QUANTUM RACAH COEFFICIENTS AND
SUBREPRESENTATION SEMIRINGS

DANIEL S. SAGE

DEPARTMENT OF MATHEMATICS
LOUISIANA STATE UNIVERSITY
BATON ROUGE, LA 70803

To appear in Journal of Lie Theory, 2004

ABSTRACT. Let G be a group and A a G-algebra. The subrep-
resentation semiring of A is the set of subrepresentations of A
endowed with operations induced by the algebra operations. The
introduction of these semirings was motivated by a problem in
material science. Typically, physical properties of composite ma-
terials are strongly dependent on microstructure. However, in ex-
ceptional situations, exact relations exist which are microstructure-
independent. Grabovsky has constructed an abstract theory of ex-
act relations, reducing the search for exact relations to a purely al-
gebraic problem involving the product of SU(2)-subrepresentations
in certain endomorphism algebras. We have shown that the struc-
ture of the associated semirings can be described explicitly in
terms of Racah coefficients. In this paper, we prove an analogous
relationship between Racah coefficients for the quantum algebra

Y]

Uq(slz) and semirings for endomorphism algebras of representa-
tions of U,(sla). We generalize the construction of subrepresenta-
tion semirings to the Hopf algebra setting. For ﬁq (slp), we compute
these semirings for the endomorphism algebra of an arbitrary com-
plex finite-dimensional representation. When the representation is
irreducible, we show that the subrepresentation semiring can be
described explicitly in terms of the vanishing of ¢-Racah coeffi-
cients. We further show that ¢-Racah coefficients can be defined
entirely in terms of the multiplication of subrepresentations.

1. INTRODUCTION

Recent work of Grabovsky, Milton, and Sage has produced an un-
expected application of the quantum theory of angular momentum to
material science[8, 17]. Moreover, this work has offered a new perspec-
tive on 6j-symbols. In studying a problem in composite materials, the
following situation has arisen. Let V be a representation of SU(2),
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and consider the matrix algebra End(V') consisting of the linear op-
erators V. — V. Suppose that X and Y are subrepresentations of
End(V). Then the subspace XY = span{zy | z € X,y € Y} is also
a subrepresentation. In fact, this product makes the set E(V') of sub-
representations of End(V') into a semiring, called a subrepresentation
semiring. Solving the physical problem reduces to the algebraic prob-
lem of computing the structure constants of these semirings, which
have been shown in [17] to have an intimate relationship with Racah
coefficients. This paper shows that there is an analogous relationship
between Racah coefficients for the quantum algebra Uq(slg) and the
product of subrepresentations in the semiring €(V'), where V' is now a
representation of U, (sly).

We begin by describing how classical 6j-coefficients arise in the the-
ory of composite materials. Typically, physical properties of composites
such as conductivity and elasticity are strongly dependent on the mi-
crostructure of the composite. We consider the set of all possible values
of a given physical property for composites made out of fixed materials
taken in fixed proportions. This will be a subset of an appropriate
tensor space, and generically this subset will have nonempty interior.
However, in exceptional circumstances, this set degenerates to a sur-
face, called an exact relation. These relations represent fundamental
physical invariances. Finding them is of great importance in both the-
ory and applications because they describe microstructure-independent
situations. To give an illustration from elasticity, Hill has shown that a
mixture of isotropic materials with constant shear modulus is isotropic
and has the same shear modulus|[9, 10].

The classical approach to finding exact relations has suffered from
the drawback of relying heavily on the details of the physical context.
In the late 1990’s, Grabovsky and Grabovsky, Sage, and Milton devel-
oped an abstract theory of exact relations which has been able, not only
to find many new exact relations, but also to give complete lists of ro-
tationally invariant exact relations for three-dimensional thermopiezo-
electric composites[6, 8]. In particular, we obtain all exact relations
for conductivity, elasticity, and piezoelectricity as special cases. This
general theory has been successful by reducing the search for exact rela-
tions to purely algebraic questions involving the representation theory
of SO(3).

