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Abstract. We introduce the notions of (G, q)-opers and Miura (G, q)-opers, where G is
a simply-connected complex simple Lie group, and prove some general results about their
structure. We then establish a one-to-one correspondence between the set of (G, q)-opers
of a certain kind and the set of nondegenerate solutions of a system of Bethe Ansatz
equations. This may be viewed as a qDE/IM correspondence between the spectra of a
quantum integrable model (IM) and classical geometric objects (q-differential equations).
If g is simply-laced, the Bethe Ansatz equations we obtain coincide with the equations that
appear in the quantum integrable model of XXZ-type associated to the quantum affine
algebra Uq ĝ. However, if g is non-simply laced, then these equations correspond to the
XXZ-type model associated not to Uq ĝ but to a twisted affine algebra naturally obtained
from g. A key element in this qDE/IM correspondence is the QQ-system that has appeared
previously in the study of the ODE/IM correspondence and the Grothendieck ring of the
category O of the relevant quantum affine algebra.
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1. Introduction

In his celebrated 1931 paper [Bet31], Hans Bethe proposed a method of diagonalization
of the Hamiltonian of the XXX spin chain model that was introduced three years earlier
by Werner Heisenberg. The elegance and simplicity of his method, dubbed Bethe Ansatz,
has dazzled several generations of physicists and mathematicians. Richard Feyman wrote
[Fey88]: “I got really fascinated by these (1+1)-dimensional models that are solved by the
Bethe ansatz and how mysteriously they jump out at you and work and you don’t know
why. I am trying to understand all this better.” In this paper we make another attempt to
understand all this better.

1.1. Gaudin model. To explain our main idea, let’s discuss a close relative of the XXX
spin chain: the quantum Gaudin model corresponding to a simple Lie algebra g. The space
of states of the model is a representation of the corresponding (polynomial) loop algebra
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g[t, t−1]. Suppose for simplicity that it is the tensor product⊗Ni=1Vλi(zi) of finite-dimensional
evaluation representations with highest weights λi and distinct evaluations parameters zi.
In this case, it was shown in [FFR94, Fre04] that the spectrum of the quantum Gaudin
Hamiltonians can be encoded by objects of an entirely different nature; namely, certain
ordinary differential operators on P1 called opers (this concept was introduced by Beilinson
and Drinfeld [BD05] and goes back to the work of Drinfeld and Sokolov on the generalized
KdV systems [DS85]). The opers that encode the spectrum have regular singularities at
the points z1, . . . , zN and ∞, and trivial monodromy.

Remarkably, the opers that encode the spectra of the Gaudin model associated to g are
naturally associated to the Langlands dual Lie algebra Lg rather than g itself. This is no
accident; as explained in [Fre95], this correspondence may be viewed as a special case of
the construction [BD] of the geometric Langlands correspondence.

As a bonus, we obtain (at least, in a generic situation) explicit formulas for the eigenvec-
tors and eigenvalues of the Gaudin Hamiltonians [FFR94], which are analogous to Bethe’s
original formulas. An interesting aspect is that the Lg-opers corresponding to these eigenval-
ues can be expressed in terms of the Miura transformation well-known in the theory of gen-
eralized KdV equations [FFR94, Fre04]. This means that we may alternatively encode the
eigenvalues by the so-called Miura opers. The same is true if we replace finite-dimensional
representations Vλi by other highest weight g-modules. (For more general g-modules, the
spectral problem becomes more complicated; a strategy for describing the relevant Lg-opers
and the corresponding Bethe Ansatz equations using the data of 4D gauge theories was
proposed in [NW10,NRS11].)

Thus, we obtain a link between two worlds that at first glance seem to be far apart: the
quantum world of integrable models and the classical world of geometry and differential
equations. The mystery is partially resolved when we realize that this link can be deformed
in such a way that both sides correspond to quantum field theories. Namely, the spectral
problem of the Gaudin model deforms to the KZ equations on conformal blocks in a WZW
model associated to g (see [RV94]), whereas opers deform to conformal blocks of the W-
algebra corresponding to Lg.

Thus, the original Gaudin/opers correspondence can be recovered in a special limit of a
more familiar duality of QFTs. In this limit, the symmetry algebra on one side remains
quantum but develops a large commutative subalgebra (in fact, it can be obtained from

the center of Ũ(ĝ) at the critical level [FFR94, Fre04] so that the quadratic Hamiltonians
correspond to the limit of the rescaled stress tensor given by the Segal-Sugawara formula).
In contrast, the limit of the symmetry algebra on the other side is purely classical (opers
and related structures); thus, we get a commutative algebra with a Poisson structure.
This Poisson structure is a hint of the existence of one-parameter deformation, as is the
appearance of the Miura transformation (which is known to preserve Poisson structures)
in the formula for the eigenvalues of quantum Hamiltonians, when they are expressed as
opers.

1.2. Quantum KdV systems. The above construction has various generalizations. One
possibility, discussed in [Zei15], is to replace the Lie algebra g by a Lie superalgebra. Another
possibility is to replace the finite-dimensional simple Lie algebra g by the corresponding
affine Kac–Moody algebra ĝ. These affine Gaudin models were introduced in [FF07], where
it was argued that the spectra of the corresponding quantum Hamiltonians (now there are
both local and non-local Hamiltonians) should be encoded by affine analogues of Lg-opers,
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called Lĝ-opers. Here Lĝ is the affine algebra that is Langlands dual to ĝ. In particular, Lĝ
is a twisted affine Kac-Moody algebra if ĝ is an untwisted affine Lie algebra associated to a
non-simply laced g, so this duality is more subtle than in the finite-dimensional case.

It was shown in [FF07] that in a particular setting of the available parameters, the affine
Gaudin model associated to ĝ can be viewed as a quantization of the classical ĝ-KdV system
defined in [DS85]. The conjecture of [FF07] (see also [FH18]) states that the spectra of the
corresponding quantum ĝ-Hamiltonians can be encoded by Lĝ-opers on P1 with particular

analytic properties. In the case of ĝ = ŝl2 (so we are dealing with the KdV system proper),
these opers can be written as second order ordinary differential operators with spectral
parameter on P1. The conjecture of [FF07] then becomes the conjecture made earlier
by Bazhanov, Lukyanov, and Zamolodchikov [BLZ03], which was in fact a motivation for

[FF07] (a similar conjecture was also made in the case of ĝ = ŝl3 in [BHK02]).
For general g, the Lĝ-opers are Lie algebra-valued ordinary differential operators on P1

(or its finite cover, if g is non-simply laced [FH18]) with spectral parameter. Therefore
the conjecture of [FF07, FH18] fits the general paradigm of the ODE/IM correspondence
(see e.g. [DDT07]), i.e. a correspondence between spectra of quantum Hamiltonians in a
quantum integrable model (IM) and ordinary differential operators (ODE).

In [MRV16,MRV17], Masoero, Raimondo, and Valeri made an important discovery. They
analyzed the Lĝ-affine opers that according to [FF07] should encode the eigenvalues on
the ground eigenstates of the ĝ-KdV system. They were able to assign to each of them a

collection of functions {Qi(z), Q̃i(z)}i=1,...,r solving a novel system of equations (dubbedQQ̃-
system in [FH18]) generalizing the relation found in [BLZ03]. Furthermore, they showed
that in a generic situation these equations imply that the roots of the functions Qi(z)
satisfy a version of the system of Bethe Ansatz equations proposed earlier in [OW86,RW87,
Res87]. These results were generalized in [MR18] to the affine opers corresponding to the
excited eigenstates of the ĝ-KdV system for simply-laced g. Thus, we obtain that Bethe
Ansatz equations describe objects on the ODE side of the ODE/IM correspondence (this
is analogous to the interpretation of the Bethe Ansatz equations of the g-Gaudin model in
terms of the corresponding Lg-opers, see Section 1.1).

To see that the same Bethe Ansatz equations also appear on the IM side, we need to

interpret the QQ̃-system directly in terms of the quantum Hamiltonians. This was done in

[FH18], where it was shown that the QQ̃-system arises from universal relations between the
quantum ĝ-KdV Hamiltonians corresponding to certain specific transfer-matrices of Uqĝ (or
rather its Borel subalgebra).

Thus, we obtain an analogue of the Gaudin/oper correspondence of Section 1.1: the
ODE/IM correspondence between the spectra of the quantum Hamiltonians of the quantum
KdV system and classical geometric objects; namely, affine opers. The two sides of the

ODE/IM correspondence share the QQ̃-system and the Bethe Ansatz equations (see [FH18]
and Section 6.2 for more details).

1.3. Quantum spin chains. The goal of the present paper is to express in the same spirit
the spectra of the quantum integrable models of the type considered by Bethe in his original
work [Bet31].

Actually, it is known that the XXX spin chain naturally corresponds to the Yangian
of sl2, and this model can be generalized so that the symmetry algebra is the Yangian of
an arbitrary simple Lie algebra g. In this paper, we focus on the trigonometric versions
of these models. In the simplest case of g = sl2, this is the Heisenberg XXZ model, in
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which the symmetry algebra is the quantum affine algebra Uq ŝl2, where q corresponds to
the parameter ∆ of the XXZ model by the formula ∆ = (q + q−1)/2 (the XXX model can
be obtained from it, if we take the limit q → 1 in a particular fashion). This model can be
generalized to an arbitrary g, so that the symmetry algebra is the quantum affine algebra
Uqĝ. We will refer to these models as the Uqĝ XXZ-type models.

Annalogues of the Bethe Ansatz equations for these models were proposed in the 1980s
[OW86, RW87, Res87]. In the 1990s, Reshetikhin and one of the authors [FR99] explained
how to relate them to the spectra of the transfer-matrices associated to finite-dimensional
representations of Uqĝ (which are quantum Hamiltonians of this model). This derivation was
based on a conjectural formula (generalizing Baxter’s TQ-relation in the case of g = sl2) for
the eigenvalues of these transfer-matrices in terms of the q-characters of the corresponding
representations of Uqĝ. This conjecture was proved by Hernandez and one of the authors
in [FH15].

Thus, as in the previous two types of quantum integrable systems, we obtain a description
of the spectra of quantum Hamiltonians in terms of solutions of a system of Bethe Ansatz
equations.

The question then is: How to construct the geometric objects encoding the solutions of
these Bethe Ansatz equations? If we answer this question, we obtain another instance of
the duality discussed above.

The first step in this direction was made by Mukhin and Varchenko [MV05] in the closely
related case of the XXX-type models which correspond to the Yangians (rather than quan-
tum affine algebras). To each solution of the corresponding system of Bethe Ansatz equa-
tions they assigned a difference operator that they called “discrete Miura oper.” However,
since they did not give an independent definition of such objects, this does not give a duality
correspondence of the kind discussed above.

In [KSZ18], three of the authors proposed such a definition in the case of the Uq ŝln XXZ-
type model. Namely, they introduced (SL(n), q)-opers (as scalar q-difference operators of
order n) and related them to nondegenerate solutions of the corresponding Bethe Ansatz
equations.

In this paper, we elucidate the results of [KSZ18] and generalize them to other Uqĝ
XXZ-type models.

1.4. q-opers and Miura q-opers. We start in Section 2 with an intrinsic, coordinate-
independent definition of the geometric objects dual to the spectra of the Uqĝ XXZ-type
models. These are the q-opers and Miura q-opers associated to an arbitrary simple simply-
connected complex Lie group G (our definition can be generalized in a straightforward
fashion to an arbitrary reductive G). They are analogues of the ordinary opers and Miura
opers.

Unlike opers (or more general connections on principle bundles), which can be defined
over an arbitrary complex algebraic curve X, the definition of a q-connection (with q not
a root of unity) requires that X carry an automorphism of infinite order. In this paper,
we focus on the case X = P1, with the automorphism being z 7→ zq. However, a similar
definition can also be given in the additive case (a translation of the affine line, which
can be extended to P1) or the elliptic case, where X is an elliptic curve and we choose a
translation by a generic element of the abelian group of its points. Most of our results can
be generalized to these two cases.
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Having introduced the notion of a q-connection on a principal G-bundle on the projective
line P1, we define a (G, q)-oper as a triple consisting of a principal G-bundle FG on P1

together with its reduction FB− to a Borel subgroup B−, and a q-connection satisfying a
certain condition with respect to FB− , which is analogous to the oper condition. In defining
this q-oper condition, we follow the definition of the q-Drinfeld-Sokolov reduction given in
[FRSTS98,SS98] using the double coset of a Coxeter element of the Weyl group of G.

We then define a Miura (G, q)-oper by analogy with the differential case (see [Fre03,
Fre04]) as a (G, q)-oper with an additional structure: a reduction FB+ of FG to an opposite
Borel subgroup B+ that is preserved by the oper q-connection. We prove a fundamental
property of the two reductions FB− and FB+ : they are necessarily in generic relative position

on a dense Zariski open subset of P1. This is analogous to the situation in the differential
case, see [Fre03,Fre04].

1.5. qDE/IM correspondence. Consider now the Uqĝ XXZ-type model, where g is a
simple Lie algebra. Assume that the space of states on which the quantum Hamiltonians
(the transfer-matrices of Uqĝ) act is finite-dimensional. In the case of the Gaudin model, we
saw in Section that the opers encoding the spectra in the finite-dimensional case have trivial
monodromy, i.e. are gauge equivalent to the trivial connection. The XXZ-type models that
we consider in this paper are slightly more general, in that we include a non-trivial twist
of the boundary conditions, which is represented by a regular semisimple element Z of the
Lie group G (in the case of the Gaudin model, this corresponds to allowing opers on P1

with irregular singularity at ∞, see [FFTL10]; a similar twist can also be included in the
XXX-type models). Because of this twist, we impose the condition that our q-opers are
q-gauge equivalent to the constant q-connection equal to Z. We call such q-opers, and the
corresponding Miura q-opers, Z-twisted.

Furthermore, we introduce certain intermediate objects, which we call Z-tisted Miura-
Plücker q-opers on P1. The main theorem of this paper establishes a one-to-one correspon-
dence between the set of these objects satisfying an explicit nondegeneracy condition and
the set of nondegenerate solutions of a system of Bethe Ansatz equations.

This is proved by constructing a bijection between each of the above two sets and the set
of nondegenerate solutions of a system of algebraic equations. Remarkably, for simply-laced

g, this system is a version of the QQ̃-system discussed in Section 1.2 in the context of the
quantum ĝ-KdV systems. Here, we refer to it simply as QQ-system. Following the results
of [FH15,FH18], we expect that this system of equations is satisfied by a certain family of
transfer-matrices of the Uqĝ XXZ-type model (see Section 6.2 for more details). And so we
can link the spectra of these transfer-matrices and q-opers.

Thus, for simply-laced g we fulfill our goal and obtain a dual description of the spec-
tra of quantum Hamiltonians of the Uqĝ XXZ-type model in terms of geometric objects:
namely, Z-twisted Miura-Plücker (G, q)-opers on P1 (where Z corresponds to the twist in
the boundary condition of the XXZ-type model).

By analogy with the ODE/IM correspondence discussed in Section 1.2, we call it the
qDE/IM correspondence.

If g is non-simply laced, this qDE/IM correspondence becomes more subtle. In fact, the
QQ-system and the system of Bethe Ansatz equations we obtain in this case are different
from the systems that arise from the Uqĝ XXZ-type model (this was already noted in
[MV05] in the case of XXX-type models). In fact, in light of the results and conjectures
of [FR97, FH18], we expect that they are related to a subsector of the XXZ-type model
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corresponding to the twisted quantum affine algebra Uqĝ
∨, where ĝ∨ = L(L̂g) (in other

words, ĝ∨ is the twisted affine Kac-Moody algebra corresponding to a simply-laced Lie
algebra g̃ with an automorphism σ such that g̃σ = g). This will be further discussed in
[FH].

In summary, we expect that the qDE/IM correspondence links Z-twisted Miura-Plücker
(G, q)-opers on P1 and the spectra of quantum Hamiltonians in (a subsector of) the Uqĝ

∨

XXZ-type model.

