Ĝ).

Moreover, there exists a monomorphism Ξ : H2
ab(G, Ĝ)−→H4(B(G),C∗) such that the dia-

gram

H3
ab(G,C∗) // H3(G,C∗) δ // H4(B(G),C∗)

H3(G,C∗)ab
Λ //

?�

incl

OO

H2
ab(G, Ĝ)

?�
Ξ

OO

commutes (cf. [MN01, Section 6]). Hence, kerΛ = ker δ. Using the exact sequence (12), we
obtain the following Theorem [MN01, 6.3]:
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Theorem 5.1 Let G be a finite abelian group. Then the kernel of the map

Λ : H3(G,C∗)ab−→H2(G, Ĝ)

is isomorphic to the maximal elementary 2-subgroup of G.

Recall that Λ[ω] is the cohomology class in H2(G, Ĝ) associated to the central extension Γω

of G by Ĝ. Thus, [ω] ∈ kerΛ if, and only if, the exact sequence

1−→Ĝ−→Γω−→G−→1

splits. Hence, Γω ∼= G × G if, and only if, [ω] ∈ kerΛ. Consequently, if [ω] ∈ kerΛ is not
trivial, then Dω(G) and D1(G) are not gauge equivalent (cf. [MN01, 9.5]).
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