We briefly sketch how this is accomplished. We consider a physical
property which is described by elements of the real symmetric tensor
space Sym(7), i.e. the set of symmetric linear operators T — T where
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T is a representation of SO(3). For example, T is R? for conductiv-
ity and Sym(R?) for elasticity. Milton has shown how to associate
to any (rotationally invariant) exact relation surface a subrepresenta-
tion of Sym(7T)[15]. It turns out that conditions for a subrepresenta-
tion II to determine an exact relation can be given in terms of the
multiplication of subrepresentations in End(7T). A necessary condi-
tion is that II must satisfy the equation (ILAIl)g,, C II, where A
is a fixed subrepresentation determined by the physical context and
Xeym = (X + X)) N Sym(7T)[8]. Similar, but more complicated, suf-
ficient conditions have also been found. Thus, the search for exact
relations has been reduced in large part to understanding the product
of subrepresentations of End (7).

These considerations motivated us to introduce subrepresentation
semirings in [17] in the context of a group G acting by algebra auto-
morphisms on an algebra A. In section two of this paper, we generalize
this construction to Hopf algebras. Given a Hopf algebra H and an
H-module algebra A (i.e. an algebra and H-module whose H-action is
compatible with the ring structure), we show that the set of submod-
ules of A is a semiring.

In [17], we showed how Racah coefficients arose in the computation
of the semirings (V') for an arbitary finite-dimensional representation
of SU(2). Consider the product of subrepresentations induced by the
composition of linear maps Hom(Vj, V;) ® Hom(V;, Vi) — Hom(V}, Vi),
where V; denotes the irreducible representation with total angular mo-
mentum quantum number j. We showed that if V, C Hom(V}, V) and
V, € Hom(V4, V), then V, C V4V, if and only if the Racah coefficient
W (jkcb;al) is nonzero. The computation of the structure constants
for E(V}) is just a special case. We also showed that Racah coefficients
can be defined entirely in terms of the multiplication of subrepresen-
tations. Finally, we used these results to give explicit computations of
the structure constants of E(V') for general V.

It is not at all obvious a priori that Racah coefficients should arise
in this context. By definition, W (jkcb; al) = 0 means that two embed-
dings V., — V; ® V, ® V,, given by different iterations of the Clebsch-
Gordan formula are orthogonal. The fact that this is equivalent to the
nonexistence of a nontrivial intertwining map V., — V,V, is a special
property of the representation theory of SU(2) (and also of the quantum
algebras (7q (sl3)). This does not hold even for simply reducible groups,
whose representation theory is very similar to that of SU(2), down to
the existence of Clebsch-Gordan and Racah coefficients satisfying the
usual formal properties.
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In section 3, we prove quantum group analogues of our results for
SU(2). We work with the quantum algebra U, (sl,) with deformation
parameter ¢ > 0. We show that the structure coefficients for the semir-
ing £(V') where V' is irreducible (or for the more general product map
described below in equation (7)) are zero or one depending on whether a
certain g-Racah coefficient vanishes or not. We prove that the ¢-Racah
coeffients can moreover be defined entirely in terms of the multiplica-
tion of subrepresentations. We conclude the paper by computing the
semiring €(V'), where V' is an arbitrary finite-dimensional representa-
tion of U, (sly).

2. H-MODULE ALGEBRAS AND SUBREPRESENTATION SEMIRINGS

Let H be a Hopf algebra over a field F' with comultiplication A,
counit €, and antipode S, and let A be an H-module algebra. This
means that the H-action on A is compatible with the algebra structure
on A; in other words, the multiplication map A ® A — A and the
inclusion F' — A are H-module maps. Explicitly, we have h - (ab) =
> (h'a)(h"b) and h-(14) = €(h)14 for all h € H and a,b € A. Here, we
use Sweedler’s sigma notation for the comultiplication A(h) = > h' ®
h”.