1.6. Quantum q-Langlands Correspondence. In the case of the Gaudin model, both
sides of the duality between the spectra and the opers can be deformed to QFTs, as we
discussed in Section 1.1. It turns out that such a deformation also exists in the case of
the qDE/IM correspondence. It was proposed in [AFO18] under the name “quantum q-
Langlands correspondence.” Specifically, it was shown in [AFO18] that for simply-laced g,
one can identify solutions of the qKZ equations, which can be viewed as deformed conformal
blocks for the quantum affine algebra, and deformed conformal blocks for the deformed W-
algebra Wq,t(g). The notation is a bit misleading because what we previously denoted by q
is now t of Wq,t(g), and q of Wq,t(g) is the product of t and the parameter of the quantum
affine algebra on the other side; thus, we obtain an XXZ-type model in the limit in which
this q goes to 1 and so we should consider t-opers rather than q-opers.

As argued in [AFO18], this quantum duality has its origins in the duality of the little string
theory with defects on an ADE-type surface. The defects wrap compact and noncompact
cycles of the internal Calabi-Yau manifold thereby producing screening and vertex operators
respectively of the deformed conformal blocks of Wq,t(g). On the other hand, little string
theory, in the limit when it becomes a conformal (0, 2) theory in six dimensions, localizes
on the defects yielding quiver gauge theories whose Higgs branches are Nakajima quiver
varieties. Using powerful methods of enumerative equivariant K-theory [Oko15], the authors
of [AFO18] were able to express the same deformed conformal blocks in terms of solutions
of the qKZ equations.

Quantum q-Langlands correspondence for the QFTs associated to non-simply laced Lie
algebras is more subtle. In [AFO18], it is studied by introducing an H-twist to the little
string theory which acts on the complex line supporting the defects together with the
corresponding outer automorphism of the ADE Dynkin diagram. (A similar construction
was considered in [DHKM17] and [KP18].)

In the critical level limit, solutions of the qKZ equations corresponding to Uqĝ give rise
to eigenvectors of the Uqĝ XXZ-type model. The results of the present paper suggest that
for non-simply laced g, the limits of the correlation functions on the other side should give
rise not to q-opers associated to LG, as one might expect by analogy with the duality in the
case of the Gaudin model, but rather to some twisted q-opers associated to a twisted affine
Kac-Moody group. These can probably be defined similarly to the definition of twisted
opers in [FG09] and twisted affine opers in [FH18].

The appearance of the Langlands dual affine Lie algebra in this duality can also be seen
from the Poisson structure on the space of (G, q)-opers which was defined in [FRSTS98,
SS98] using the q-Drinfeld-Sokolov reduction (which is of course a hint of the existence of
the quantum duality, similarly to the Gaudin models, see Section 1.1). The results and
conjectures of [FR97] (see Conjecture 3, Sect. 6.3 and App. B) suggest that if G is non-

simply laced, then this Poisson algebra (with q replaced by tr
∨
, r∨ being the lacing number

of g) is isomorphic to the limit of Wq,t(g) as q → 1, which is in turn related to the center
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of Utĝ
∨ at the critical level and to the algebra of transfer-matrices of Utĝ

∨. On the other
hand, Conjecture 4 of [FR97] states that the limit of Wq,t(g) as q → eπi/r

∨
, is related to

the center of Ut
Lĝ at the critical level and to the algebra of transfer-matrices of Ut

Lĝ. Both
of these limits and their potential connections to the duality of [AFO18] in the non-simply
laced case certainly deserve further investigation.

1.7. A brane construction. Finally, we want to mention another approach to the qDE/IM
correspondence. In the case of the Gaudin model discussed in Sect. 1.1, it was shown in
[NW10, GW12] that the spectra of the Gaudin Hamiltonians can be identified with the
intersection of the brane of opers and another brane in the corresponding Hitchin moduli
space of Higgs bundles. Recent work of Elliott and Pestun [EP18] suggests that there is
a q-deformation of this construction, in which one should consider a multiplicative version
of Higgs bundles and a brane of q-opers. In the case of finite-dimensional representations
of quantum affine algebras, this idea is supported by the fact discussed in [EP18], which
was originally observed in [FR97, FR99] (see also Section 8 below), that the q-character
homomorphism, and the corresponding generalized Baxter TQ-relations, can be interpreted
in terms of a q-deformation of the Miura transformation.

It is possible that this construction can also be generalized to infinite-dimensional repre-
sentations of quantum affine algebras, along the lines of [NRS11], with the brane of opers
replaced by a brane of q-opers, which can now be rigorously defined using the results of the
present paper.

1.8. Plan of the Paper. The paper is organized as follows. In Section 2 we give the
definition of meromorphic q-opers and Miura q-opers (we consider the case of the curve
P1 but the same definition can be given for any curve equipped with an automorphism of
infinite order). We prove Theorem 2.3 about the relative position of the two Borel reductions
of a q-Miura oper. In Section 3 we define Z-twisted (G, q)-opers with regular singularities
on P1 as well as the corresponding Miura (G, q)-opers and Cartan q-connections. In Section
4 we define Miura-Plücker q-opers and introduce a nondegeneracy condition for them.

In Section 5 we consider in detail the case G = SL(2) and show, elucidating the results
of [KSZ18], that the nondegenerate Z-twisted Miura q-opers (which are the same as Miura-
Plücker q-opers in this case) are in bijection with nondegenerate solutions of the QQ-system
and Bethe Ansatz equations (Theorems 5.1 and 5.2). In Section 6 we generalize these results
to an arbitrary simply-connected, simple Lie group G (Theorems 6.1 and 6.4).

In Section 7 we define Bäcklund-type transformations on Plücker-Miura q-opers (following
the construction of similar transformations in the Yangian case given in [MV05]). We
use these transformation to give a sufficient condition for a Plücker-Miura q oper to be
a Miura q-oper. Finally, in Section 8 we discuss the relation between (G, q)-opers and
the q-Drinfeld-Sokolov reduction defined in [FRSTS98, SS98]. We construct a canonical
system of coordinates on the space of (G, q)-opers with regular singularities. Following
[FR97, FR99], we conjecture that if G is simply-laced, then the formulas expressing these
canonical coordinates in terms of the polynomials Qi+(z) coincide with the generalized
Baxter TQ-relations established in [FH15].

Acknowledgments. E.F. thanks D. Hernandez, N. Nekrasov, and N. Reshetikhin for
useful discussions. D.S.S. was partially supported by NSF grant DMS-1503555 and a Simons
Collaboration Grant. He also thanks Greg Muller for useful discussions. A.M.Z. is partially
supported by Simons Collaboration Grant, Award ID: 578501.



8 E. FRENKEL, P. KOROTEEV, D.S. SAGE, AND A.M. ZEITLIN

2. (G, q)-opers with regular singularities

2.1. Group-theoretic data. Let G be a connected simply-connected simple algebraic
group of rank r over C. We fix a Borel subgroup B− with unipotent radical N− = [B−, B−]
and a maximal torus H ⊂ B−. Let B+ be the opposite Borel subgroup containing H. Let
{α1, . . . , αr} be the set of positive simple roots for the pair H ⊂ B+. Let {α̌1, . . . , α̌r} be
the corresponding coroots. Then the elements of the Cartan matrix of the Lie algebra g of
G are given by aij = 〈αj , α̌i〉. The Lie algebra g has Chevalley generators {ei, fi, α̌i}i=1,...,r,
so that b− = Lie(B−) is generated by the fi’s and the α̌i’s and b+ = Lie(B+) is generated
by the ei’s and the α̌i’s. Let ω1, . . . ωr be the fundamental weights, defined by 〈ωi, α̌j〉 = δij .

Let WG = N(H)/H be the Weyl group of G. Let wi ∈ W , (i = 1, . . . , r) denote the
simple reflection corresponding to αi. We also denote by w0 be the longest element of W ,
so that B+ = w0(B−). Recall that a Coxeter element of W is a product of all simple
reflections in a particular order. It is known that the set of all Coxeter elements forms
a single conjugacy class in WG. We will fix once and for all (unless specified otherwise)
a particular ordering (αi1 , . . . , αir) of the simple roots. Let c = wi1 . . . wir be the Coxeter
element associated to this ordering. In what follows (unless specified otherwise) all products
over i ∈ {1, . . . , r} will be taken in this order; thus, for example, we write c =

∏
iwi. We

also fix representatives si ∈ N(H) of wi. In particular, s =
∏
i si will be a representative of

c in N(H).
Although we have defined the Coxeter element c using H and B−, it is in fact the case that

the Bruhat cell BcB makes sense for any Borel subgroup B. Indeed, let (Φ,∆) be the root
system associated to G, where Φ is the set of simple roots roots, as above, and ∆ is the set
of all roots. These data give a realization of the Weyl group of G as a Coxeter group, i.e., a
pair (WG, S), where S is the set of Coxeter generators wi of WG associated to elements of Φ.
Now, given any Borel subgroup B, set b = Lie(B). Then the dual of the vector space b/[b, b]
comes equipped with a set of roots and the set of simple roots, and this pair is canonically
isomorphic to the root system (Φ,∆) [CG97, §3.1.22]. The definition of the sets of roots and
simple roots on this space involves a choice of maximal torus T ⊂ B, but these sets turn
out to be independent of this choice. Accordingly, the group N(T )/T together with the set
of its Coxeter generators corresponding to these simple roots is isomorphic to (WG, S) as a
Coxeter group. Under this isomorphism, w ∈WG corresponds to an element of N(T )/T by
the following rule: we write w as a word in the Coxeter generators of WG corresponding to
elements of S and then replace each Coxeter generator in it by the corresponding Coxeter
generator of N(T )/T . Accordingly, the Bruhat cell BwB is well-defined for any w ∈WG.

2.2. Meromorphic q-opers. The definitions given below can be given for an arbitrary
algebraic curve equipped with an automorphism of infinite order. For the sake of definitive-
ness, we will focus here on the case of the curve P1 and its automorphism Mq : P1 −→ P1

sending z 7→ qz, where q ∈ C× is not a root of unity.
Given a principal G-bundle FG over P1 (in Zariski topology), let F

q
G denote its pullback

under the map Mq : P1 −→ P1 sending z 7→ qz. A meromorphic (G, q)-connection on a
principal G-bundle FG on P1 is a section A of HomOU (FG,F

q
G), where U is a Zariski open

dense subset of P1. We can always choose U so that the restriction FG|U of FG to U is
isomorphic to the trivial G-bundle. Choosing such an isomorphism, i.e. a trivialization of
FG|U , we also obtain a trivialization of FG|M−1

q (U). Using these trivializations, the restriction
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of A to the Zariski open dense subset U ∩M−1
q (U) can be written as section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) 7→ g(qz)A(z)g(z)−1.

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRSTS98, SS98] we define a (G, q)-oper as a (G, q)-connection of a G-bundle
on P1 equipped with a reduction to the Borel subgroup B− that is not preserved by the
(G, q)-connection but instead satisfies a special “transversality condition” which is defined
in terms of the Bruhat cell associated to the Coxeter element c. Here’s a precise definition.

Definition 2.1. A meromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),

where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is the re-
duction of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− , such that the restriction of the

connection A : FG −→ F
q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-

ializations of FG and F
q
G on U ∩M−1

q (U) induced by ıB− takes values in the Bruhat cell

B−(C[U ∩M−1
q (U)])cB−(C[U ∩M−1

q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply-connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

A(z) = n′(z)
∏
i

(φi(z)
α̌i si)n(z)(2.2)

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for the orderings differing by a cyclic
permutation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers
we consider for such a pair of Coxeter elements are isomorphic under a specific q-gauge
transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion differential
Miura opers introduced in [Fre03,Fre04]. These are the q-opers together with an additional
datum: reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−)
that is preserved by the oper q-connection.

Definition 2.2. A Miura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)

is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying this Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [Fre03,Fre04].

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+, respectively. Then we assign to
any point x ∈ X an element of the Weyl group WG. Namely, the fiber FG,x of FG at x
is a G-torsor with reductions FB−,x and FB+,x to B− and B+, respectively. Choose any
trivialization of FG,x, i.e. an isomorphism of G-torsors FG,x ' G. Under this isomorphism,
FB−,x gets identified with aB− ⊂ G and FB+,x with bB+. Then a−1b is a well-defined
element of the double quotient B−\G/B+, which is in bijection with WG. Hence we obtain
a well-defined element of WG.

We will say that FB− and FB+ have a generic relative position at x ∈ X if the element

of WG assigned to them at x is equal to 1 (this means that the corresponding element a−1b
belongs to the open dense Bruhat cell B− ·B+ ⊂ G).

Theorem 2.3. For any Miura (G, q)-oper on P1, there exists an open dense subset V ⊂ P1

such that the reductions FB− and FB+ are in generic relative position for all x ∈ V .

Proof. Let U be a Zariski open dense subset on P1 as in Definition 2.1. Choosing a trivial-
ization ıB− of FG on U ∩M−1

q (U), we can write the q-connection A in the form (2.2). On
the other hand, using the B+-reduction FB+ , we can choose another trivialization of FG on

U ∩M−1
q (U) such that the q-connection A acquires the form Ã(z) ∈ B+(z). Hence there

exists g(z) ∈ G(z) such that

(2.3) g(zq)n′(z)
∏
i

(φi(z)
α̌i si)n(z)g(z)−1 = Ã(z) ∈ B+(z).

Now, we have a Bruhat decomposition (see [Bor91][Theorem 21.15])

(2.4) G(z) =
⊔

w∈WG

B+(z)wN−(z)

The statement of the proposition is equivalent to the statement that

g(z) ∈ B+(z)N−(z)

(corresponding to w = 1), or equivalently, that g(z) /∈ B+(z)wN−(z) for w 6= 1.
Suppose that this is not the case. Then g(z) = b+(z)wn−(z) for some b+(z) ∈ B+(z), n−(z) ∈

N−(z) and w 6= 1. Denoting ñ′(z) = n−(zq)n′(z) and ñ(z) = n(z)n−(z)−1, we can rewrite
(2.3) as

(2.5) ñ′(z)
∏
i

(φi(z)
α̌i si)ñ(z) ∈ wB+(z)w−1.

Now, the Borel subgroup decomposes as

wB+w
−1 = H(N− ∩ wN+w

−1)(N+ ∩ wN+w
−1)

because wN+w
−1 = (N− ∩ wN+w

−1)(N+ ∩ wN+w
−1)). Hence, denoting the element (2.5)

by A, we can write

A = hu−u+, h ∈ H, u− ∈ N− ∩ wN+w
−1, u+ ∈ N+ ∩ wN+w

−1.

Hence we obtain that u+ ∈ B−cB− ∩N+ ∩ wN+w
−1. In particular, u+ ∈ N+ ∩ wN+w−1,

which is the product of the one-dimensional unipotent subgroups Xα where α runs over set
of those positive roots for which w(α) ∈ ∆+.
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On the other hand, according to Theorem 2.5, every element of N−
∏
i φi(z)

α̌isiN− ∩B+

can be written in the form∏
i

gi(z)
α̌ie

φi(z)ti
gi(z)

ei , gi(z) ∈ C(z)×, ti ∈ C×.

Therefore u+ = h′(z)
∏
i e
ai(z)ei , where h ∈ H and ai(z) 6= 0 for all i = 1, . . . , r. Such an

element u+ can belong to wN+w
−1 only if w−1 maps all positive simple roots to positive

roots, i.e. if it preserves the set ∆+ of positive roots. But this can only happen for w = 1.
This completes the proof. �

Corollary 2.4. For any Miura (G, q)-oper on P1, there exists a trivialization of the under-
lying G-bundle FG on an open dense subset of P1 for which the oper q-connection has the
form

(2.6) A(z) ∈ N−(z)
∏
i

((φi(z)
α̌isi)N−(z) ∩ B+(z).

Proof. In the course of the proof of Theorem 2.3, we showed that we can choose a trivial-
ization of FG so that the oper q-connection has the form

Ã(z) = g(zq)n′(z)
∏
i

(φi(z)
α̌i si)n(z)g(z)−1,

where n(z), n′(z) ∈ N−(z) and g(z) = b+(z)n−(z), with b+(z) ∈ B+(z), n−(z) ∈ N−(z).
Therefore, changing the trivialization by b+(z), we obtain the q-connection

A(z) = b+(zq)−1Ã(z)b+(z) ∈ N−(z)
∏
i

((φi(z)
α̌isi)N−(z) ∩ B+(z).

�

2.4. Explicit representatives. Our proof of Theorem 2.3 relies on the following general
result, which might be of independent interest.

For a field F , consider the group G(F ) and the corresponding subgroups N−(F ), B+(F ),
and H(F ). As before, we denote by si a lifting of wi ∈WG to G(F ).

