Math 7320 @ LSU
Spring, 2021
Problem Set 4

1. Consider the linear non-autonomous nonhomogeneous linear n'"-order initial-value
ordinary differential equation

2™ (t) + Z ar(t) 2O (t) = F(t)

2O(ty) =c,, (0<L<n)

(1)

Set ¢(t) = 2™ (t). Prove that, if z(t) satisfies (1), then ¢(t) satisfies the Volterra integral
equation

t
o)+ [ K(e.s)ots) = ),
to
in which the kernel K is defined by

K(t,s) = ap(t)

and the term of inhomogeneity is

2. Consider the spectral Volterra-integral problem

o(t) — A / K(t,s)o(s)ds = f(t)  (to <t<t),

in the L? theory. Prove that, for fixed f, the solution ¢ is analytic in A\ and satisfies a
Volterra integral equation

o) = 1)~ HLsNf(s)ds (o<t <)

Find the kernel H(t, s; ) in terms of the kernel K (¢, s).

(More on the next page ...)



3. Consider the initial-value problem on the interval I = (ty — a,to + a)

d
G0 = A0,

l’(to) = Xy,

in which A € L*(I) and f € L'(I). Prove that this problem has a unique solution in L*(I)
and that this solution is absolutely continuous.