The concept of an H-module algebra generalizes two familiar alge-
braic objects. If GG is a group, an algebra A is called a G-algebra if
the group acts on A by algebra automorphisms. This is equivalent to
A being an F'G-module algebra. Similarly, given a Lie algebra L with
universal enveloping algebra U(L), a U(L)-module algebra is just an
algebra on which L acts by derivations.

Since ring multiplication in A is well-behaved with respect to the
H-action, it is natural to investigate the relationship between the sub-
modules of A and ring multiplication. For example, one can study the
H-invariant ideals and subalgebras of A, i.e. those submodules which
are also ideals or subalgebras of A. At an even more basic level, given
submodules X and Y, if follows from the definition of an H-algebra
that the subspace XY = span{zy | x € X,y € Y} is also a submodule,
and we would like to better understand the product of submodules.

We now introduce the submodule semiring associated to an H-module
algebra. Let Sy (A) be the set of all H-submodules of A. The usual sub-
space addition together with the product defined above make this set
into an additively idempotent semiring, with additive and multiplica-
tive identities {0} and F' = F'1, respectively. Note that the semiring
multiplication is determined by the products of indecomposable sub-
modules. We can thus define structure constants Cp}y, for Sy (A), where
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U, V,and W are indecomposable, by setting C&/V =1if W CcUV and
0 otherwise. Of course, we need only consider irreducible submodules
if A is completely reducible.

Inclusion gives a partial order on the semiring Sy (A), and the supre-
mum of a collection of submodules {X;} is just >  X;. Accordingly,
Su(A) becomes a complete idempotent semiring.

Let ¢ : A — B be a homomorphism of H-module algebras. It is clear
that the map Su(¢) : Sy(A) — Su(B) given by Sy (¢)(X) = ¢(X) is

a semiring morphism. This correspondence is a functor:

Theorem 2.1. The correspondence Sy is a functor from the category
of H-module algebras to the category of complete idempotent semirings.

Although we will not discuss invariant ideals and subalgebras of H-
module algebras in the present paper, we remark that there is an inti-
mate relationship between them and certain classes of ideals and sub-
semirings of the submodule semiring. An ideal I of a semiring is called
subtractive if x € [ and = +y € I implies that y € I. Imposing this
condition eliminates various pathologies caused by the lack of additive
inverses. For example, a two-sided ideal is the kernel of a semiring
morphism if and only if it is subtractive[5]. It can be shown that there
is a bijective correspondence between H-invariant ideals (left, right,
or two-sided) of A and subtractive ideals (of the appropriate type) of
Su(A) which contain their suprema. An analogous statement is true
for invariant subalgebras.

From now on, we will focus on one class of H-module algebras, en-
domorphism algebras. Let V' be a finite-dimensional representation of
H, and consider the central simple algebra A = End(V') consisting of
all linear maps V' — V. The natural H-action given by the formula

(1) (h- f)(w) =K F(S( )

makes End (V') into an H-module algebra[l1]. We denote the semiring
Su(End(V)) by E(V).
Let us give some examples of this construction.

Examples. 1. If V' is one-dimensional, then End(V) is the trivial H-
module. It follows that (V') is the Boolean semiring B = {0, 1} with
1+1=1.

2. Let V}/5 be the standard complex representation of SU(2), or equiv-
alently, of the universal enveloping algebra U(s[(2)). The SU(2)-algebra
End(V;/2) decomposes into the direct sum of irreducible representations
C @ V1, and the four element commutative semiring €(V/2) is deter-
mined by Vi = End(V)2).
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3. Let V be a two-dimensional irreducible representation of the quan-
tized enveloping algebra U,(sly), where ¢ is not a root of unity. The
semiring Sﬁq(s[Q)(V) is isomorphic to Esyay(Vi2)-