Theorem 2.5. Let F be any field, and fix λi ∈ F×, i = 1, . . . , r. Then every element of the
set N−

∏
i λ

α̌i
i siN− ∩ B+ can be written in the form

(2.7)
∏
i

gα̌ii e
λiti
gi

ei , gi ∈ F×,

where each ti ∈ F× is determined by the lifting si.

We start with the following

Lemma 2.6. Every element of λα̌ii siN− may be written in either of the following two forms:

n−λ
α̌i
i si or n−g

α̌ie
λiti
g
ei

for some n− ∈ N−(F ), g ∈ F×, and with each ti ∈ F× determined by the lifting si.

Proof. First, note that λα̌ii sie
afi with a 6= 0 is of the form n−g

α̌ie
λiti
g
ei , where n− ∈ N− and

g = aλiti.
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To show that, consider the following equality of 2× 2 matrices:(
λi 0
0 λ−1

i

)(
0 ti
−t−1

i 0

)(
1 0
a 1

)
=

(
1 0
n− 1

)(
aλiti λiti

0 (aλiti)
−1

)
,

where n− = − 1
at2i λ

2
i
.

An arbitrary element u of N− can be expressed in the following way

u =
∏
k

eakfk
∏
s<r

eas,r[fs,fr] . . . ,

where the ellipses stand for exponentials of higher commutators and we assume a particular
order in the first two products. Notice that if ai 6= 0, then

λα̌ii si
∏
k

eakfk = n1
−g

α̌i
i e

λiti
gi

ei ,

for some n1
− ∈ N− and where gi = aitiλi. On the other hand, if ai = 0, then

λα̌ii si
∏
k

eakfk = n2
−λ

α̌i
i si,

for some n2
− ∈ N− since si(fk), k 6= i belong to the Lie algebra of N−. Therefore we have

(2.8) λα̌ii sin− =

{
n1
−g

α̌i
i e

λiti
gi

ei∏
s<r e

as,r[fs,fr] . . . if ai 6= 0,

n2
−λ

α̌i
i si

∏
s<r e

as,r[fs,fr] . . . if ai = 0.

Denote one of the products in (2.8) by X. Clearly, X ∈ exp([n−, n−]), and therefore si(X)

and ebieiXe−biei belong to exp(n−). This allows us to move the elements gα̌ii e
λiti
gi

ei , λα̌ii si
to the right of the products in (2.8) at the expense of multiplying n1

−, n
2
− by additional

elements from N−. This completes the proof of the lemma. �

The following proposition is proved by consecutive application of the above lemma. Sup-
pose that s = si1 . . . sir . In what follows the product over i means ordered product corre-
sponding to the above decomposition.

Proposition 2.7. For every element A of N−
∏
i λ

α̌i
i siN−, there exists a particular ordered

subset J = {j1, ..., jk} ⊂ {i1, . . . , is} such that A can be written as n−
∏
i εi, where n− ∈ N−

and εi = gα̌ii e
λiti
gi

ei for i ∈ J and λα̌ii si for i /∈ J , with gi, ti ∈ C×.

Now we are ready to prove Theorem 2.5.

Proof of Theorem 2.5. In the notation of the Proposition 2.7, n−
∏
i εi belongs to N−wB+,

where w = sj1 . . . sjk . Such an element can only belong to B+ if w = 1, i.e. if the subset
J = {j1, . . . , jk} is empty. This proves the Theorem. �

2.5. Connection to Fomin-Zelevinsky factorization. Theorem 2.5 is closely related
to a statement about the Fomin-Zelevinsky factorization of a particular double Bruhat cell
(defined over C) [FZ99]. Here, we will only recall this factorization for double Bruhat cells
of the form Gw = B+ ∩B−wB−, where w ∈ W . If w = wi1 . . . wik is a reduced expression,
Fomin and Zelevinsky have shown that the map

H × Ck → G

(a, u1, . . . , uk) 7→ aeu1ei1 . . . eukeik(2.9)
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induces an isomorphism of algebraic varieties ψw : H × (C×)k ∼= Gw0 , where Gw0 is a certain
Zariski-open and dense subset of Gw [FZ99]. In particular, Gw is irreducible, and the
dimension of Gw is r + `(w).

If one fixes a lifting w̃ of w, one can also consider the subvariety Cw̃ = B+ ∩ N−w̃N−.
It is easy to see that Gw = HCw̃, so Cw̃ is irreducible and has dimension `(w). Moreover,
Cw̃0 = Cw̃ ∩ Gw0 is a Zariski-open and dense subset of Cw̃, and any element of Cw̃0 can be
expressed uniquely in terms of the Fomin-Zelevinsky map (2.9).

We now specialize to the case of the Coxeter element c. The factorization in Theorem 2.5
yields an explicit version of the Fomin-Zelevinsky factorization for C c̃0, where c̃ =

∏
λα̌ii si.

Theorem 2.5 thus implies that C c̃0 = C c̃ and Gc0 = Gc, i.e., in this case, the Fomin-Zelevinsky
map (2.9) gives a factorization for the entire double Bruhat cell. In fact, the same argument
applies to show Gw0 = Gw for any w whose reduced decompositions do not involve repeated
simple reflections. We remark that this statement is apparently known to specialists and
may also be proved using cluster algebra techniques.2

2.6. q-opers and Miura q-opers with regular singularities. Let {Λi(z)}i=1,...,r be a
collection of non-constant polynomials.

Definition 2.8. A (G, q)-oper with regular singularities determined by {Λi(z)}i=1,...,r is a
q-oper on P1 whose q-connection (2.2) may be written in the form

(2.10) A(z) = n′(z)
∏
i

(Λi(z)
α̌i si)n(z), n(z), n′(z) ∈ N−(z).

Definition 2.9. A Miura (G, q)-oper with regular singularities determined by polynomials
{Λi(z)}i=1,...,r is a Miura (G, q)-oper such that the underlying q-oper has regular singularities
determined by {Λi(z)}i=1,...,r.

According to Corollary 2.4, we can write the q-connection underlying such a Miura (G, q)-
oper in the form

A(z) ∈ N−(z)
∏
i

((Λi(z)
α̌isi)N−(z) ∩ B+(z).

Recall Theorem 2.5. Observe that we can choose liftings si of the simple reflections
wi ∈ WG in such a way that ti = 1 for all i = 1, . . . , r. From now on, we will only consider
such liftings.

The following theorem follows from Theorem 2.5 in the case F = C(z) and gives an
explicit parameterization of generic elements of the above intersection.

Theorem 2.10. Every element of N−(z)
∏
i(Λi(z))

α̌isi)N−(z) ∩ B+ may be written in the
form

(2.11) A(z) =
∏
i

gi(z)
α̌i e

Λi(z)

gi(z)
ei , gi(z) ∈ C(z)×.

Corollary 2.11. For every Miura (G, q)-oper with regular singularities determined by the
polynomials {Λi(z)}i=1,...,r, the underlying q-connection can be written in the form (2.11).

2We thank Greg Muller for a discussion of these matters.
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3. Z-twisted q-opers and Miura q-opers

Next, we consider a class of (Miura) q-opers that are gauge equivalent to a constant
element of G (as (G, q)-connections). Let Z be an element of the maximal torus H. Since
G is simply-connected, we can write

(3.1) Z =
r∏
i=1

ζα̌ii , ζi ∈ C×.

Definition 3.1. A Z-twisted (G, q)-oper on P1 is a (G, q)-oper that is equivalent to the
constant element Z ∈ H ⊂ H(z) under the q-gauge action of G(z), i.e. if A(z) is the
meromorphic oper q-connection (with respect to a particular trivialization of the underlying
bundle), there exists g(z) ∈ G(z) such that

A(z) = g(qz)Zg(z)−1.(3.2)

Definition 3.2. A Z-twisted Miura (G, q)-oper is a Miura (G, q)-oper on P1 that is equiv-
alent to the constant element Z ∈ H ⊂ H(z) under the q-gauge action of B+(z), i.e.

A(z) = v(qz)Zv(z)−1, v(z) ∈ B+(z).(3.3)

3.1. From Z-twisted q-opers to Miura q-opers. It follows from Definition 3.1 that
any Z-twisted (G, q)-oper is also Z ′-twisted for any Z ′ in the WG-orbit of Z. But if we
endow it with the structure of a Z-twisted Miura (G, q)-oper (by adding a B+-reduction
FB+ preserved by the oper q-connection), then we fix a specific element in this WG-orbit.

Indeed, suppose that (FG, A,FB−) is a Z-twisted (G, q)-oper. Choose a trivialization of

FG on a Zariski open dense subset U of P1 with respect to which A is equal to Z. Then
a choice of an A-invariant B+-reduction FB+ of FG on a Zariski open dense subset V ⊂ U
is the same as a choice of a Z-invariant B+-reduction of the fiber FG,v of FG at any point
v ∈ V . Our trivialization of FG|U identifies FG,v with G, and hence a B+-reduction of
FG,v with a right coset gB+ of G. The Z-invariance of this B+-reduction means that gB+,
viewed as a point of the flag variety G/B+, is a fixed point of Z. This is equivalent to
Z ∈ gB+g

−1 or g−1Zg ∈ B+.
Adding the B+-reduction FB+ corresponding to a coset gB+ satisfying this property to

our (G, q)-oper (FG, A,FB−), we endow it with the structure of a Miura (G, q)-oper. A
choice of trivialization of FB+ is equivalent to a choice of an identification of the coset gB+

with B+, which is the same as a choice of an element of this coset (this element corresponds
to 1 ∈ B+ under the corresponding isomorphism B+ ' gB+). Without loss of generality,
we denote this element also by g. Then with respect to the corresponding trivialization
of the (G, q)-oper bundle FG, the q-connection becomes equal to g−1Zg ∈ B+. However,
note that because we can multiply g on the right by any element of B+, we still have the
freedom to conjugate g−1Zg by an element of B+, and there is a unique element in the
B+-conjugacy class of g−1Zg of the form w−1Zw, where w ∈ WG. Denote this element
by Z ′. Then we conclude that the Miura (G, q)-oper obtained by endowing our (G, q)-oper
with the B+-reduction FB+ corresponding to gB+ is Z ′-twisted.

As a result, we also construct a map µZ from (G/B+)Z = {f ∈ G/B+ | Z · f = f}
to WG · Z, sending gB+ with g−1Zg ∈ B+ to the unique element Z ′ of WG · Z that is
B+-conjugate to g−1Zg. According to the above construction, the set of points of the
fiber µ−1

Z (Z ′) of µZ over a specific Z ′ ∈ WG · Z is in bijection with the set of A-invariant
B+-reductions FB+ on our (G, q)-oper such that the corresponding Miura (G, q)-oper is
Z ′-twisted.
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Thus, we have proved the following result.

Proposition 3.3. Let Z ∈ H. For any Z-twisted (G, q)-oper (FG, A,FB−) and any choice
of B+-reduction FB+ of FG preserved by the oper q-connection A, the resulting Miura (G, q)-
oper is Z ′-twisted for a particular Z ′ ∈WG · Z.

The set of A-invariant B+-reductions FB+ on the (G, q)-oper (FG, A,FB−) making it into

a Z ′-twisted Miura (G, q)-oper is in bijection with the set of points of µ−1
Z (Z ′).

Consider two examples of Z. The first is Z = 1. In this case, we always obtain Z ′ = 1,
and so the set of B+-reductions is the set of points of the flag manifold G/B+.

The second example is that Z is a regular element of H (this is the case we will focus
on in the rest of this paper). Then the map µZ is a bijection. Thus, for each Z ′ ∈ WG · Z,
there is a unique B+-reduction on the (G, q)-oper (FG, A,FB−) making it into a Z ′-twisted
Miura (G, q)-oper.

We also note that more concretely, the first statement of Proposition 3.3 may be refor-
mulated as follows:

Corollary 3.4. Let Z ∈ H. For any Z-twisted (G, q)-oper whose q-connection A(z) has
the form (3.2) and any Z ′ ∈WG · Z, A(z) can be written in the form

(3.4) A(z) = n(qz)v(qz)Z ′ v(z)−1n(z)−1, n(z) ∈ N−(z), v(z) ∈ B+(z).

Proof. We give an independent proof. Let Z ′ = w−1Zw,w ∈WG. Formula (3.2) implies

(g(qz)s)−1A(z)(g(z)s) = Z ′,(3.5)

where s is a lifting of w to N(H). Since Z ′ ∈ B+ ⊂ B+(z), Theorem 2.3 implies that

g(z)s = n(z)v(z), n(z) ∈ N−(z), v(z) ∈ B+(z).

Substituting this back into formula (3.5), we obtain formula (3.4). �

3.2. The associated Cartan q-connection. From now on, let Z be a regular element of
the Cartan subgroup H ⊂ G.

Consider a Miura (G, q)-oper with regular singularities determined by polynomials {Λi(z)}i=1,...,r.
By Corollary 2.11, the underlying (G, q)-connection can be written in the form (2.11). Since
it preserves the B+-bundle FB+ underlying this Miura (G, q)-oper (see Definition 2.2), it

may be viewed as a meromorphic (B+, q)-connection on P1. Taking the quotient of FB+

by N+ = [B+, B+] and using the fact that B/N+ ' H, we obtain an H-bundle FB+/N+

and the corresponding (H, q)-connection, which we denote by AH(z). According to formula
(2.11), it is given by the formula

(3.6) AH(z) =
∏
i

gi(z)
α̌i .

We call AH(z) the associated Cartan q–connection of the Miura q-oper A(z).
Now, if our Miura q-oper is Z-twisted (see Definition 3.2), then we also have A(z) =

v(qz)Zv(z)−1, where v(z) ∈ B+(z). Since v(z) can be written as

(3.7) v(z) =
∏
i

yi(z)
α̌in(z), n(z) ∈ N+(z), yi(z) ∈ C(z)×,

the Cartan q-connection AH(z) has the form

(3.8) AH(z) =
∏
i

yi(qz)
α̌i Z

∏
i

yi(z)
−α̌i
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and hence we will refer to AH(z) as Z-twisted Cartan q-connection. This formula shows that
AH(z) is completely determined by Z and the rational functions yi(z). Indeed, comparing
this equation with (3.6) gives

(3.9) gi(z) = ζi
yi(qz)

yi(z)
.

It is also the case that AH(z) determines the yi(z)’s uniquely up to scalar. Indeed, if∏
i

ỹi(qz)
α̌iZ

∏
i

ỹi(z)
−α̌i = Z

as well, then ∏
i

(
ỹi(qz)

yi(qz)

)α̌i
Z
∏
i

(
ỹi(z)

yi(z)

)−α̌i
= Z.

The commutativity of H(z) immediately implies that the rational functions hi(z) = ỹi(z)
yi(z)

satisfy hi(qz) = hi(z). Since q is not a root of unity, we find that hi(z) ∈ C×.

4. Nondegenerate Miura-Plücker q-opers

Our main goal is to link Miura q-opers and solutions of a certain system of equations
called the QQ-system (which is in turn related to the system of Bethe Ansatz equations).
We do this in two steps: first, we introduce the notion of Z-twisted Miura-Plücker (G, q)-
opers; these are Miura q-opers satisfying a slightly weaker condition than the Z-twisted
Miura q-opers discussed in the previous section. Second, we impose two nondegeneracy
conditions on these Z-twisted Miura-Plücker (G, q)-opers.

We start in Section 4.1 with an outline of the Plücker description of B+-bundles, which
we use to associate to a Miura (G, q)-oper, where G has rank greater than 1, a collection
of Miura (GL(2), q)-opers, one for each fundamental weight of G. This will motivate the
definition of Z-twisted Miura-Plücker (G, q)-opers in Section 4.2. We will then define two
nondegeneracy conditions for these objects: the first one in Section 4.3, and the second one
in Sections 4.4 (for G = SL(2)) and 4.5 (for general G).

4.1. The associated Miura (GL(2), q)-opers. In this section, we associate to a Miura
(G, q)-oper with regular singularities a collection of Miura (GL(2), q)-opers indexed by the
fundamental weights. This is done using the Plücker description of B+-bundles which we
learned from V. Drinfeld.

