
Math 7320 @ LSU
Spring, 2021
Problem Set 1

1. Prove that eA+B = eAeB if AB = BA; and prove that

et(A+B) = etA etB for all t 2 R

if and only if AB = BA.

2. Putzer’s theorem provides an algorithm for computing the solution of a linear constant-
coe�cient homogeneous system ẋ = Ax without first computing the Jordan normal form for
the generator A. Let A be a linear operator in a finite-dimensional complex vector space of
dimension n, and let {�i}ni=1 denotes its eigenvalues. For k = 1, . . . , n, define the operators

Ak =
kY

j=1

(A� �jE)

and the scalar functions rj(t) as the solution of the system

dr1/dt = �1r1 , r1(0) = 1

drj/dt = �jrj + rj�1 , rj(0) = 0 for j � 2.

Putzer’s theorem states that

etA =
n�1X

k=0

rk+1(t)Ak.

Prove Putzer’s theorem.

3. Let A := {A(t) : t 2 (a, b)} be a commuting invertible family of n⇥n matrices with
complex entries that is di↵erentiable with respect to t. Define

A�1 := {A(t)�1 : t 2 (a, b)}
Ȧ := {Ȧ(t) : t 2 (a, b)},

in which the dot refers to di↵erentiation with respect to t. Prove that the union A[A�1[ Ȧ
is a commuting family of matrices.

4. Let J be a finite interval in the real line, and letB be the ballB =
�
y 2 Rn | |y � x0|  ⇢

 
,

where x0 2 Rn and ⇢ > 0 are fixed. Prove that the set of functions

X =
�
x : J ! B | x is continuous

 

endowed with the supremum norm

kx1 � x2ksup = sup
t2J

|x1(t)� x2(t)|
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and Ao E

or



is a complete metric space.

5. Let X be defined as in problem (4), let t0 be in J , and let F : B ! Rn be of Lipschitz
class. Prove that, for each function x 2 X, the following two conditions are equivalent.

(IVP) x is di↵erentiable at each point of J , ẋ = F (x), and x(t0) = x0.

(IE) x(t) = x0 +
R t

t0
F (x(s)) ds .
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etatB tkcttB.sk the E coefficient is IIA'tB'tABtBA

etaetB f.IT tkAk I tgtBY EEI
ttteABe

Eoth oa mA
B II II 1 A B

the E coefficient is AZ B't 2AB

If et B ether forall t thenallcoefficients aspower
series int

are equal For the t coefficient we
obtain ABBA ZAB i.e AB BA

If AB BA then forall k 1AtBlk e A
lBl and therefore

all the t coefficientsofetat
B andetAetB coincide Thus ettttBLette.tt

Particularly for t I we obtain eAtB
c eAeB

Set ro O andAo E

Fetf raftsAa
dr A Chair Ak X iii iAet ruAi

Al riceAk Fair LA4k Art HaikuAk ratAuntIEotkarkHAk

BysheCayleyHamilton
Theorem the characteristicpolynomialofA

annihilates

A which is to saythat An O Using this and ro
O we

obtain ra Aw r Ai and fromthis

Tet EtoricultsAn Al raftAk
Also FioraHA E fromtheinitial

conditionsforthefunctionsof

It follows that raftsAa et as ett is theuniquesolution

to it AX Xlo E



Let B Act and Attu forsome t tzecab Multiplyingbothsidesof
BC CB by C B on theleftandbyB E on therightyieldsBE E'B

so that B and C commute Thus Ai is a commutingfamily
Next BC I c CBE c Bcci c B so all elements fet commute
with all elementsof et 1
Set D Alta andlet F E B B Then

BD Beef
AHihlh.AT uhfBAlti4BAltDh

ffoAttihlBhAt jAltiihLAltd_JB
DBThus.a11elementsofet commutewithall elementsof AU et

Lastly we show that it is a commutingfamily set F AH

DF EoAUthdh
AHD
XEAltithh

AHDJ
f.no AltihJhAltD AltithJh

A Eo AUithdh
AHD AUzthdhAltdJ

ffjoAUithh
AHD
Jff.noAltathsh

AltdJ FD

We have shown that any twoelementsofAuction
commutewitheachother

Let SanE be a Cauchysequencefrom X Youhavetoprove
that I c X s Ih xn x as n s in X
Brieflythese are the steps

e t te J Exit5k Cauchy in IR because X hasthesapnorm

capletenessif 112 produces a limit x
Ct

2 Prone that thepointwisein J limit WH x t is actuallyuniform

so that Xu x in thesup norm
3 Prove that x c Xi

L f l



a Theuniformlimitofcontinuousfunctions is continuous
is a standardresult in UGadvancedcalculus
b Thevalues Xt are in B because thesequenceExults
is from B and B is closed

Let x c X he differentiablewith x Fix and aAol xo

Since X andF are continuous so is Fox so

the FTC yields acts Xot SttofthsDds which is IE

Now let XEX satisfy IE since x and F are continuous

so is Fox so fetoFC Is is differentiablebythe other FTC
with derivethe facts at each t c asb Thus x FG
and IE directlygives alto Xo