These semirings have been studied in [16] and [17] in the case of
group algebras and universal enveloping algebras of complex semisimple
Lie algebras. For these Hopf algebras, it is possible to say quite a
lot about the invariant ideals and subalgebras of End(V'). We briefly
recall these results. There is a straightforward bijective correspondence
between the invariant left and right ideals and the subrepresentations
of V. The situation is much more complicated for subalgebras, and we
restrict attention to irreducible V. With this hypothesis, the invariant
subalgebras are semisimple of a very special type. When the base
field is algebraically closed, there is an explicit parameterization of
the invariant subalgebras. This classification (in the group algebra
case) shows that the invariant subalgebras encapsulate complicated
information about the group G and V involving both how V' can be
expressed as an induced representation Ind% (1) and how W can be
factored into a tensor product of projective representations. For more
details and examples, see [16] and [17]. It seems likely that analogues
of these results hold for other Hopf algebras.

Before proceeding, we will need a more general notion of the prod-
uct of submodules. Let A, B, and C' be three H-modules together
with an H-map A ® B — C. We now define a multiplication map
Su(A)xSu(B) — Su(C) as before; here Sy (X) is the additive monoid
of submodules of X. Composition of linear maps provides an illustra-
tion of this construction. Given finite-dimensional representations U
and V', the space Hom(U, V') of linear maps U — V becomes an H-
module via the action (1). We call the set of its submodules H(U, V).
If W is a third module, then composition gives an H-map Hom(V, W)®
Hom(U, V') — Hom(U, W), thus inducing the product H(V, W)@H (U, V) —
H(U,W). We remark that the natural map V @ U* = Hom(U, V) is
an H-isomorphism. It is not true in general that Hom(U, V) 2 U* @V
unless H is cocommutative.

3. SUBREPRESENTATION SEMIRINGS FOR U, (sl;) AND ¢-RACAH
COEFFICIENTS

3.1. Preliminaries. There are several variants of the quantized en-
veloping algebra of sl(C). It will be most convenient for us to work

with the quantum algebra U, (sly). However, the results will also hold
for U,(sly), since it can be embedded as a Hopf subalgebra of U, (sly).
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(We follow the notation of Klimyk and Schmiidgen’s book[14].) The al-
gebra ﬁq (sly) is generated by F, F, K, and K ! subject to the relations
KEK™ = ¢E, KFK~' = ¢7'F, and [E, F] = £=K2 We assume the
deformation parameter ¢ is not a root of unity. The Hopf algebra struc-
ture maps are determined by A(K) = K@K, A(F) = EQ K+ K 'QF,
AF)=FK+K'@F, e(K)=1,¢(E)=¢F)=0, S(K)= K1,
S(E) = —qFE, and S(F) = —¢'F.

We recall the standard facts about the representation theory of Uq (sly)[14,
13, 2]. Every finite dimensional representation is completely reducible
and a sum of weight spaces, i.e eigenspaces of K. For every j € %Zzo,
there are four irreducible representations of dimension 25 + 1, one for
each fourth root of unity w. We call this index set J. We use the con-
vention that if we refer to an element of J by an upper case letter J,
then the angular momentum quantum number will be given by the cor-
responding lower case letter j. Also, if J = (j,w), then J=! = (j,w™).
The irreducible Vj,, has highest weight wq’ and is obviously the ten-

sor product of Vj e V;1 with one of the four characters of Uq(s[Q).
We say that Vj, is of type w. It has a basis of weight vectors v/ for
m= —j,—j+1,...,7 with K - v/ = wqg™v/*. Since the dual space
V}, has highest weight w™'¢/, we see that Vi, is isomorphic to Vj
We also note that the tensor product of irreducibles is multiplicity free,
and the Clebsch-Gordan formula holds for U, (sl,):

k+1
(2) ka ® %w’ = Z ‘/j(ww’)'

J=Ik=1|

We call the triple (klj) admissible if j satisfies the triangle inequality
conditions appearing in this sum. More generally, we say that (K L/J)
is admissible if in addition wgwy = wy. y