Recall that ωi denotes the ith fundamental weight of G. Let Vi be the irreducible repre-
sentation of G with highest weight ωi with respect to B+. It comes with a line Li ⊂ Vi (of
highest weight vectors) stable under the action of B+. Likewise, there is a B+-stable line
Lλ in the irreducible representations Vλ of G for every dominant integral highest weight
λ. These lines satisfy the following generalized Plücker relations: for any two dominant
integral weights λ and µ, Lλ+µ ⊂ Vλ+µ is the image of Lλ⊗Lµ ⊂ Vλ⊗Vµ under the canon-
ical projection Vλ ⊗ Vµ −→ Vλ+µ. Conversely, given a collection of lines Lλ ⊂ Vλ for all

λ satisfying the Plücker relations, there is a Borel subgroup B ⊂ G such that Lλ = (Vλ)B

for all λ. A choice of B is equivalent to a choice of B+-torsor in G. Hence we can identify
the datum of a B+-reduction FB+ of a G-bundle FG with the “linear algebra” data of line
subbundles Li of the associated vector bundles Vλ = F×

G
Vλ satisfying the Plücker relations.

If we have a connection, or q-connection, A(z) on FG that preserves FB+ (or has another



q-OPERS, QQ-SYSTEMS, AND BETHE ANSATZ 17

relation with FB+ , such as the oper, or q-oper, condition), we can use this formalism to
express the properties of A(z) in terms of these “linear algebra” data.

In our discussion here, we will not make full use of this formalism. What we need is the
following simple fact: let νωi be a generator of the line Li ⊂ Vi. It is a vector of weight ωi
with respect to our Cartan subgroup H ⊂ B+. Then the subspace of Vi of weight ωi − αi
is one-dimensional and is spanned by fi · νωi . Therefore, the two-dimensional subspace Wi

of Vi spanned by the weight vectors νωi and fi · νωi is a B+-invariant subspace of Vi.
Now let (FG, A,FB− ,FB+) be a Miura (G, q)-oper with regular singularities determined

by polynomials {Λi(z)}i=1,...,r (see Definition 2.9). Recall that FB+ is a B+-reduction of a

G-bundle FG on P1 preserved by the (G, q)-connection A. Therefore for each i = 1, . . . , r,
the vector bundle

Vi = FB+ ×
B+

Vi = FG ×
G
Vi

associated to Vi contains a rank two subbundle

Wi = FB+ ×
B+

Wi

associated to Wi ⊂ Vi, and Wi in turn contains a line subbundle

Li = FB+ ×
B+

Li

associated to Li ⊂Wi.
Denote by φi(A) the q-connection on the vector bundle Vi (or equivalently, a (GL(Vi), q)-

connection) corresponding to the above Miura q-oper connection A. Since A preserves FB+

(see Definition 2.2), we obtain that φi(A) preserves the subbundles Li and Wi of Vi. Denote
by Ai the corresponding q-connection on the rank 2 bundle Wi.

Let us trivialize FB+ on a Zariski open subset of P1 so that A(z) has the form (2.11) with
respect to this trivialization (see Corollary 2.11). This trivializes the bundles Vi, Wi, and
Li, so that the q-connection Ai(z) becomes a 2× 2 matrix whose entries are in C(z).

Direct computation using formula (2.11) yields the following result.

Lemma 4.1. We have

(4.1) Ai(z) =

gi(z) Λi(z)
∏
j>i gj(z)

−aji

0 g−1
i (z)

∏
j 6=i gj(z)

−aji

 ,

where we use the ordering of the simple roots determined by the Coxeter element c.

Using the trivialization of Wi in which Ai(z) has the form (4.1), we represent Wi as

the direct sum of two line subbundles. The first is Li, generated by the basis vector

(
1
0

)
.

The second, which we denote by L̃i, is generated by the basis vector

(
0
1

)
. The subbundle

Li is Ai-invariant, whereas the subbundle L̃i and Ai satisfy the following (GL(2), q)-oper
condition.

Definition 4.2. An (GL(2), q)-oper on P1 is a triple (W, A, L̃), where W is a rank 2 bundle

on P1, A : W −→Wq is a meromorphic q-connection on W, and L̃ is a line subbundle of W

such that the induced map Ā : L̃ −→ (W/L̃)q is an isomorphism on a Zariski open dense
subset of P1.
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A Miura (GL(2), q)-oper on P1 is a quadruple (W, A, L̃,L), where (W, A, L̃) is a (GL(2), q)-
oper and L is an A-invariant line subbundle of W.

Using this definition, one obtains an alternative definition of (Miura) (SL(2), q)-opers:
these are the (Miura) (GL(2), q)-opers defined by the above triples (resp. quadruples)
satisfying the additional property that there exists an isomorphism between DetW and the
trivial line bundle on a Zariski open dense subset of P1 and under this isomorphism det(A)
is equal to the identity.

Our quadruple (Wi, A, L̃i,Li) is clearly a Miura (GL(2), q)-oper. It is not clear whether it
is an (SL(2), q)-oper because detAi(z) is not necessarily equal to 1 in the above trivialization
of Wi.

Now we make a further assumption that our initial Miura (G, q)-oper (FG, A,FB− , FB+)

with regular singularities is such that the associated Cartan connection AH(z) has the form
(3.8):

(4.2) AH(z) =
∏
i

yi(qz)
α̌i Z

∏
i

yi(z)
−α̌i , yi(z) ∈ C(z).

We claim that if this condition is satisfied, then there exists another trivialization of Wi in
which the q-connection Ai has a constant determinant (albeit not equal to 1, in general).
In other words, we can apply to Ai(z) given by formula (4.1) a q-gauge transformation
so that the resulting q-connection has constant determinant. This provides a particularly
convenient gauge for Ai.

Namely, let’s apply to Ai(z) the q-gauge transformation by the diagonal matrix

u(z) =

(
1 0
0
∏
j 6=i yj(z)

aji

)
It gives

(4.3) Ãi(z) = u(qz)Ai(z)u
−1(z) =

(
ζi
yi(qz)
yi(z)

ρi(z)

0
∏
j 6=i ζ

−aji
j ζ−1

i
yi(z)
yi(qz)

)

where

(4.4) ρi(z) = Λi(z)
∏
j>i

(ζjyj(qz))
−aji

∏
j<i

yj(z)
−aji .

Since aij ≤ 0 for i 6= j, we obtain that ρi(z) is a polynomial if all yj(z), j = 1, . . . , r, are
polynomials.

Let Gi ∼= SL(2) be the subgroup of G corresponding to the sl(2)-triple spanned by
{ei, fi, α̌i}. Note that the group Gi preserves Wi. Consider the (Gi, q)-oper (Wi,Ai,L)
with

(4.5) Ai(z) = gα̌ii (z) e
ρi(z)

gi(z)
ei =

(
ζi
yi(qz)
yi(z)

ρi(z)

0 ζ−1
i

yi(z)
yi(qz)

)
.
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We can now express our q-connection Ãi(z) given by formula (4.3) as follows:

Ãi(z) =

(
1 0

0
∏
j 6=i ζ

−aji
j

)
Ai(z)

=

(
1 0

0
∏
j 6=i ζ

−aji
j

)
gα̌ii (z) e

ρi(z)

gi(z)
ei .(4.6)

This shows that det(Ãi(z)) is constant; namely, it is equal to
∏
j 6=i ζ

−aji
j .

Thus, under the assumption (4.2), our Miura (G, q)-oper A(z) gives rise to a collection
of meromorphic Miura (SL(2), q)-opers Ai(z) for i = 1, . . . , r. It should be noted that it
has regular singularities in the sense of Definition 2.8 if and only if ρi(z) is a polynomial.
For example, this holds for all i if all yj(z), j = 1, . . . , r, are polynomials, an observation we
will use below.

4.2. Z-twisted Miura-Plücker q-opers. Recall Definition 3.2 of Z-twisted Miura (G, q)-
opers, where Z is a regular semisimple element of the Cartan subgroup H. These are Miura
(G, q)-opers whose underlying q-connection can be written in the form (3.3):

A(z) = v(qz)Zv(z)−1, v(z) ∈ B+(z).(4.7)

Now we will relax this condition using the Miura (GL(2), q)-opers Ai(z) (or equivalently,
the Miura (SL(2), q)-opers Ai(z)) associated to A(z). Namely, we will require that there
exists an element v(z) from B+(z) such that Ai(z) satisfies formula (4.7) with v(z) replaced
by vi(z) = v(z)|Wi ∈ GL(2) and Z is replaced by Z|Wi , for all i = 1, . . . , r.

Definition 4.3. A Z-twisted Miura-Plücker (G, q)-oper is a meromorphic Miura (G, q)-oper
on P1 with the underlying q-connection A(z), such that there exists v(z) ∈ B+(z) such that
for all i = 1, . . . , r, the Miura (GL(2), q)-opers Ai(z) associated to A(z) by formula (4.1)
can be written in the form (4.7):

(4.8) Ai(z) = v(zq)Zv(z)−1|Wi = vi(zq)Zivi(z)
−1

where vi(z) = v(z)|Wi and Zi = Z|Wi .

The difference between the Z-twisted Miura (G, q)-opers and Z-twisted Miura-Plücker
(G, q)-opers may be explained as follows: the former is a quadruple (FG, A, FB− ,FB+) as
in Definition 2.2 such that there exists a trivialization of FB+ with respect to which the
q-connection A is a constant element of G(z) equal to our element Z ∈ H. For the latter,
we only ask that there exists a trivialization of FB+ with respect to which the q-connections
Ai(z) are constant elements of GL(2)(z) equal to Zi for all i = 1, . . . , r.

Thus, every Z-twisted Miura (G, q)-oper is automatically a Z-twisted Miura-Plücker
(G, q)-oper, but the converse is not necessarily true if G 6= SL(2).

Note however that it follows from the above definition that the (H, q)-connection AH(z)
associated to a Z-twisted Miura-Plücker (G, q)-oper can be written in the same form (4.2)
as the (H, q)-connection associated to a Z-twisted Miura (G, q)-oper.

4.3. H-nondegeneracy condition. Now we introduce two nondegeneracy conditions for
Z-twisted Miura-Plücker q-opers. The first of them, called the H-nondegeneracy condition,
is applicable to arbitrary Miura q-opers with regular singularities. Recall from Corollary
2.11 that the underlying q-connection can be represented in the form (2.11).

In what follows, we will say that v, w ∈ C× are q-distinct if qZv ∩ qZw = ∅.
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Definition 4.4. A Miura (G, q)-oper A(z) of the form (2.11) is called H-nondegenerate if
the corresponding (H, q)-connection AH(z) can be written in the form (3.8), where for all
i, j, k with i 6= j and aik 6= 0, ajk 6= 0, the zeros and poles of yi(z) and yj(z) are q-distinct
from each other and from the zeros of Λk(z).

4.4. Nondegenerate Z-twisted Miura (GL(2), q)-opers. Next, we define the second
nondegeneracy condition. This condition applies to Z-twisted Miura-Plücker (G, q)-opers.
In this subsection, we give this definition in the case G = SL(2) (note that Z-twisted
Miura-Plücker (SL(2), q)-opers are the same as Z-twisted Miura (SL(2), q)-opers). In the
next subsection we will give it in the case of an arbitrary simply-connected simple Lie group
G.

Consider a Miura (SL(2), q)-oper given by formula (2.11), which reads in this case:

A(z) = g(z)α̌ exp

(
Λ(z)

g(z)
e

)
=

(
g(z) Λ(z)

0 g(z)−1

)
.

According to formula (4.2), the corresponding Cartan q-connection AH(z) is equal to

AH(z) = g(z)α̌ = y(qz)α̌Zy(z)−α̌ =

(
y(qz)y(z)−1 0

0 y(qz)−1y(z)

)
,

where y(z) is a rational function. Let us assume that A(z) is H-nondegenerate (see Def-
inition 4.4). This means that the zeros of Λ(z) are q-distinct from the zeros and poles of
y(z).

If we apply to A(z) a q-gauge transformation by an element of h(z)α̌ ∈ H[z], we obtain
a new q-oper connection

(4.9) Ã(z) = g̃(z)α̌ exp

(
Λ̃(z)

g̃(z)
e

)
,

where

(4.10) g̃(z) = g(z)h(zq)h(z)−1, Λ̃(z) = Λ(z)h(zq)h(z).

It also has regular singularities, but for a different polynomial Λ̃(z), and Ã(z) may no
longer be H-nondegenerate. However, it turns out there is an essentially unique gauge

transformation from H[z] for which the resulting Ã(z) is H-nondegenerate ÃH(z) and ỹ(z)
is a polynomial. This choice allows us to fix the polynomial Λ(z) determining the regular
singularities of our (SL(2), q)-oper.

Lemma 4.5. (1) There is an (SL(2), q)-oper Ã(z) in the H[z]-gauge class of A(z) for

which ÃH(z) = g̃(z)α̌ is nondegenerate and the rational function ỹ(z) is a polyno-
mial. This oper is unique up to a scalar a ∈ C× that leaves g̃(z) unchanged but

multiplies ỹ(z) and Λ̃(z) by a and a2, respectively.

(2) This (SL(2), q)-oper Ã(z) may also be characterized by the property that Λ̃(z) has
maximal degree subject to the constraint that it is H-nondegenerate.

Proof. Write y(z) = P1(z)
P2(z) , where P1, P2 relatively prime polynomials. For a nonzero poly-

nomial h(z) ∈ C(z)×, the gauge transformation of A(z) by h(z)α̌ is given by formulas (4.9)

and (4.10). Thus, in order for ỹ(z) = h(z)P1(z)
P2(z) to be a polynomial, we need h(z) to be

divisible by P2(z). If however deg(h/P2) > 0, then ỹ(z) and Λ̃(z) would have a zero in

common, so Ã(z) would not by H-nondegenerate. Hence, we must have h(z) = aP2(z)
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for some a ∈ C×. Thus, h(z) is uniquely defined by multiplication by a, which leave g̃(z)

unchanged but multiplies ỹ(z) and Λ̃(z) by a and a2, respectively.
For the second statement, note that if h(z) is a polynomial for which the zeros of

h(z)h(qz)Λ(z) are q-distinct from the zeros and poles of h(z)P1(z)
P2(z) , we must have h|P2. If h(z)

is not an associate of P2(z), we have deg(h) < deg(P2), so deg(h(z)h(qz)Λ(z)) < deg(Λ̃). �

This motivates the following definition.

Definition 4.6. A Z-twisted Miura (SL(2), q)-oper is called nondegenerate if it is H-
nondegenerate and the rational function y(z) appearing in formula (3.8) is a polynomial.

4.5. Nondegenerate Miura-Plücker (G, q)-opers. We now turn to the general case.
Recall Definition 4.3 of Z-twisted Miura-Plücker (G, q)-opers.

Definition 4.7. Suppose that the rank of G is greater than 1. A Z-twisted Miura-Plücker
(G, q)-oper A(z) is called nondegenerate if its associated Cartan q-connection AH(z) is
nondegenerate and each associated Zi-twisted Miura (GL(2), q)-oper Ai(z) is nondegenerate.

It turns out that this simply means that in addition to AH(z) being nondegenerate, each
yi(z) from formula (3.8) is a polynomial.

Proposition 4.8. Suppose that the rank of G is greater than 1, and let A(z) be a Z-twisted
Miura-Plücker (G, q)-oper. The following statements are equivalent:

(1) A(z) is nondegenerate.
(2) The Cartan q-connection AH(z) is nondegenerate, and each Ai(z) has regular sin-

gularities, i.e. ρi(z) given by formula (4.4) is in C[z].
(3) Each yi(z) from formula (3.8) is a polynomial, and for all i, j, k with i 6= j and

aik 6= 0, ajk 6= 0, the zeros of yi(z) and yj(z) are q-distinct from each other and
from the zeros of Λk(z).

Proof. To prove that (2) implies (3), we need only show that if each ρi(z) given by formula
(4.4) is in C[z], then the yi(z)’s are polynomials. Suppose yi(z) is not a polynomial, and
choose j 6= i such that aij 6= 0. Then −aij > 0 and so the denominator of yi(z) or yi(qz)
appears in the denominator of ρj(z). Moreover, since the poles of yi(z) are q-distinct from
the zeros of Λj(z) and the other yk(z)’s, the poles of yi(z) or yi(qz) would give rise to poles
of ρj(z). But then Aj(z) would not have regular singularities.

Next, assume (3). Then AH(z) is nondegenerate by Definition 4.4. Since all the yi(z)’s
are polynomials, the same if true for the ρi(z)’s. (Here we are using the fact that the off-
diagonal elements of the Cartan matrix, aij with i 6= j, are less than or equal to 0.) Since
ρi(z) is a product of polynomials whose roots are q-distinct from the roots of yi(z), we see
that the Cartan q-connection associated to Ai(z) is nondegenerate.

