











































































































C5 in G H
he periodicallyperturbedpendulum or the parametricallyforcedpendulum

The downwardforce on the pendulum can be periodicallyperturbed by moving
the wholependulum up and down periodically The acceleration of
the periodic movement imparts a force that is added to thatofgravity

If t fo't pcost sinof O

hrs can be cast in thirdorder autonomous firm as

X

t i 24past Sino
f I

nd the state lol u 0 lies in Tx R X T where

IT 112 252

the two fixed points did 60,07 and lolu to of the
non autonomous system become two pentodororbits of Ct

b 4 v G 0,0 t Kool2T

t X G it O tCmedats

we want to analyse how the trajectories near these stationaryonesbehave

To do twos let us consider their linear approximations about the

servodoc trajectories cos and cut Recall that we derived thederivative

f of an ODE with respect to the initial condition

It is the solution of the linear ODE with generator
matrix equal to the derivative Jacobianmatrix of the vector

field of theODE evaluatedalongthe trajectoryand initial condition














































































































equal to the deviation of the initial stale lolv o from the
trajectory Let us apply this to the trajectories cos and Cit

The Jacobean matrix is

o l O

Folves poosE cosof O bi psindsin

O O 0

At Loi and Cit we obtain

To flattopcost
Oo

Tt a post J
nd the hearted systems are

of I if I
n

Cos it Ca'tpcost of G it Ca'tpcostof
O 0

We an throw away E and let us reuse 4 andx to obtain
the parodic linear systems

ai v ai v
o ut

j G't pcost j ftp.cost 4

If these are rendered non autonomous with 0 replacing t in the
cedar field and with the additionalequation I then the

natural Poincaremap uses the 2b hypersurface Ix R within

Tx Rx IT and because of the penndocobyof 0 i.e Oct at media














































































































he Poincaremap is triviallyguaranteed the return line is always
equal to 2T In fact we are in the situation of the Floquet
theory Let us write us or cut as

ie Attu

with with Collet ult Let u 14,41 and u okv he solutionswith

u lo 1,0

Udo Osl

and set UCH equal to the standard fundamentalmatrixsolution

uct fu.tt u 9
Then the Poincaremap is

19 until
Since tr Alt O we obtain

detult I f t e R

therefore the eigenvalues X ef Ukr satisfy
X t I truth char t Gt

theeigenvalues or reciprocals of one another re if X is
an eigenvalue then so is It

I

i a ji I L 1

I

truest 2 truant 2













 

When truths 0 the eigenvalue are complexconjugatesof modulus 1
and when truhr 0 theyare real reciprocalsof one another say
1 171 and hi't l

When p 0 we can find truant because Act is in fact

independent of ti

LI as

A't

Ig
P

eta III q
asinhta ashton

2

the eigenvalues of these matrons at Esri are

y e
2Ti o

p 0

y E Hd Cr

Since the ei cakes are continuous functions f p we see that

the two eigenvalues x and I satisfy

o 17,121721 1 cos252 11 odpKI depends one

it 0 c la l L l s 1721 Loop 1

Thefixedpoint 4 so for the linear system is unstable and
by the HartmanGrohmanTheorem the original nonlinearsystem



s also unstable For the fixedpoint Cao the linearsystem
s neutrally Lyapunov stable as long as LEI's 2 Thenonlinear

system is not necessarily stable When L E's2 the systemis

in resonance The linearcysteine is not stable because UGT

has a double eigenvalueofmodulus 1 and therefore all solutions
except for the eigenfunctionmode experiences hear growth of its
Poincaremap

MoreonODEsintheplaney

Bendixson's Criterion is a connectionbetween the divergence

of a vector field and
the existenceofclosedorbits

Let ftp.gkcoyD be a C vector field and let

HH CxlHyet be a solutionof x flag j gCxy

Then Li j gift D Thus if j is a closed

trajectory that is the boundary of a domain D then

O flyglxiesyet x
Ct flatsgaslights It

fggcxmidx fcxog.dz fpotfy9 dxedy

Thus 7 f g cannot be of one sign in D Bendixsnis

criterion states that if 174 g is of one sign in a

simply connectedregion then the ODEhas no periods
orbitsthere



ugly g

A few more definitions

GivenODE i flex in CRN

SCR is iu if olds c S H t c R

t.iq if olds c s f t Z O

D c R is a trappingregion if D is closed connectedand t invariant

A car is an atracteget if A is closedandinvariantandA admit

a t invariantneighborhood U such that if x c U Lead A as tox

An attractor is an attractingset that contains a densetrajectory

Apoint p is nonwandering if fr eachneighborhood U f p I tu

with tu so as u x such that HUI n it SE The irony set
is the set of all waswanderingpoints

See p 45 in GH for a theorem on nmwanderingsets in R

And see p 46 for some sketches of w hints

Example
Ig g's

in
in Rko

Theset E I il X503 is an attractingset butnot an attractor

It contains infinitudesof asymptoticallystable and unstable fixedpoints

and the Lyapunov butnot asymptoticallystable fixed point at 0

The nonwanderingset is the setof stablefixedpants



structuralstability

Def A vectorfield g is a d e of a Cr vector field f Her
f and g differonly on a compactsetand

i

a.in ee

for all partial derivativesoforder
i e k

Deff Two Cr vector fields f and g owe ckequivalent Ker

if F a d diffeomorphism thatmaps orbits of x fed to orbitsof
x cgift whilepreservingorientation They are ckanjugate if such
a diffeomorphism also preserves timeparameterization

Deff A vectorfieldf is hystable if He 0 eachCd e perturbation

of f is co equivalent topologicallyequivalent to f

Peinotobthe.name A c vectorfield on a compact 2b c manifoldis structurally
stable if andonly if the following threeconditionshold

1 Thesetof fixedpointsandperiodic orbuts is finiteandeachishyperbolic
2 There is noorbitthatconnects twohyperbolic saddlefixedpoints
3 The nonwanderingset is a union offixedpointsandparodicortits

This theorem can be appliedto a trappingregion in theplane inwhich

case C and as together imply 3

closed

Theindexof all curve C in the presenceof a vectorfield

fangsguys is the incrementof the anglehof thevectoraround6

If I is a fixed point the index of E is the index

of a simpleclosed curve 6 that encircles F counterclockwise



with C enclosingno other fixedpoints

K fgdaretnffe.IT fgtdff.gg

Notice that if G encloses a region in whrh the
vector field does not vanish then arctansffff is

a singlevalued function and thus k o Thus

the values of K obtained from two different armes

C and Cz are equal as long as Ci Cz is

the boundaryof a regioncontainingnot pointsof vanishing

of Lf g
It is prettyeasy to verify the followinggeometrically

GHp 51 preposition 1.8 4

i Theindexof a sink source orcenter is f
Ei Theindexof a hyperbolesaddlepoint Xco 720 is 1

Liii The indexof a closedorbit is 11
Iv Theindexof a closed cure is the sumofthe indicesof
the fixedpaints it encircles In particular

the indie f a cloud cane notencirclinganyfixedpointis 0

From this you can deduce thenatureof the set of
fixed points enclosed by a periodic orbit