We now assume that ¢ is a positive real number. In this case, U, (sl2)
is a Hopf *x-algebra via £* = F, F* = E, and K* = K, and the repre-
sentations V), are *-representations. This means that Vj, is endowed
with a scalar product under which the action of X™* on Vj,, is just the
adjoint of the action of X. The weight vectors for Vj,, can be normal-
ized in a way entirely analogous to the situation for SU(2). Thus, the
representation is given concretely in terms of the orthonormal basis
{viv} by

E vy =w(lj —mllj+m— 1)),

(3) F v =w(lj +mllj —m+ 1),

Jw m, jw
K -vlY =wqmvlY,
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where [a] = [a], is the g-number q;:qula. We call such a basis a Clebsch-
Gordan or CG basis.

The quantum Clebsch-Gordan coefficients (CGC’s) are the matrix
elements of the unitary map realizing the isomorphism of equation (2)
for type 1 representations. Explicitly,

(4) U= D O, © Ui,

mi1+mo=m

The quantum Racah coefficients are constants W, (jkcb; al), parametrized
by six irreducibles, which encode the associativity of triple tensor prod-
ucts. Iterating the Clebsch-Gordan formula gives two bases for V; ®
Vi ® W, one from (V; ® Vi) ® V, =2 (3 V,) ® V, and the other from
V@ (Vi@ V) =V, ® (> Vi). Racah coefficients are obtained from the
unitary change of basis matrix. They vanish unless (kja), (lkb), (Ijc),
and (bac) are all admissible. The Racah coefficients can be expressed
in terms of products of CGC’s:

1

(5) ([2j + 1][2b + 1])2 W, (Ikca; bj),C

mimaom

b Ikb kaj

- Z C(’glcl+8 )(ma— squm1s m1+8)qcsi)12 s)(ma)"
This does in fact define W, (lkca;bj) because with the above admis-
sibility conditions, it is always possible to choose appropriate projec-
tion quantum numbers for which ,C4°¢ 7é 0. The Racah coefficient

W, (jkeb; al) is nonzero precisely when the U, (sly)-map
6) Vo=V,@Vy = (V;oaVy)oWh=2V,0 (VieoV,) =V, =V,

is nonzero|[3].

3.2. The product of subrepresentations — the irreducible case.
In order to compute the structure constants of the semiring E(V') for
general V', we will need to understand the multiplication map

(7) }C(VK,VL> ®9‘C(VJ,VK> — f}f(VJ,VL).

We assume for the moment that the representations have type 1.
Accordingly, let V, and V, be subrepresentations of Hom(V}, V;) and
Hom(Vj, V}) respectively. The product V,V, is a homomorphic image
of V, ® V, and is thus multiplicity free. If the irreducible V, is a com-
ponent of V,V,, then it is simultaneously a component of V, ® V, and
Hom(V;,V;) 2 V,® V;. In other words, (bac) and (ljc) are both admis-
sible. However, the converse is not true. In fact, analogously to the
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situation for SU(2), V. is a component of V}V, if and only if a certain
67-coefficient is nonzero.

Theorem 3.1. The quantum Racah coefficient W, (jkcb; al) is nonzero
if and only if V,, Vi, and V. are subrepresentations of Hom(V;,Vy),
Hom(Vi, Vi), and V,V, respectively. In particular, if Vo, , € H(V;, Vi)
and Vi, € H(Vik, V5), then

(8) V;)wB‘/awA = @ ch(waA).
{clWq (jkebial)#0}

Corollary 3.2. If V,, V4, and V. are subrepresentations of End(V.,)
(whose components automatically have type 1), then

9) W= @ Ve

{cIWy(jjcb;aj#0}

Remarks. 1. In terms of 6j-coefficients, the condition of the theorem

is that
J k a
{b c z}q#o'

2. The description of a nontrivial zero of W,(jkcb;al) (i.e. a zero
that is not caused by admissibility requirements) given by the usual
definition is rather complicated. It says that the two embeddings
Ve = V; ® Vi, ® Vj, given by different iterations of the Clebsch-Gordan
formula are orthogonal. The interpretation provided by the theorem is
conceptually much simpler.