Finally, (2) is a trivial consequence of (1). �

If we apply a q-gauge transformation by an element h(z) ∈ H[z] to A(z), we get a new
Z-twisted Miura-Plücker (G, q)-oper. However, the following proposition shows that it is
only nondegenerate if h(z) ∈ H. As a consequence, the Λk’s of a nondegenerate q-oper are
determined up to scalar multiples.

Proposition 4.9. If A(z) is a nondegenerate Z-twisted Miura-Plücker (G, q)-oper and
h(z) ∈ H[z], then h(qz)A(z)h(z)−1 is nondegenerate if and only if h(z) is a constant element
of H.
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Proof. Write h(z) =
∏
hi(z)

α̌i . Gauge transformation of A(z) by h(z) induces a gauge
transformation of Ai(z) by hi(z). Since Ai(z) is nondegenerate, Lemma 4.5 implies that
the new Miura (SL(2), q)-oper is nondegenerate if and only hi ∈ C×. �

4.6. Dependence on the Coxeter element. We end this section with a preliminary
result on the dependence of our results on the specific Coxeter element. We will see later
in Section 7.4 that the QQ-systems obtained from different choices of Coxeter element are
equivalent. Here, we show that if two Coxeter elements c and c′ are related by a cyclic
permutatation of their simple reflection factors, then the corresponding spaces of (G, q)-
opers with regular singularities are isomorphic via a map defined in terms of B+(z)-gauge
transformations. Moreover, this map preserves nondegeneracy.

Proposition 4.10. Let c and c′ be two Coxeter elements that differ by a cyclic permutation
of their simple reflection factors. Then there is an isomorphism between the spaces of Z-
twisted Miura (G, q)-opers with regular singularities defined in terms of c and c′ of the form
A(z) 7→ fA(qz)A(z)fA(z)−1, where fA ∈ B+(z). This isomorphism takes nondegenerate
opers to nondegenerate opers.

Proof. Without the loss of generality, we may assume that c = wi1 . . . wir and c′ = wi2 . . . wirwi1 .
Given

A(z) =
r∏
j=1

gij (z)
α̌ij e

Λij
(z)

gij
(z)

eij
,

set

fA(qz) =

(
gi1(z)α̌i1e

Λi1
(z)

gi1
(z)

ei1

)−1

.

The effect of gauge transformation by fA(z) is to move the q−1-shift of the i1 component
of A to the end of the product, thereby giving the order corresponding to c′. The new yi’s
and Λi’s are the same except for the q−1-shift of yi1 and Λi1 , so it is obvious that the new
q-oper also has regular singularities and is nondegenerate if the original q-oper was. It is
also clear that this map is an isomorphism. �

5. (SL(2), q)-opers and Bethe Ansatz equations

Our goal is to establish a bijection between the set of nondegenerate Z-twisted Miura-
Plücker (G, q)-opers and the set of nondegenerate solutions of a system of Bethe Ansatz
equations. In this section, we show this in the case of G = SL(2), which corresponds to
the XXZ model. This was already shown in [KSZ18], in which a slightly different definition
of (SL(2), q)-opers was used. Below, we explain the connection to the formalism used in
[KSZ18].

5.1. From non-degenerate (SL(2), q)-opers to the QQ-system. Suppose we have a Z-
twisted nondegenerate Miura (equivalently, Miura-Plücker) (SL(2), q)-oper. As explained
in Section 4.4, the underlying q-connection may be written in the form

A(z) =

(
g(z) Λ(z)

0 g(z)−1

)
and furthermore, there exists v(z) ∈ B+(z) such that

(5.1) A(z) = v(zq)Zv(z)−1, Z =

(
ζ 0
0 ζ−1

)
.
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Let us write

(5.2) v(z) =

(
y(z) 0

0 y(z)−1

)(
1 −Q−(z)

Q+(z)

0 1

)
=

(
y(z) −y(z)Q−(z)

Q+(z)

0 y(z)−1

)
,

where Q+(z) and Q−(z) are relatively prime polynomials such that Q+(z) is a monic poly-
nomial. Then formula (5.1) yields

g(z) = ζiy(zq)y(z)−1

and

(5.3) Λ(z) = y(z)y(zq)

(
ζ
Q−(z)

Q+(z)
− ζ−1Q−(zq)

Q+(zq)

)
.

Nondegeneracy condition (see Definition 4.6) means that Λ(z) and y(z) are polynomials
whose roots are q-distinct from each other. This may only be satisfied if y(z) = Q+(z) up
to a scalar. Since we have the freedom of rescaling y(z), without loss of generality we can
and will assume that y(z) = Q+(z). Then equation (5.3) becomes

(5.4) ζQ−(z)Q+(zq)− ζ−1Q−(zq)Q+(z) = Λ(z).

We call the equation (5.4) the QQ-system associated to SL(2) (see the last paragraph of
Section 5.2 and Section 6.2 for a discussion of the origins of this system in the XXZ model).
Here Λ(z) is fixed (this is the polynomial used in the definition of the Miura (SL(2), q)-opers
(it contains the information about their regular singularities), and it is an equation on two
polynomials Q+(z), Q−(z).

Let us call a solution {Q+(z), Q−(z)} of (5.4) nondegenerate if Q+(z) is a monic poly-
nomial whose roots are q-distinct from the roots of the polynomial Λ(z). No conditions are
imposed on Q−(z), but note that the nondegeneracy condition and formula (5.4) imply that
Q+(z) and Q−(z) are relatively prime. The above discussion is summarized in the following
statement.

Theorem 5.1. There is a one-to-one correspondence between the set of nondegenerate Z-
twisted (SL(2), q)-opers with regular singularity determined by a polynomial Λ(z) and the
set of nondegenerate solutions of the QQ-system (5.4).

5.2. From the QQ-system to Bethe Ansatz equations. Under our assumption that
Q+(z) is a monic polynomial, we can write

Q+(z) =
m∏
k=1

(z − wk).

Evaluating (5.4) at q−1z, we obtain that

Λ(q−1z) = ζQ−(q−1z)Q+(z)− ζ−1Q−(z)Q+(q−1z).

If we divide (5.4) by this equation and evaluate at the roots wk of Q+(z), we obtain the
following equation:

(5.5)
Λ(wk)

Λ(q−1wk)
= −ζ2 Q+(qwk)

Q+(q−1wk)
, k = 1, . . . ,m.

These equations are equivalent to the Bethe Ansatz equations of the XXZ model (a

quantum spin chain associated to Uq ŝl2, as explained in the Introduction). To express them
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in a more familiar form, suppose that Λ(z) is a monic polynomials all of whose roots are
non-zero (recall that we do not assume the roots of Λ(z) to be mutually q-distinct). Then

(5.6) Λ(z) =
L∏
p=1

rp−1∏
jp=0

(z − q−jpzp),

where the zp’s are mutually q-distinct and non-zero. The equations (5.5) become (we set

r =
∑L

p=1 tp)

(5.7) qr
L∏
p=1

wk − q1−rpzp
wk − qzp

= −ζ2qm
m∏
j=1

qwk − wj
wk − qwj

, k = 1, . . . ,m.

This is a more familiar form of the Bethe Ansatz equations in the XXZ model (see e.g.
[FH15], Sect. 5.6).

Let us call a solution Q+(z) of the system of Bethe Ansatz equations (5.5) nondegenerate
if Q+(z) is a monic polynomial whose roots are q-distinct from the roots of Λ(z). It is clear
that if {Q+(z), Q−(z)} is a nondegenerate solution of (5.4), then Q+(z) is a nondegenerate
solution of (5.5), and vice versa. The above calculation, combined with Theorem 5.1, proves
the following result.

Theorem 5.2. There is a one-to-one correspondence between the set of nondegenerate Z-
twisted (SL(2), q)-opers with regular singularity determined by a polynomial Λ(z) and the
set of nondegenerate solutions of the Bethe Ansatz equations (5.5).

It is known that Bethe Ansatz equations (5.5) parametrize the spectra of the quantum

transfer matrices on in the XXZ model corresponding to Uq′ ŝl2, where q′ = q−2, with the

space of states being the tensor product of finite-dimensional representations of Uq′ ŝl2 (see
e.g. [FH15]). The polynomial Λ(z) is the product of the Drinfeld polynomials of these
representations, up to multiplicative shifts by powers of q. Furthermore, we expect ([FH])

that the QQ-system (5.4) can be derived from the QQ̃-relation in the Grothendieck ring of

the category O of Uq′ ŝl2 proved in [FH18].

5.3. An approach using the q-Wronskian. In [KSZ18], the equations (5.4) and (5.5)
were derived in a slightly different way (and analogous results were also obtained for G =
SL(n)). We now make an explicit connection between this approach and the approach of
the preceding section.

Let us recall Definition 4.2 of (GL(2), q)-opers. Adding the condition that the underlying
rank two vector bundle W can be identified with the trivial line bundle so that det(A) = 1,
we obtain the definition of Miura (SL(2), q)-opers. The oper condition is now expressed as

the existence of a line subbundle L̃ ⊂ W such that Ā : L̃ −→ W/L̃ is an isomorphism on
a open dense subset of P1. Let us choose any trivialization of W on an open dense subset

U , and let s(z) be a section of W on this subset that generates the line subbundle L̃. Then
the q-connection A(z) satisfies the condition

s(qz) ∧A(z)s(z) 6= 0

on a Zariski open dense subset V of U . That’s the definition of a general meromorphic
(SL(2), q)-oper.

In these terms, the (SL(2), q)-opers with regular singularities are defined in [KSZ18] as
follows (this definition is equivalent to Definition 2.8).
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Definition 5.3. An (SL(2), q)-oper with regular singularities determined by Λ(z) is a mero-

morphic (SL(2), q)-oper (E, A, L̃) such that s(qz) ∧A(z)s(z) = Λ(z).

Consider a diagonal matrix Z = diag(ζ, ζ−1) with ζ 6= ±1. Recall that an (SL(2), q)-oper

(E, A, L̃) is a Z-twisted q-oper if A is gauge-equivalent to Z (we note that in [KSZ18] a
Z-twisted q-oper was actually defined to be the one that is gauge-equivalent to Z−1; this
does not matter at the level of q-opers, but matters if we consider the corresponding Miura
q-opers).

Now suppose that (E, A,L) is a Z-twisted (SL(2), q)-oper which also has regular singular-
ities determined by a monic polynomial Λ(z). (Note that we can always assume that Λ(z)
is monic because we can multiply s by a nonzero constant.) Let us choose a trivialization of

E with respect to which the q-connection matrix is Z. Since L̃ can be trivialized on P1 \∞,
it can be generated by a section

(5.8) s(z) =

(
Q−(z)
Q+(z)

)
,

where Q+(z) and Q−(z) are relatively prime polynomials and Q+(z) is monic. Furthermore,

the polynomials Q+(z), Q−(z) satisfying these conditions are uniquely determined by L̃.
The regular singularity condition on the q-oper then becomes an explicit equation for the

q-Wronskian of Q−(z) and Q+(z):

(5.9) ζQ−(z)Q+(qz)− ζ−1Q−(qz)Q+(z) = Λ(z),

which is the QQ-system (5.4).
Note that in [KSZ18] it was assumed that Λ(z) has the form (5.6), i.e. that the polynomial

Λ(z) only has simple roots, and 0 is not a root. But the same derivation of (5.9) works for
any monic polynomial Λ(z).

Now we explain the link between the section s(z) and the q-oper (5.1). Recall that a

Miura (SL(2), q)-oper in the sense of Definition 4.2 is a quadruple (W, A, L̃,L), where L̃ is
a line subbundle satisfying the q-oper condition with respect to A and L is an A-invariant
line subbundle.

In the trivialization of W we are now considering, the q-connection A is equal to Z, L̃ is
generated by the section (5.8), and L is generated by ( 1

0 ). To bring it to the form (5.1), we

need to change the trivialization of W in such a way that L is still generated by ( 1
0 ), and L̃

is generated by( 0
1 ). With respect to this new trivialization, the oper q-connection becomes

equal to the q-gauge transformation of Z by the corresponding element U(z) ∈ G(z). The
above conditions means that U(z) should preserve L, i.e. it should be in B+(z), and that

U(z)s(z) =

(
0
1

)
.

There is a unique U(z) satisfying these conditions:

(5.10) U(z) =

(
Q+(z) −Q−(z)

0 Q−1
+ (z)

)
,
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Applying the q-gauge transformation by U(z) to Z, we obtain a formula for the oper q-
connection A(z) in the new trivialization of W:

A(z) =

(
Q+(qz) −Q−(qz)

0 Q−1
+ (qz)

)(
ζ 0
0 ζ−1

)(
Q+(z)−1 Q−(z)

0 Q+(z)

)
(5.11)

=

(
ζQ+(qz)Q−1

+ (z) Λ(z)
0 ζ−1Q−1

+ (qz)Q+(z)

)
,(5.12)

where Λ(z) is the q-Wronskian (5.9).
Thus, we have arrived at a nondegenerate Z-twisted Miura (SL(2), q)-oper in the sense

of Section 4: A(z) = gα̌(z)e
Λ(z)
g(z)

e
, where g(z) = ζQ+(zq)Q+(z)−1 (see formula (5.1)).

6. Miura-Plücker q-opers, QQ-system, and Bethe Ansatz equations

In this section we generalize the results of the previous section to an arbitrary simply-
connected simple Lie group G. Namely, we establish a one-to-one correspondence between
the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers and the set of nondegenerate
solutions of a system of Bethe ansatz equations associated to G. A key element of the
construction is an intermediate object between these two sets: the set of nondegenerate
solutions of the so-called QQ-system.

6.1. Miura (G, q)-opers and the QQ-system. First, we construct a one-to-one corre-
spondence between the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers and the
set of nondegenerate solutions of the QQ-system.

We recall that we have chosen a set of non-zero polynomials {Λi(z)}i=1,...,r, which we will
from now on assume to be monic, and a set of non-zero complex numbers {ζi}i=1,...,r that
correspond to a regular element Z of the Cartan subgroup H ⊂ G by formula (3.1). We
will assume all these data to be fixed throughout this section. (In the next section we will
also consider elements w(Z) of the orbit of Z under the action of the Weyl group WG of G
and the corresponding ζi’s.)

From now on, we will assume that our element Z =
∏
i ζ
α̌i
i ∈ H satisfies the following

property:

(6.1)
r∏
i=1

ζ
aij
i /∈ qZ, ∀j = 1, . . . , r .

Since
∏r
i=1 ζ

aij
i 6= 1 is a special case of (6.1), this implies that Z is regular semisimple.

Introduce the following system of equations:

(6.2) ξ̃iQ
i
−(z)Qi+(qz)− ξiQi−(qz)Qi+(z) =

Λi(z)
∏
j>i

[
Qj+(qz)

]−aji∏
j<i

[
Qj+(z)

]−aji
, i = 1, . . . , r,

where

(6.3) ξ̃i = ζi
∏
j>i

ζ
aji
j , ξi = ζ−1

i

∏
j<i

ζ
−aji
j

and we use the ordering of simple roots from the definition of the (G, q)-opers.
We call it the QQ-system associated to G and a collection of polynomials Λi(z), i =

1, . . . , r.
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We will say that a polynomial solution {Qi+(z), Qi−(z)}i=1,...,r of (6.2) is nondegenerate
if it has the following properties: condition (6.1) for the ζi’s; for all i, j, k with i 6= j and

aik 6= 0, ajk 6= 0, the zeros of Qj+(z) and Qj−(z) are q-distinct from each other and from the

zeros of Λk(z); the polynomials Qi+(z) are monic.
Recall Definition 4.3 of nondegenerate Z-twisted Miura-Plücker (G, q)-opers.

Theorem 6.1. There is a one-to-one correspondence between the set of nondegenerate Z-
twisted Miura-Plücker (G, q)-opers and the set of nondegenerate polynomial solutions of the
QQ-system (6.2).