Corollary 3.3. The semirings &(Vj,) are commutative of order 2%+1
and are independent of w. Their structure constants C$, are invariant
under all permutations of the indices.

Proof. The commutativity and statement about the structure constants
follows from the fact that the quantum 6j-symbol {{)‘ij}q for fixed j

has S3 symmetry[14]. The rest is clear. O

Before proceeding to the proof, we observe that the theorem de-
scribes a connection between two seemingly quite different kinds of
intertwining maps. By definition, the Racah coefficient W, (jkcb;al)
is nonzero if and only if there is a nonzero intertwiner given by the
recoupling map (6). The theorem says this is the case if and only if a
nonzero intertwiner exists V., — V,V,. This is not a general algebraic
fact, but rather a special property of SU(2) and the quantum algebras

U,(sly). Indeed, this does not hold even for groups whose representa-
tion theory is formally similar to that of SU(2). More precisely, let G
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be a simply reducible group. This means that GG is a compact group
with the following properties:

(1) All the irreducible representations of G are self-dual.
(2) If V and W are irreducible, then V' ® W is multiplicity free.

This class of groups was introduced by Wigner, who showed that it is
possible to define 6j-coefficients in this context satisfying the custom-
ary properties[21, 22]. For example, the 6j-coefficients are symmetric
under column and triad permutation as well as satisfying the usual or-
thogonality relations and the Biedenharn-Elliot identity[19]. However,
the analogue of theorem 3.1 is not true[18].

We now turn to the proof of the theorem. We will need an explicit

9

U, (sly)-isomorphism between V), and its dual. This is given by the map
Gjw : Viw — Vi1 defined by v (—qw?)™v’™ " where {vi® "%} is
the basis dual to the standard basis for Vj,-1.

Lemma 3.4. The map ¢;, is an isomorphism of Uq(s[g)—modules.

-1 1

Proof. A direct calculation shows that ¢, (Xvi®) (v ) = (—qw?)™ (", *)(S(X)vi* ™),

—m
where X is one of the standard generators of U,(sls). O
The elements wi* = (—qw?)™’, " are the CG basis vectors for
j’:fl. For future reference, we note that
(10) Wl (8°) = G (=)™

We now restrict attention to type 1 representations. It is easy to see
that the general case will follow immediately. We use the product basis
{vk, ®@wl} for Hom(V}, Vi), where we identify Hom(V}, Vi) and V,, @ V'
under the canonical isomorphism.

Let V. be an irreducible component of Hom(V;, V;), and let {z¢,(I,7)}
be the image of the CG basis of V, under the composition V., — V; ®
V¥ — Hom(V}, V;). Explicitly,

(11) )= Y (O i, © Wiy

mi1+meo=m

We assume without loss of generality that the four triples (kja),
(lkb), (ljc), and (bac) are all admissible; if this does not hold, then
W, (jkeb; al) is a structural zero while V,V, either is undefined or does
not contain V, for trivial reasons. Accordingly, we now suppose that V,
V4, and V, are components of Hom(Vj, V), Hom(Vj, V), and Hom(V;, V))
respectively and, in addition, V. is a component of V, ® V. The image
of the CG basis for V, in V}, ® V,, under the projection to V,V, is given
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by
b .
(12) En = Z JCp e (1 k)2 (K, ).

p1t+p2=m
The vectors {£¢,} must be related to the CG basis {z¢,(1,j)} given in
(11) by a scalar multiple ,R7" independent of m, so that

(13) €, = (RzE (1, 9).

abcPm

Multiplying out (12) and using (10), we get

c __ § So bac lkb kja
(14) é-m - 5t17_52( ) CplpzchslszplqctthPQ S1 ® wtz

D1,P2,51,52,t1,t2

Equating the coefficient of the basis element v}, ® w? _ on both sides
of (13) gives the formula
(15)
jkl ljc s bac kb kja

quzbchﬂngmzm = Z<_q) QC(m1+s)(m275)qu 18(m1+s)4 C (—8)ma(ma—s)"
This summation is just another form of the defining expression for
quantum Racah coefficients (5). Indeed, we have

O = (D7 (20 4+ 1]g/[2] 4 1]g) 5y O

(—s)ma(ma—s) (—=8)(s—m2)(—mz2)

= (—1)PFrg T (20 + 1, /25 + 1) 2, CE

where we have used symmetries of the quantum CGC’s. (See for ex-
ample [20] or theorem 3.62 of [2].) Inserting in (15) and using (5) and
the fact that (—1)%*2 = 1, we obtain

iRl Cltmom = (=) (20 + 1)[2b + 1)) 2 W, (thea: bj) O

mimam mimom"*

(m2—s)(m2)’

Consequently, we get
(16) (Rt = (=1)"7([2a + 1][2b + 1])2 W, (lkea; bj),

and thus V. is a component of V,V, precisely when W, (lkca;bj) #
0. Since W, (jkeb;al) = (—1)"2==2W, (lkca; bj), this is equivalent to
W, (jkeb; al) # 0. (We state the theorem in terms of the latter Racah
coefficient to make it match the SU(2)-analogue of the theorem given
n [17].)

It is an immediate consequence of (16) that we can use the coeffi-
cients qRZIZi as a starting point for defining 6j-coefficients instead of
the usual procedure involving the associativity of tensor products:

Theorem 3.5. The Racah coefficients for Uvq(ﬁ[g) can be defined in
terms of matriz multiplication of subrepresentations.
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3.3. The generic semirings. We define a family of semirings C; for
j € 3Zsg as follows. The elements of €; are the set of subsets of
{0,...,2j} with idempotent addition given by set union. Multiplica-
tion is determined by the triangle inequality condition {a}{b} = {i |
0<i<2jla—0b <i<a+b}. The zero element is the empty set,
and the multiplicative identity is {0}. This is a commutative semiring
of order 22*1. Generically, the semirings (V) are isomorphic to C;.

Theorem 3.6. The semiring E(V},) is isomorphic to C; for all but
finitely many q.

To prove this, we recall the connection between quantum Racah
coefficients and basic hypergeometric series. The basic hypergeometric
function 4¢3 is defined as the infinite series

o0

(a1, @)nlaz, @)nlas, @nlas, @)n ,
nZ:O (bl’q)n(bQ»Q)n(bS,Q)n(qy Q)n o

4¢3(a1,a2,a3,a4;bl,bg,bg;q,z) =

where (a;q), = (1 —a)(1 —aq)...(1 —aq"');(a;q)g = 1 is the ¢-
shifted factorial. We will be interested in the case when a; = ¢* and
b; = ¢ for integers s; and t;. This series terminates if s; < 0 with any
nonpositive ¢; strictly smaller than the largest nonpositive s;[4].
Given the Racah coefficient W, (jkcb; al), let us set 51 = min{j+k+
c+bj+b+a+1l,k+c+a-+1} with f; and 3 the remaining two
parameters, and (1, g, as, ay) any permutation of (j +k+a,a + b+
¢,j+c+1,k+b+1). Then we have the formula:

(17)
W, (jkeb; al) = H(jkcbalh(bg(q?(arm)’q2(a2w5'1)’q2(a3761)7q2(a4761);

q—2(51+1)7 q2(ﬁ2—ﬁ1+1)’ q2(ﬁ3—51+1); q2’ q2)’
where k(jkcbal) is a rational function of ¢ all of whose zeros and poles
are at roots of unity or zero[12, 14, 2]. This means that the zeros of
W, (jkcb; al) are just the positive real zeros of the rational function
given by the hypergeometric factor of (17).