Proof. Let A(z) be a nondegenerate Z-twisted Miura-Plücker (G, q)-oper. According to
Corollary 2.11, it can be written in the form (2.11):

(6.4) A(z) =
∏
i

gi(z)
α̌i e

Λi(z)

gi(z)
ei , gi(z) ∈ C(z)×

and there exists v(z) ∈ B+(z) such that for all i = 1, . . . , r, the Miura (GL(2), q)-opers
Ai(z) associated to A(z) by formula (4.1) can be written in the form (4.8):

(6.5) Ai(z) = vi(zq)Zivi(z)
−1, i = 1, . . . , r.

where vi(z) = v(z)|Wi and Zi = Z|Wi .
The element v(z) can be expressed in the form

(6.6) v(z) =

r∏
i=1

yi(z)
α̌i

r∏
i=1

e
−
Q
j
−(z)

Q
j
+(z)

ei
. . . ,

where the dots stand for the exponentials of higher commuatator terms in the Lie algebra
n+ of N+ (these terms will not matter in the computations below) and {Qi+(z), Qi−(z)} are

relatively prime polynomials and Qi+(z) is a monic polynomial for each i = 1, . . . , r.
Acting on the two-dimensional subspace Wi introduced in Section 4.1, v(z) has the fol-

lowing form:

v(z)|W i =

(
yi(z) 0

0 y−1
i (z)

∏
j 6=i y

−aji
j (z)

)(
1 −Qi−(z)

Qi+(z)

0 1

)
(6.7)

while Z has the form

Z|Wi =

(
ζi 0

0 ζ−1
i

∏
j 6=i ζ

−aji
j

)
.(6.8)

From formulas (4.1) and (6.5) we obtain the following equations on yi(z) and Qi±(z).
First, comparing the diagonal entries on both sides of (6.5), we obtain formula (3.9):

gi(z) = ζi
yi(qz)

yi(z)
.(6.9)

Second, by comparing the upper triangular entires on both sides of (6.5), we obtain

(6.10) Λi(z)
∏
j>i

gj(z)
−aji =

yi(z)yi(qz)
∏
j 6=i

yj(z)
aji

ζiQi−(z)

Qi+(z)
− ζ−1

i

∏
j 6=i

ζ
−aji
j

Qi−(qz)

Qi+(qz)

 .
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Since Λi(z) and yi(z) are polynomials, the nondegeneracy conditions can only be satisfied
if

(6.11) yi(z) = Qi+(z), i = 1, . . . , r.

Substituting (6.11) into (6.10), we obtain that the above polynomials Qi+(z), Qi−(z), i =
1, . . . , r, satisfy the system of equations (6.2). Thus, we obtain a map from the set of
nondegenerate Miura (G, q)-opers to the set of nondegenerate solutions of (6.2).

To show that this map is a bijection, we construct its inverse. Suppose that we are given
a nondegenerate solution {Qi+(z), Qi−(z)}i=1,...,r of the system (6.2). The nondegeneracy

condition implies that the polynomials Qi+(z) and Qi−(z) are relatively prime. We then
define A(z) by formula (6.4), where we set

gi(z) = ζi
Qi+(qz)

Qi+(z)
.

(compare with formulas (6.9) and (6.11)), i.e.

A(z) =
∏
j

[
ζj
Qj+(qz)

Qj+(z)

]α̌j
e

Λj(z)Q
j
+(z)

ζjQ
j
+(qz)

ei
(6.12)

=
∏
j

[
ζjQ

j
+(qz)

]α̌j
e

Λj(z)

ζjQ
j
+(qz)Q

j
+(z)

ej[
Qj+(z)

]−α̌j
.(6.13)

We also set

(6.14) v(z) =

r∏
i=1

yi(z)
α̌i

r∏
i=1

e
−
Q
j
−(z)

Q
j
+(z)

ei
.

Then formulas (6.5) are satisfied for all i = 1, . . . , r, as are the nondegeneracy conditions on
A(z). Therefore A(z) defines a nondegenerate Z-twisted Miura-Plücker (G, q)-oper. This
completes the proof. �

Remark 6.2. The system (6.2) depends on our choice of ordering of the simple roots of
G. In Section 7.4 we will show that the systems corresponding to different orderings are
equivalent. �

6.2. Prior work on the QQ-system. The system (6.2) has an interesting history. As far
as we know, for G = SL(2) the corresponding equation (see formula (5.4)) with Λ(z) = 1
was first written by Bazhanov, Lukyanov, and Zamolodchikov [BLZ03] in the study of the
quantum KdV system. It was then generalized to the case G = SL(3) (also with Λi(z) = 1)
in [BHK02]. However, in both of these works, the conditions imposed on Qi±(z) are different
from those in the present work: they are not polynomials but rather entire functions in z
with a particular asymptotic behavior as z →∞.

For a general simply-laced G, the system (6.2) with Λi(z) = 1 is equivalent to a system
that, as far as we know, was first proposed by Masoero, Raimondo, and Valeri in [MRV16],
in the study of (differential) affine opers introduced in [FF07] (for G = SL(n), this system
is also equivalent to the system introduced in [BFL+11]). The goal of [MRV16] was to
generalize the results of [BLZ03] in light of the conjecture of [FF07] (see also [FH18])
linking the spectra of quantum ĝ-KdV system and affine Lĝ-opers on P1 of special kind.
Here Lĝ is the affine Kac-Moody algebra that is Langlands dual to ĝ (i.e. its Cartan
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matrix is the transpose of that of ĝ). If g is simply-laced, then Lĝ = ĝ. The authors of
[MRV16] considered the simplest of the ĝ-opers proposed in [FF07] (those corresponding to
the ground states of the quantum ĝ-KdV system) and associated to each of them a solution
of a system equivalent to (6.2) with Λi(z) = 1. (This was subsequently generalized in
[MR18] by Masoero and Raimondo to the ĝ-opers conjectured in [FF07] to correspond to
the excited states of the quantum ĝ-KdV system.) However, the meaning of this system
from the point of view of quantum integrable systems remained unclear.

This meaning was revealed in [FH18], where it was shown that the system of [MRV16] is
a system of relations in the Grothendieck ring RepO of the category O associated to Uqĝ,
which was introduced in [HJ12]. (Actually, it is Uq′ ĝ, where q′ = q−2, but we will ignore it

here.) Recall that this is a category of representations of the Borel subalgebra Uqb̂+ of Uqĝ
(with respect to the Drinfeld-Jimbo realization) which decompose into a direct sum of finite-
dimensional weight spaces with respect to the finite-dimensional Cartan subalgebra. There
are two sets of representations from this category corresponding to Qi+(z) and Qi−(z), i =
1, . . . , r, whose classes in the Grothendieck ring RepO were proved in [FH18] to satisfy the
relations of a system equivalent to the QQ-system (with Λi(z) = 1). Namely, Q+

i (z), i =

1, . . . , r, correspond to the classes of the so-called prefundamental representations of Uqb̂+,
whereas Q−i (z), i = 1, . . . , r, correspond to the classes of another set of representations of

Uqb̂+ introduced in [FH18].

Note that in [FH18], Qi+(z) was denoted by Qi(z) and Qi−(z) by Q̃i(z), and the system

(6.2) was called the QQ̃-system. Here, we call the system (6.2) the QQ-system.
Thus, according to the results of [FH18], every quantum integrable system in which

the commutative algebra RepO maps to the algebra of quantum Hamiltonians, we obtain
the system (6.2) for each common set of eigenvalues of the Hamiltonians corresponding to
Qi+(z), Qi−(z), i = 1, . . . , r. Examples of such integrable systems include the Uqĝ XXZ-type

model (the XXZ model corresponds to Uq ŝl2, as discussed in the Introduction) and the
quantum ĝ-KdV system. In both cases the Hamiltonians corresponding to the Qi+(z) and

Qi−(z) can be expressed as the transfer-matrices associated to the above representations of

Uqb̂+ from the category O.
The difference between the two types of systems is reflected in the difference between

the analytic properties of the Qi+(z) and Qi−(z). Namely, in the Uqĝ XXZ-type quantum
models with the space of states V being the tensor product of irreducible finite-dimensional
representations, these should be polynomials up to a universal factor (this has been proved
for Qi+(z) in [FH15], and we expect the same to be true for Qi−(z)). These factors should
naturally combine into the polynomials Λi(z) appearing in the QQ-system (6.2), which
should be equal to products of the Drinfeld polynomials of the finite-dimensional represen-
tations of Uqĝ appearing as factors in V (up to multiplicative shifts by powers of q). This
will be discussed in more detail in [FH]. On the other hand, in the quantum KdV systems
the functions Qi+(z) and Qi−(z) are expected to be entire functions on the complex plane
[BLZ03,BHK02,MRV16,MR18].

In the case of g = sl2, the polynomial Q1
+(z) corresponds to the eigenvalues of the so-

called Baxter operator in the XXZ-type quantum spin chain. Together with the transfer

matrix of the two-dimensional evaluation representation of Uq ŝl2, it obeys the celebrated

Baxter QT -relation. This relation was generalized in [FH15] from Uq ŝl2 to Uqĝ, where g is
an arbitrary simple Lie algebra g (proving a conjecture of [FR99]).
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Remark 6.3. For simply-laced g, the form of the QQ-system (6.2) differs slightly from that
of [MRV16, FH18]. One can relate the two by making small notational adjustments. For
example, in the case of g = sln, picking the standard order of simple roots, we obtain

Λi(z)Q
i+1
+ (qz)Qi−1

+ (z) = ξ̃iQ
i
−(z)Qi+(qz)− ξiQi−(qz)Qi+(z),(6.15)

which is equivalent to

Λi(q
−1/2z)Qi+1

+ (q1/2z)Qi−1
+ (q−1/2z) = ξ̃iQ

i
−(q−1/2z)Qi+(q1/2z)− ξiQi−(q1/2z)Qi+(q−1/2z).

Upon substitution Qi±(z) = Qi
±(q

N−i
2 z) and Λi(z) = Λi(q

N−i−1
2 z), we obtain a more sym-

metric form of the system, which was considered in [KSZ18],

Λi(z)Q
i+1
+ (z)Qi−1

+ (z) =
ζi
ζi+1

Qi
−(q−1/2z)Qi

+(q1/2z)− ζi+1

ζi
Qi
−(q1/2z)Qi

+(q−1/2z).

which (if we set Λi(z) = 1) is equivalent to the system from [MRV16,FH18] corresponding

to Uq′ ŝln with q′ = q−2. �

Now suppose that g is non-simply laced. In this case, the system (6.2) is different from

the QQ̃-system of [MRV17] and [FH18] corresponding to ĝ. Rather, one can show that it

can be obtained by a certain reduction of the QQ̃-system for the twisted affine algebra ĝ∨

constructed in [FH18]. Here ĝ∨ is the twisted affine Kac-Moody algebra corresponding to
a simply-laced Lie algebra g̃ with an automorphism σ such that g̃σ = g (in other words,

ĝ∨ = L(L̂g)). This will be further discussed in [FH].
This is similar to the affine Langlands duality conjecture of [FF07] and [FH18] that

(differential) affine Lĝ-opers on P1 parametrize the spectra of the quantum ĝ-KdV system.
It would be interesting to find a direct link between the affine opers of the type considered

in [FF07,MRV17,FH18,MR18] and the Miura (G, q)-opers we consider in the present paper
(at least, for simply-laced G).

6.3. QQ-system and Bethe Ansatz equations. The QQ-system (6.2) implies a system
of equations on the set {Qi+(z)}i=1,...,r. Namely, let {wki }k=1,...,mi be the set of roots of the

polynomial Qi+(w). Consider the following system:

(6.16)
Qi+(qwki )

Qi+(q−1wki )

∏
j

ζ
aji
j = −

Λi(w
i
k)
∏
j>i

[
Qj+(qwik)

]−aji∏
j<i

[
Qj+(wik)

]−aji
Λi(q−1wik)

∏
j>i

[
Qj+(wik)

]−aji∏
j<i

[
Qj+(q−1wik)

]−aji
where i = 1, . . . , r; k = 1, . . . ,mi. We call it the system of Bethe Ansatz equations for the
group G and a set {Λi(z)}i=1,...,r.

For simply-laced G, this system is equivalent to the system of Bethe ansatz equations that
appears in the Uq′ ĝ XXZ-type model, see [OW86, RW87, Res87]. But for non-simply laced
G, we obtain a different system of Bethe Ansatz equations, which has not yet been studied
in the literature on quantum integrable systems, as far as we know. (As we mentioned
in the Introduction, an additive version of this system appeared earlier in [MV05].) As
we discussed in Section 6.2, the form of the QQ-system (6.2) in the non-simply laced case
suggests, in light of Theorem 6.4 below, that the system (6.16) should correspond to the
quantum integrable systems associated to the twisted affine Kac-Moody algebra ĝ∨.

Recall the nondegeneracy condition for the solutions of the QQ-system. We apply the
same notion to the solutions of (6.16).
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Theorem 6.4. There is a bijection between the sets of polynomial nondegenerate polynomial
solutions of the QQ-system (6.2) and the Bethe Ansatz equations (6.16).

Proof. Let {Qi+(z), Qi−(z)}i=1,...,r be a nondegenerate solution of the QQ-system (6.2). Set

(6.17) φi(z) =
Qi−(z)

Qi+(z)
,

(6.18) fi(z) = Λi(z)
∏
j>i

[
Qj+(qz)

]−aji∏
j<i

[
Qj+(z)

]−aji
.

Then the ith equation of the QQ-system may be rewritten as

(6.19) ξ̃iφi(z)− ξiφi(qz) =
fi(z)

Qi+(z)Qi+(qz)
.

The nondegeneracy condition implies that we have the following partial fraction decompo-
sitions in which all the terms are different from each other:

fi(z)

Qi+(z)Qi+(qz)
= hi(z) +

mi∑
k=1

bk
z − wik

+

mi∑
k=1

ck
qz − wik

,(6.20)

φi(z) = φ̃i(z) +

mi∑
k=1

dk
z − wik

(6.21)

where hi(z) and φ̃i(z) are polynomials and {wik}k=1,...,mi is the set of roots of the polynomial
Qi+(z).

The residues at z = wik (resp. z = wikq
−1) on the two sides of (6.19) must coincide.

Therefore,

(6.22) dk =
bk
ξi
, resp. dk = −ck

ξ̃i

for all k = 1, . . . ,mi. Thus, we obtain

bk
ξi

+
ck

ξ̃i
= 0,

or equivalently,

(6.23) Resz=wik

[
fi(z)

ξiQi+(z)Qi+(qz)

]
+ Resz=wik

[
fi(q

−1z)

ξ̃iQi+(q−1z)Qi+(z)

]
= 0

which is precisely equation (6.16) corresponding to wik. Thus, we obtain a nondegenerate
solution {Qi+(z)}i=1,...,r of the system (6.16).

Now we construct the inverse map. Suppose that we have a nondegenerate solution
{Qi+(z)}i=1,...,r of (6.16). Then we need to construct polynomials {Qi−(z)}i=1,...,r that to-

gether with the polynomials {Qi+(z)}i=1,...,r solve the QQ-system (6.2). For that, we will
construct a rational function φi(z) that has the same set of poles as the set of roots of the
polynomial Qi+(z) and define Qi−(z) by the formula

Qi−(z) = φi(z)Q
i
+(z)

(compare with formula (6.17)).



32 E. FRENKEL, P. KOROTEEV, D.S. SAGE, AND A.M. ZEITLIN

We define this rational function φi(z) by formula (6.21) in which we take as the residues dk
the numbers from formula (6.22) that are completely determined by the given {Qi+(z)}i=1,...,r.
It remains to find the polynomial part of φi(z),

φ̃i(z) =
∑
m≥0

rmz
m

Let

hi(z) =
∑
m≥0

smz
m

be the polynomial appearing in equation (6.20). Note that hi(z), and hence {sm}m≥0, are
completely determined by the given {Qi+(z)}i=1,...,r from formula (6.20).

Now observe that equation (6.19), which is the ith equation of the QQ-system (6.19), is
satisfied if and only if the following equations on the {rm}m≥0 are satisfied:

(6.24) rm(ξ̃iq
m − ξi) = sm, m ≥ 0.

This follows from our assumption on Z in (6.1) because ξ̃i/ξi =
∏r
j=1 ζ

aji
j . Therefore, each

of the equations (6.24) has a unique solution.
It then follows that there exist unique polynomials {Qi−(z)}i=1,...,r that together with

{Qi−(z)}i=1,...,r satisfy the QQ-system (6.2). Furthermore, by construction, it follows that
this solution of the QQ-system is nondegenerate. �

7. Bäcklund-type transformations

Theorems 6.1 and 6.4 establish a bijection between the set of nondegenerate Z-twisted
Miura-Plücker (G, q)-opers and the sets of polynomial nondegenerate solutions of the QQ-
system and Bethe Ansatz equations (6.16).