It now follows from theorem 3.1 that the semiring (V) is isomor-
phic to €; except when ¢ is a zero of one of the hypergeometric functions
appearing in equation (17) for W, (jjcb; aj) as a, b, and ¢ vary over the
finitely many nontrivial possibilities. There are a finite number of such

zeros, and the theorem follows.
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The smallest examples in which the subrepresentation semiring & (V')
is not isomorphic to €; occur for j = 2. (By contrast, the j = 3/2 semir-
ing for SU(2) is not isomorphic to C3/2[17].) There are two exceptional
cases:

(1) V4! is not a component of V'V when ¢ is one of the two positive
roots of the irreducible polynomial ¢?° — ¢'® — ¢'* — ¢'2 4 ¢'° —
¢ —q°— ¢+ 1

(2) V! is not in Vi'V3! when ¢ is one of the two positive roots of
¢ —q' - ¢ +1

3.4. The general case. Let V be a finite-dimensional representation

of (7q (sly). The representation V' can be expressed as V = @, C"7 @V,

where C'7 is a trivial U,(sl,)-module and r; = 0 for all but finitely

many J. We have the isomorphism of H-module algebras

End(V) = @ Hom(C™ @ V;,C"™* @ Vi)
J

(15)
= @ HOH’I(CTJ, CTK) ® HOm(VJ, VK)7
J

where again the first factor is a trivial module.

The endomorphism algebra End(V') is no longer multiplicity free
and the number of subrepresentations isomorphic to V¢ is in bijective
correspondence to the projective space CP", where n is the multiplicity
of V. To get homogeneous coordinates for a given subrepresentation
X¢ isomorphic to Vi, we need an analogue of equation (4) defining
CGC’s for arbitrary irreducible representations:

(19) U'II?Z = Z (WJ)2m2qC'r]f1am2mv7{11 ® ,U'rlrig :

mi1+mao=m

This follows immediately from (4) and the lemma:

Lemma 3.7. The map V;, = V; @ Vo, — Voo ® V; given by VI
WM @ vl is a U,(sly)-module isomorphism.

If Vo is a subrepresentation of Hom(Vy, V), then the corresponding
CG basis is 25, (L, J) = Y2,y (Wr)?™2,CHY vk @ w) . If in ad-
dition V4, Vg, and Vi are components of Hom(V;, Vi), Hom(Vk, V1),
and Vg ® Vy respectively, then the image of the C'G basis for Vi under

the projection to VgV, given by
o= D (@) O (L )20 (K, )

p1+p2=m
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must be related to z$ (L, J) by a scalar multiple independent of m. It
turns out that this scalar is just qRi]Zi. The verification amounts to
showing that the additional factors of fourth roots of unity introduced
by (4) and the intertwining map Vi — Vi1 of Lemma 3.4 cancel each
other out.

We obtain homogeneous coordinates zx; € Hom(C"/, C™¥) for X4
in End(V) from the decomposition (18) by setting 2/} (X) = > ;o Txs®
2A(K,J). We can now completely determine the structure constants
for E(V).

Theorem 3.8. Let X, and Yp be irreducible subrepresentations of
E(V), isomorphic to V4 and Vg respectively, with homogeneous coordi-
nates T yx and yyx. Then YBXA contains a copy of Vi if and only if
the coefficients

(20) 2L = Z yLKxKJquLIZi

K
are not all zero, where qRi]Zi is the nonzero multiple of W,(jkcb;al)
defined in (16). In this case, the zj;, are the homogeneous coordinates
for the unique subrepresentation isomorphic to V.

Proof. Since Yp X 4 is multiplicity free, it contains at most one copy of
Ve. We assume without loss of generality that (BAC) is admissible.
The image of the CG basis for Yz ® X4 in Y’X? is given by the
vectors
(21)
Xiw = D (@1)4Cpte,n (D 10 ® 20 (L Q)Y s ® 2y (K, J)).
P1,P2 LQ KJ
The only terms that contribute to the sum have () = K. Rearranging
and substituting (12), we get

Xo = yrxris) @ EG(L, )

(22) LKJ o }
= Z(Z yLKIKJqRabc) ® Zm(L7 J)
LJ K
as desired. O
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