Now, the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers includes as a subset
of those Z-twisted Miura-Plücker (G, q)-opers that are actually Z-twisted Miura (G, q)-
opers. Recall the difference between the two: a Z-twisted Miura (G, q)-oper is one whose
q-connected can be represented in the form (4.7):

A(z) = v(qz)Zv(z)−1, v(z) ∈ B+(z),(7.1)

whereas a Z-twisted Miura-Plücker (G, q)-oper is one for which only the associated (GL(2), q)-
opers Ai(z) have this property, see the equations (6.5). In fact, when we constructed the
inverse map in the proof of Theorem 6.1, we defined an element v(z) of B+(z) by formula
(6.14). This v(z) satisfies the equations (6.5), so we do get a Z-twisted Miura-Plücker
(G, q)-oper but it is not clear whether this v(z) can be extended to an element of B+(z)
satisfying formula (7.1). More precisely, equations (6.5) uniquely fix the image v(z) of v(z)
in the quotient B+/[N+, N+], and the question is whether we can lift this v(z) to an element
v(z) ∈ B+(z) such that equation (7.1) is satisfied.

In this section, we will give a sufficient condition for this to hold (see Theorem 7.10 and
Remark 7.11). It is based on the procedures described in the next subsection that generate
new solutions of the QQ-system from the existing ones (there is one such procedure for each
simple root of G). We call them Bäcklund-type transformations.

Here we follow an idea of Mukhin and Varchenko [MV02,MV05] who introduced similar
procedures for the solutions of the Bethe Ansatz equations arising from the XXX-type
models associated to the Yangians. In contrast to their setting, however, we have a non-
trivial twisting represented by a regular semisimple element Z of the Cartan subalgebra.
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As a result, in a generic situation our procedures give rise to solutions labeled by elements
of the Weyl group of G, rather than points of the flag manifold of G as in [MV02,MV05].

7.1. Definition of Bäcklund-type transformations. Consider a Z-twisted Miura-Plücker
(G, q)-oper given by formula (6.12). We now define a transformation associated to the ith
simple reflection from the Weyl group WG on the set of such Miura q-opers.

Proposition 7.1. Consider the q-gauge transformation of the q-connection A given by
formula (6.12):

A 7→ A(i) = eµi(qz)fiA(z)e−µi(z)fi , where µi(z) =

∏
j 6=i

[
Qj+(z)

]−aji
Qi+(z)Qi−(z)

.(7.2)

Then A(i)(z) can be obtained from A(z) by substituting in formula (6.12) (or (6.13))

Qj+(z) 7→ Qj+(z), j 6= i,(7.3)

Qi+(z) 7→ Qi−(z), Z 7→ si(Z) .(7.4)

In the proof of Theorem 7.1, we will use the following lemma which is proved by a direct
computation (these results have previosuly appeared in [MV05]).

Lemma 7.2. The following relations hold for any u, v ∈ C
uα̌ievej = exp (uajiv ei)u

α̌i

uα̌ievfj = exp
(
u−ajiv fi

)
uα̌i

euei evfi = exp

(
v

1 + uv
fi

)
(1 + uv)α̌i exp

(
u

1 + uv
ei

)
.

Proof of Proposition 7.1. Using the first identity from Lemma 7.2, we can move all factors

Qj+(qz) in formula (6.12) to the left and all factors Qj+(z) to the right. The resulting
expression is

A(z) =
∏
k

[
Qk+(qz)

]α̌k [∏
i

ζα̌ii e
Λ̃i(z)ei

]∏
l

[
Ql+(z)

]−α̌l
,(7.5)

where

(7.6) Λ̃i(z) =

∏
j<i

[
Qj+(z)

]−aji ∏
j>i

[
Qj+(qz)

]−aji
Λi(z)

ζiQi+(qz)Qi+(z)
.

Let

µ̃i(z) = µi(z)
∏
j

[
Qj+(z)

]aji
,(7.7)

Then, using the second identity from Lemma 7.2, from (7.5) we obtain

(7.8) Ã(i) = eµi(qz)fiA(z)e−µi(z)fi = . . . ζα̌ii e
w fi · eu ei · ev fi . . .

where

(7.9) w = ζ2
i

∏
j<i

ζ
aji
j µ̃i(qz) , u = Λ̃i(z) , v = −

∏
j>i

ζ
aji
j µ̃i(z) ,
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and the ellipses stand for all other terms including the elements of the Cartan subgroup
and the exponentials of ej with j 6= i. We now use the third identity from Lemma 7.2 in
order to reshuffle the middle and the last exponent in (7.8)

(7.10) Ã(i) = . . . ζα̌ii exp

((
w +

v

1 + uv

)
fi

)
(1 + uv)α̌i exp

(
u

1 + uv
ei

)
. . . .

In order to prove the Proposition first we need to show that

w +
v

1 + uv
= 0,(7.11)

or, in other words,

ζ2
i

∏
j<i

ζ
aji
j µ̃i(qz)−

∏
j>i ζ

aji
j µ̃i(z)

1− Λ̃i(z)
∏
j>i ζ

aji
j µ̃i(z)

= 0.(7.12)

Let us demonstrate that this is indeed the case. The above equation is equivalent to∏
j>i

ζ
−aji
j µ̃−1

i (z)− ζ−2
i

∏
j<i

ζ
−aji
j µ̃−1

i (qz) = Λ̃i(z) .(7.13)

Substituting Λ̃i(z) from (7.6) into this equation we obtain

ζi
∏
j>i

ζ
−aji
j µ̃−1

i (z)Qi+(qz)Qi+(z)− ζ−1
i

∏
j<i

ζ
−aji
j µ̃−1

i (qz)Qi+(qz)Qi+(z)

=
∏
j<i

[
Qj+(z)

]−aji∏
j>i

[
Qj+(qz)

]−aji
Λi(z) .(7.14)

Keeping in mind from (7.2) and (7.7) that µ̃i(z) =
Qi+(z)

Qi−(z)
leads us to the desired QQ-system

equations which has to be satisfied

ζi
∏
j>i

ζ
−aji
j Qi+(qz)Qi−(z)− ζ−1

i

∏
j<i

ζ
−aji
j Qi−(qz)Qi+(z)

=
∏
j<i

[
Qj+(z)

]−aji∏
j>i

[
Qj+(qz)

]−aji
Λi(z) .(7.15)

Let us now check that the two remaining terms in (7.10) are indeed as prescribed by
(7.4). Note that

1 + uv = 1− Λ̃i(z)
∏
j>i

ζ
aji
j µ̃i(z)

= 1−
Qi+(z)

Qi−(z)

∏
j>i

ζ
aji
j

∏
j<i

[
Qj+(z)

]−aji∏
j>i

[
Qj+(qz)

]−aji
Λi(z)

ζiQi+(qz)Qi+(z)
.(7.16)

Thus, based on the QQ-equation we have

1 + uv = ζ−2
i

∏
j 6=i

ζ
−aji
j

Qi−(qz)Qi+(z)

Qi+(qz)Qi−(z)
.(7.17)
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The corresponding contribution to the q-connection reads

(1 + uv)α̌i = si(Z)Z−1

[
Qi−(qz)

Qi+(qz)

]α̌i [Qi+(z)

Qi−(z)

]α̌i
.(7.18)

Finally, we need to evaluate the last term in (7.10). Let us start with the following combi-
nation

u

1 + uv
=

∏
j<i

[
Qj+(z)

]−aji∏
j>i

[
Qj+(qz)

]−aji
Λi(z)

ζiQi+(qz)Qi+(z)

ζ−2
i

∏
j 6=i ζ

−aji
j

Qi−(qz)Qi+(z)

Qi+(qz)Qi−(z)

=

∏
j<i

[
Qj+(z)

]−aji∏
j>i

[
Qj+(qz)

]−aji
Λi(z)

ζ−1
i

∏
j 6=i ζ

−aji
j Qi−(qz)Qi−(z)

[
Qi−(z)

Qi+(z)

]2

.(7.19)

Thus we have from (7.10)

(7.20) Ã(i) = . . . ζ
−α̌i−〈α̌j ,αi〉α̌i
i

[
Qi−(qz)

Qi+(qz)

]α̌i
eΛ̃−i (z)ei

[
Qi+(z)

Qi−(z)

]α̌i
. . . ,

where

Λ̃−i (z) =

∏
j<i

[
Qj+(z)

]−aji∏
j>i

[
Qj+(qz)

]−aji
Λi(z)

ζ−1
i

∏
j 6=i

ζ
−aji
j Qi−(qz)Qi−(z)

.

Therefore, moving the Cartan elements corresponding to the ratios of the Q’s to the left
and right side of (7.8) we obtain the statement of Proposition 7.1. �

7.2. Nondegeneracy. Suppose that A(z) is a nondegenerate Z-twisted Miura-Plücker

(G, q)-oper. In Proposition 7.1, we apply to it the q-gauge transformation by eµi(z)fi , which

belongs to N− and not to B+. Hence it is not clear whether the q-connection A(i)(z) con-
structed in Proposition 7.1 corresponds to a Z-twisted Miura-Plücker (G, q)-oper, let alone
a nondegenerate one.

Seen from the angle of Theorem 6.1, there exist unique polynomials {Qj−(z)}j=1,...,r that

together with {Qj+(z)}j=1,...,r give rise to a nondegenerate solution of the QQ-system (6.2)
corresponding to the element Z ∈ H.

However, the nondegeneracy condition for the latter solution does not include any infor-

mation on the roots of the polynomials {Qj−(z)}j=1,...,r (other than the fact that the roots

of Qj−(z) are distinct from the roots of Qj+(z) for all j = 1, . . . , r, which we know from the

construction of Qj−(z) given in the proof of Theorem 6.4).

By construction, A(i)(z) is an si(Z)-twisted Miura-Plücker (G, q)-oper, which corresponds

to the polynomials {Q̃j+(z)}j=1,...,r, where Q̃+
j (z) = Q+

j (z) for j 6= i and Q̃+
i (z) = Q−i (z).

The conditions for it to be nondegenerate are spelled out in the following lemma.

Lemma 7.3. Suppose that the polynomial Qi−(z) constructed in the proof of Theorem 6.4 is

such that its roots are q-distinct from the roots of Qj+(z), j 6= i, and Λk(z) such that aik 6= 0
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and ajk 6= 0. Then the data

{Q̃j+}j=1,...,r = {Q1
+, . . . , Q

i−1
+ , Qi−, Q

i+1
+ . . . , Qr+};(7.21)

{ζ̃j}j=1,...,r = {ζ1, . . . , ζi−1, ζ
−1
i

∏
j 6=i

ζ
−aji
j , . . . , ζr}

give rise to a nondegenerate solution of the Bethe Ansatz equations (6.16) corresponding to
si(Z) ∈ H.

Furthermore, there exist polynomials {Q̃j−}j=1,...,r that together with {Q̃j+}j=1,...,r give rise
to a nondegenerate solution of the QQ-system (6.2) corresponding to si(Z).

Proof. Let us rewrite the QQ-system as follows:

Λi(z)
∏
j

[
Qj+(qbjiz)

]−aji
= ξ̃iQ

i
−(z)Qi+(qz)− ξiQi−(qz)Qi+(z),(7.22)

where bji = 1 if j > i and bji = 0 otherwise. Note that

(7.23) bji + bij = 1 .

Dividing both sides by Qi+(z)Qi−(z), we obtain

ξ̃i
Qi+(qz)

Qi+(z)
− ξi

Qi−(qz)

Qi−(z)
=

Πi(z)

Qi+(z)Qi−(z)
,(7.24)

where

Πi(z) = Λi(z)
∏
j 6=i

[
Qj+(qbimz)

]−aji
.

Evaluating this equation at q−bimwki , where {wkm}i=1,...,mi is the set of roots of the polyno-
mial Qi+(z), we obtain∏

j 6=i
ζ
aji
j

Qj+(q1−bimwkm)

Qj+(q−bimwkm)
=
Qi−(q1−bimwkm)

Qi−(q−bimwkm)
.(7.25)

Comparing the above formula with the Bethe Ansatz equations (6.16) and using (7.23), we
obtain that the data (7.21) satisfy the Bethe Ansatz equations (6.16).

The existence of {Q̃j+}j=1,...,r then follows from Theorem 6.4. �

We obtain that if the conditions of Lemma 7.3 are satisfied, then we can associate to
every nondegenerate Z-twisted Miura-Plücker q-oper a nondegenerate si(Z)-twisted Miura-

Plücker oper, A(z) 7→ A(i)(z). We view this procedure as a Bäcklund-type transformation
associated to the ith simple reflection from the Weyl group WG of G. We now generalize
this transformation to other elements of WG.

Definition 7.4. Let w = si1 . . . sik be a reduced decomposition of an element w of the Weyl
group of G. A solution of the QQ-system (6.2) is called (i1 . . . ik)-generic if by consecutively
applying the procedure described in Lemma 7.3 with i = ik, . . . , i = i1, we obtain a sequence
of nondegenerate solutions of the QQ-systems corresponding to the elements wj(Z) ∈ H,
where wk = sik−j+1

. . . sik with j = 1, . . . , k.

Remark 7.5. Note that in this definition we only assume the existence of a sequence of
transformations described in Lemma 7.3 for a particular reduced decomposition of w. We
do not assume that such a sequence exists for other reduced decompositions of w. �
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Now we derive an important consequence of this property on the side of (G, q)-opers.

Proposition 7.6. Given a reduced decomposition w = si1 . . . sik , for each (i1 . . . ik)-generic
solution of the QQ-system (6.2) there exists an element b−(z) ∈ B(z) of the form

b−(z) = eci1 (z)fi1eci2 (z)fi2 . . . ecik (z)fikh(z),

where cij (z) are non-zero rational functions and h(z) ∈ H(z), such that

b−(qz)w(Z)v = A(z)b−(z)v,(7.26)

where A(z) is given by formula (6.12) and v is a highest weight vector in any irreducible
finite-dimensional representation of G.

Proof. The idea is to construct b−(z) as a composition of the elements of B−(z) appearing
in the q-gauge transformations from the Proposition 7.1 corresponding to different simple
reflections in the reduced decomposition of w.

If w = si, then we have the single q-gauge transformation from formula (7.2):

A 7→ A(i) = eµi(qz)fiA(z)e−µi(z)fi , where µi =

∏
j 6=i

[
Qj+(z)

]−aji
Qi+(z)Qi−(z)

.(7.27)

According to Proposition 7.1, if we apply A(i) to a highest weight vector v, we obtain

A(i)v =
∏
j

[
Q̃j+(qz)

Q̃j+(z)

]α̌j
si(Z) v,(7.28)

where the polynomials Q̃j+(z) are defined by formula (7.21). After multiplying both sides
by

e−µi(qz)fi
∏
j

[
Q̃j+(z)

]〈α̌j ,λ〉
,

where λ is the weight of v, we obtain:

A(z)e−µi(z)fi
∏
j

[
Q̃j+(z)

]α̌j
v = e−µi(qz)fi

∏
j

[
Q̃j+(qz)

]α̌j
si(Z)v,(7.29)

so that b−(z) = e−µi(z)fi
∏
j

[
Q̃j+(z)

]α̌j
is the sought-after element of B−(z).

For w = si1 . . . sik , we successively apply the q-gauge transformations (7.27) with i =
ik, ik−1, . . . , i1. Let µik(z), µik−1

(z), . . . , µi1(z) be the corresponding functions (see formula

(7.2)), and {Qj+(z)} the set of polynomials obtained from {Qj+(z)} by successively applying
formula (7.21) with i = ik, ik−1, . . . , i1. Then it follows that

b−(z) = e−µi1 (z)fi1e−µi2 (z)fi2 . . . e−µik (z)fik
∏
j

[
Q
j
+(z)

]α̌j
(7.30)

satisfies formula (7.26). �

We also formulate an additional result regarding elements in Bruhat cells. Recall the
following well-known fact about the product of Bruhat cells (see e.g. [Hum75, Lemma
29.3.A]):

Lemma 7.7. If u, v ∈WG satisfy `(u) + `(v) = `(uv), then B−uB−vB− = B−uvB−.
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The following result is a direct consequence of Lemma 7.7.

Proposition 7.8. If w ∈W has a reduced decomposition w = si1si2 . . . sik , then

eai1ei1eai2ei2 . . . eaikeik ∈ B−wB−, eai1fi1eai2fi2 . . . eaikfik ∈ B+wN+

if aij 6= 0 for any j.

Definition 7.9. Given a (i1 . . . ik)-generic solution of the QQ-system, one constructs the
corresponding nondegenerate Z-twisted Miura-Plücker (G, q)-oper using Theorem 6.1. We
will refer to these as (i1 . . . ik)-generic Z-twisted Miura-Plücker (G, q)-opers.

7.3. From Miura-Plücker to Miura q-opers. We shall now describe a sufficient con-
dition that enables one to promote a Z-twisted Miura-Plücker (G, q)-opers to a Miura
(G, q)-oper.

Let w0 = si1 . . . si` be a reduced decomposition of the maximal element of the Weyl group
of G. In what follows, we refer to a (i1, . . . , i`)-generic object as w0-generic.

Theorem 7.10. Every w0-generic Z-twisted Miura-Plücker (G, q)-oper is a nondegenerate
Z-twisted Miura (G, q)-oper.

Proof. By Proposition 7.6, there exists an element b−(z) ∈ B−(z), such that

b−(z) = eci1fi1eci2fi2 . . . ecikfi`h(z)

where cij (z) ∈ C(z)× and h(z) ∈ H(z), which satisfy the following equation:

b−(qz)w0(Z)v = A(z)b−(z)v,

and

A(z) =
∏
j

[
ζj
Qj+(qz)

Qj+(z)

]α̌j
e

Λj(z)ej
gj(z) ,

where v is a highest weight vector in any finite-dimensional irreducible representation of G

and {Qj+} is the w0-generic solution of the QQ-system.
By Proposition 7.8,

b−(z) = b+(z)w0n+(z),

where b+(z) ∈ B+(z) and n+(z) ∈ N+(z). Therefore, for v as above, we have

b+(qz)Zw0v = A(z)b+(z)w0v,

which means that if we write

(7.31) U(z) = Z−1b−1
+ (qz)A(z)b+(z) ∈ B+(z),

then
w0v = U(z)w0v,

for any irreducible finite-dimensional representation of G with highest weight vector v.
Thus, U(z) is an element of B+(z) which preserves the lowest weight vector w0v of any
irreducible finite-dimensional representation of G. The only element which satisfies this
condition is U(z) = 1. Formula (7.31) then implies that A(z) satisfies

(7.32) A(z) = b+(qz)Zb+(z)−1, b+(z) ∈ B+(z).

Thus, we have proved that every w0-generic Z-twisted Miura-Plücker (G, q)-oper is a non-
degenerate Z-twisted Miura (G, q)-oper (equivalently, every w0-generic solution of the QQ-
system corresponds to a nondegenerate Z-twisted Miura (G, q)-oper). �
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Remark 7.11. Given a regular semisimple element Z ∈ H and a collection of polynomials
{Λi(z)}i=1,...,r as above, consider the following three sets of objects on P1:

• q -MPOpZG, the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers;

• q -MPOpZ,w0

G , the set of w0-generic Z-twisted Miura-Plücker (G, q)-opers;

• q -MOpZG, the set of nondegenerate Z-twisted Miura (G, q)-opers.

According to the discussion at the beginning of this section and Theorem 7.10, we have
the following two inclusions:

(7.33) q -MPOpZ,w0

G ⊂ q -MOpZG ⊂ q -MPOpZG .

It would be interesting to find out under what conditions either (or both) of these inclusions
is an equality. �

7.4. Equivalence of the QQ-Systems. The QQ-system (6.2) depends on the choice of
the Coxeter element s that we used in the definition of (G, q)-opers: the ordering of the
simple reflections in it is the ordering of the simple roots of G in (6.2). In this subsection
we show that the QQ-systems corresponding to different Coxeter elements (or equivalently,
different orderings of the simple roots) are equivalent. First, we explain what we mean by
an equivalence.

We will say that two QQ-systems are gauge equivalent if they are related to each other
via the following transformations:

Qi±(x) 7→ Qi±(D{i}x) , Λi(x) 7→ Λi(D{i}x) ,

ξi 7→ α(i)ξi , ξ̃i 7→ α(i)ξ̃i ,(7.34)

where D{i}, α(i) are non-zero complex numbers.
The following Theorem is a multiplicative version of Theorem 2.5 and Corollary 2.6. in

[MV05]:

Theorem 7.12. The QQ-system associated to the Coxeter element s, parameters {ζi} and
polynomials {Λi(z)} is gauge equivalent to the QQ-system associated to the Coxeter element

s′ with the same parameters {ζi} and polynomials {Λi(qd
{i}
z)} with some d{i} ∈ Z.

Proof. Let us rewrite the QQ-system as in formula (7.22), where bji = 1 if j > i and bji = 0
otherwise. Recall that

(7.35) bji + bij = 1 .

Given that bij satisfy the above property, we will show that each such system (7.22) of
functional relations is gauge equivalent to the one described below. This will immediately
lead to the statement of the Theorem. First, let us assume that we work with the Lie
algebras of ADE-type, i.e. Dynkin diagram is simply-laced. Assume that s = s1, . . . , sr, so
that si correspond to the simple root αi v1, . . . , vr are the Dynking diagram vertices.

For i = 2, . . . , r, let vi1 , . . . , vik be the unique sequence of distinct vertices of the Dynkin
diagram such that for j = 1, . . . , k − 1 the vertices vij and vij+1 are connected by an edge,

and vi1 = v1, vik = vi. We denote δi := k and call it a distance between v1 and vi. Let b̂ij
be defined as follows:

b̂ij = 0 if δi > δj , b̂ij = 1 if δi < δj

b̂ij = 0 if δi = δj , i > j, b̂ij = 1 if δi = δj , i < j(7.36)
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Now let
˜̂
ξi =

∏
j ζ

aji
j and ξ̂i = 1. We claim that any QQ system is gauge equivalent to the

one, described by the parameters b̂ij ,
˜̂
ξi, ξ̂i.

Indeed, one can use α(i) = ξi and for D{i} we make the following choice:

(7.37) D{i} = qbi1i2+bi2i3+···+bik−1ik
−(k−1)

This way we obtain the QQ-system as in (7.22). Notice, that our proof naturally extends
to the non-simply laced case, by counting double lines on Dynkin diagrams as one edge in
the definition of δi in b̂ij . �

8. (G, q)-opers and Baxter relations

The space of g-opers on the punctured disc may be identified with the phase space of the
Drinfeld-Sokolov reduction [DS85]. Likewise, the space of (G, q)-opers on the punctured
disc can be described in terms of the q-difference version of the Drinfeld-Sokolov reduction,
which was defined in [FRSTS98, SS98]. For example, for G = SL(n) the corresponding
q-opers can be represented as nth order q-difference operators (similarly to the sln-opers,
which can be represented as nth order differential operators). In this section we construct,
following [FRSTS98,SS98], a system of canonical coordinates for q-opers on P1 with regular
singularities for all simply-connected simple Lie groups G other than E6. We conjecture
that if G is simply-laced, then the relations between these canonical coordinates and the
polynomials Qi+(z) introduced above are equivalent to the generalized Baxter TQ-relations
established in [FH15].

8.1. Presentations of unipotent subgroups. Let s̃i ∈ N(H) be a lifting of the simple
reflection wi ∈WG, i = 1, . . . , r (these s̃i are not necessarily equal to the liftings si we have
used before). Given w ∈WG with a reduced decomposition w = wi1 . . . wik where the wij ’s
are distinct simple reflections, we define a lifting w̃ = s̃i1 . . . s̃ik of w.

Denote
Nw
− = N− ∩ w̃N+w̃

−1.

It is a well-known fact that Nw
− is a subgroup of N− of dimension `(w) [Hum75, Section

28], which does not depend on the choice of the lifting w̃. Moreover, Nw
− is a product (in

any order) of the root subgroups for the negative roots α for which w ·α is positive. In the
case of a Coxeter element, or more generally, for any Weyl group element with a reduced
decomposition consisting of distinct simple reflections, this group can be described more
explicitly.

Let Xα denote the root subgroup corresponding to α.

Proposition 8.1. We have the following presentation:

(8.1) Nw
− = s̃i1Xαi1

. . . s̃irXαik
w̃−1.

Proof. Consider the roots βj = wi1 . . . wij (αij ), j = 1, . . . , k = `(w). We will show that these

are precisely the negative roots α such that w−1(α) is positive. First, observe that each βj
is negative. Indeed, βj = wi1 . . . wij−1(−αij ) = −αij + γj , where γj is a linear combination
of the αis ’s for 1 ≤ s ≤ j−1. Since the αis ’s are distinct, the coefficient of αij is negative, so
βj is negative. Next, we show that the βj ’s are distinct. Suppose βj = βs with s > j. Then,
we have αij = wij+1 . . . wis(αis). However, the root on the right is negative by the argument

above, contradicting the fact that αij is positive. Finally, w−1βj = wik . . . wij+1(αij ), which
is positive.
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We conclude that Nw
− = Xβ1 . . . Xβk . The result now follows from the fact that

Xβ1 . . . Xβk = s̃i1Xαi1
s̃−1
i1
s̃i1 s̃i2Xαi1

s̃−1
i1
s̃−1
i2
. . . w̃Xαik

w̃−1

= s̃i1Xαi1
. . . s̃irXαik

w̃−1.

�

8.2. Canonical coordinates on q-opers. Now, it follows from Definition 2.8 that a (G, q)-
oper with regular singularities determined by the non-constant polynomials {Λi(z)}i=1,...,r

is an equivalence class of the q-connections of the form

A(z) = n′(z)
∏
i

(Λi(z)
α̌i si)n(z), n(z), n′(z) ∈ N−(z),

(where the order in the product is determined by the order of simple reflections in our
Coxeter element c) under the action of the q-gauge transformations from N−(z). We now
describe a set of canonical representatives for these equivalence classes, using Theorem 3.1
from [SS98]. Since this theorem was proved in [SS98] for all simple Lie groups except E6,
in the rest of this section we will assume that G 6= E6.

Theorem 8.2. For every A(z) ∈ n′(z)
∏
i(Λi(z)

α̌i si)n(z), there exists a unique u′(z) ∈
N−(z) such that

u′(qz)A(z)u′
−1

(z) ∈ N s
−(z)

∏
i

(Λi(z)
α̌i si).

Moreover, there exist unique Ti(z) ∈ C(z) such that

(8.2) u′(qz)A(z)u′
−1

(z) =
∏
i

[
Λi(z)

α̌isie
−Ti(z)ei

]
.

As usual, the order in the product is determined by the Coxeter element c.

Proof. Note that s̃i = Λi(z)
α̌i si is a lifting of wi and s̃ =

∏
i(Λi(z)

α̌i si) is the corresponding

lifting of c. Let Ñ c
− = N−∩cN−c−1. It is a standard fact that N− = N c

−Ñ
c
− [Hum75, Section

28]. If we write n′(z) = u(z)v(z) with u(z) ∈ N c
− and v(z) ∈ Ñ c

−, then

A(z) = u(z) s̃ s̃−1 v(z) s̃ n(z) = u(z) s̃ ñ(z), ñ(z) ∈ N−(z).

Theorem 3.1 of [SS98] now applies to show that there is a unique u′(z) such that

u′(qz)A(z)u′
−1

(z) ∈ N c
−(z)s̃.

It then follows from the Proposition 8.1 that

u′(qz)A(z)u′
−1

(z) =
∏
i

s̃ixαi ,

where xαi ∈ Xαi(z). Since xαi = e−Ti(z)ei for a unique Ti(z) ∈ C(z), we obtain the desired
factorization. �

Remark 8.3. Note that the same proof applies if we replace polynomials Λi(z) by arbitrary
non-zero rational functions φi(z) as in Definition 2.1 of general meromorphic (G, q)-opers
on P1. �

Thus, we obtain a system of canonical representatives (8.2) for (G, q)-opers with regular
singularities determined by {Λi(z)}i=1,...,r, and hence a system of canonical coordinates
(T1(z), . . . , Tr(z)) on the space of these (G, q)-opers.
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8.3. Generalized Baxter relations. Now suppose that our (G, q)-oper has the structure
of a nondegenerate Z-twisted Miura-Plücker (G, q)-oper. According to Theorem 6.4, it
is then uniquely determined by the polynomials {Qi+(z)}i=1,...,r giving a nondegenerate
solution of the Bethe Ansatz equations (6.16). Therefore we can express the coordinates
Tj(z) of this (G, q)-oper in terms of {Qi+(z)}i=1,...,r and {Λi(z)}i=1,...,r.

Consider the case G = SL2. Then (omitting the subscript 1 in the formulas) formula
(8.2) gives a canonical representative

Ã(z) =

(
0 Λ(z)

−Λ(z)−1 Λ(z)T (z)

)
Suppose that its q-gauge equivalence class contains the q-connection A(z) given by formula
(5.12). Then there exists u(z) ∈ C(z) such that

(8.3)

(
1 0

u(zq) 1

)(
0 Λ(z)

−Λ(z)−1 Λ(z)T (z)

)(
1 0

−u(z) 1

)
=

(
ζQ+(qz)Q−1

+ (z) Λ(z)
0 ζ−1Q−1

+ (qz)Q+(z)

)
Indeed, u(z) is uniquely determined by this equation: u(z) = −ζ Q+(zq)

Q+(z) Λ(z)−1. Substituting

this formula back into equation (8.3), we obtain that

(8.4) T (z) = ζ
1

Λ(zq)

Q+(zq2)

Q+(zq)
+ ζ−1 1

Λ(z)

Q+(z)

Q+(zq)
.

This equation, which we have now obtained on the qDE side of the qDE/IM correspondence
also makes perfect sense on the IM side: it is a version of the celebrated Baxter TQ-relation
of the XXZ model. It relates the eigenvalues of the Baxter Q-operator and the eigenvalues of

the transfer-matrix T (z) of the two-dimensional evaluation representation of Uq′ ŝl2, suitably

normalized, acting on a finite-dimensional representation V of Uq′ ŝl2 (here q′ = q−2), see
[FH15], Ex. 5.13(i). Note that Λ(z) is the product of Drinfeld polynomials of the irreducible
factors of V (up to multiplicative shifts by powers of q).

Furthermore, Bethe Ansatz equations (5.5) follow from formula (8.4) if we assume that
T (z) does not have poles at the points z = wkq, where {wk} are the zeros of Q+(z).

The fact that the relation between the canonical coordinates for q-opers and Q+(z) is
equivalent to the Baxter TQ-relation was known before. Indeed, it was shown in [FRSTS98]
that the q-analogue of the Miura transformation arising from the q-Drinfeld-Sokolov reduc-
tion of SL(2) coincides with the formula for the q-character of the fundamental representa-

tion of of Uq′ ŝl2. On the other hand, Baxter’s TQ-relation can also be interpreted as this
q-character, in which we substitute the ratio of the shifts of the Baxter polynomial just like
in formula (8.4), see [FH15].

Moreover, an analogue of the last statement was proved in [FH15] for an arbitrary quan-
tum affine algebra (it was conjectured earlier in [FR99]). On the other hand, according
to the results and conjectures of [FR97, FR99], the link between the q-Miura transforma-
tion arising from the q-Drinfeld-Sokolov reduction and the q-character homomorphism is
expected to hold for all simply-laced groups G. Thus, we obtain the following conjecture
(for the definition of the generalized Baxter polynomials, see [FH15]).

Conjecture 8.4. Suppose that G is simply-laced. For any nondegenerate Z-twisted Miura-
Plücker (G, q)-oper, the formula expressing its canonical coordinate Tj(z) in terms of the
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corresponding polynomials {Qi+(z)}i=1,...,r and {Λi(z)}i=1,...,r coincides with the generalized
Baxter TQ-relation expressing the eigenvalues of the transfer-matrix of the jth fundamental
representation of Uq′ ĝ (suitably normalized) on the space of states determined by the Drinfeld
polynonials {Λi(z)}i=1,...,r in terms of the generalized Baxter polynomials {Qi+(z)}i=1,...,r (up
to multiplicative shifts by powers of q).

If G is non-simply laced, the picture becomes more complicated (see Conjecture 3, Sect.
6.3 and App. B in [FR97]). We hope to return to it in the future.
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