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1 Introduction

Directed and self-assembly of micro and nano-structures is a growing research area
with applications in material design [18,32,34]. Controlling surface geometry can
be beneficial for directing the assembly of micro-structures (colloidal particles) [23].
This is because there is a coupling between the geometry of surfaces/interfaces and
the arrangements of charged colloidal particles, or polymers, on those curved surfaces
[26,36]; in particular, the presence of defects can seriously affect the surface geometry
[22,23] and vice-versa. Moreover, experimental techniques have been developed for
creating “custom shapes” (from swell gels) by encoding a desired surface metric [35].

With the above motivation, we investigate an optimal PDE control problem which
controls the surface shape by prescribing the mean curvature. We consider an open,
bounded, C!-! domain  c R” for an embedded surface in R"t! , with boundary of €2
denoted by 92 and n > 1. If X| and X are two Banach spaces, then X; < X» and
X1 CC X3 denote the continuous and compact embeddings of X in X respectively.
W;,(Q), 1 < p < oo defines the standard Sobolev space with corresponding norm

I Wi Moreover, W; (£2) indicates the Sobolev space with zero trace and W;l (2)

is the canonical dual of W;(Q), forl < p < oo, such that 1/p + 1/p’ = 1. In
deriving various inequalities and estimates, we pay special attention to the constants,
C, involved.

Then we are interested in solving the following PDE-constrained optimization
problem:

. 1 o .
inf J (v, 1) = Sy = Yallja) + 5 lullfaiq) overy —v € Woe(R), u € Uaa,
(1.1)

subject to

—u=0 inQ. (1.2)

The second order nonlinear operator in (1.2) describes the mean curvature in graph
form, where y is the height function, and Q(y) = (1 4+ |Vy|?)!/2 denotes the surface
measure. Moreover, we have an integral constraint on u: for some fixed p > n and
fixed @ > 0, u is in the convex set

Upad = {u e LX) : / [ul? < ep} . (see Definition 2.12).
Q

Eventually, see Remark 2.5 and Theorem 2.8, we will show there exists a value of
0 for which U,y is not empty. Note: throughout the entire paper, we now fix p to a
value strictly greater than n. In principle, either u or v (boundary value) may act as a
control variable, but in this work we will assume that v is a fixed given function and u
is the control variable. The set U,, induces a “smallness” condition on the control, but
this is still relevant for applications. Indeed, in [13, 18] they are able to drive colloidal
particles to aggregate on an immiscible interface using very mild distortions of the
interface (see Fig. 1).
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Fig. 1 Left 3-D perspective of colloidal rod-like particles (thick bars) on an immiscible interface. Right
2-D view showing the liquid-gas (immiscible) interface pinned to a central post. Colloidal rods shown as
circular cylinders (viewed along their axes). The curvature of the interface drives the aggregation of the
colloidal particles

We emphasize that the mean curvature operator in (1.2) is only locally coercive [25,
P. 104], which makes this problem harder than it appears. For instance, a compatibility
condition between the domain 2 and right-hand-side ¥ must hold for (1.2) to have a
solution [19]. For instance, integrating both sides of (1.2) leads to
<[ 1
Ele}

f /divvyzfv~&</v
Q o Q) e Q| Jie

where v is the outer unit normal of d€2. Clearly u cannot be too large if (1.2) is to
be meaningful; in fact, the compatibility condition is even more involved [19]. Thus,
(1.2) is intricate, even for “nice” domains.

We refer to [6,10,27,31] and references therein for a vast literature on the optimal
control of semilinear PDEs. However, the control of mean curvature (1.2) and similar
quasilinear operators [20, Chap. 10] in full generality has not been dealt with before.
The closest approach is in [4, 5] where they study the control of a Laplace free boundary
problem with surface tension effect for » = 1. This amounts to solving a Laplace
equation in the bulk which is a subset of R? and the prescribed mean curvature equation
(1.2) on (0, 1) c R! for an embedded surface in R?. Furthermore, they replaced the
curvature operator by a simpler version, i.e.

LYy
A(y)

Ay

. 1.3
Q) (-3

In the present paper, we work in domains 2 C R”", with n > 2, and we do not
use the simplified curvature operator (1.3), i.e. we consider the general nonlinear
operator (1.2). The second novelty of this paper is the proof of the existence of a
strong unique solution to (1.2): for a given u € LP(2), p > n, if u € Uy, and
v € W,%(Q) is small, we prove that y € WI%(Q) (see, Theorem 2.8). We use an
implicit function theorem (IFT) [28, 2.7.2] based framework to prove this result. This
is an improvement over previous results in [1,2]. The improvement being that in [2,
Theorem 1], Amster et al use the Schauder theorem to show the existence and therefore
y may lack uniqueness. The implicit function theorem framework not only gives us the
existence and uniqueness but also the Fréchet differentiability of our control to state
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map [21, Sect. 1.4.2]; the latter is crucial to derive the first order necessary optimality
system. In addition, by further assuming a smallness condition on the data v, we derive
a continuity (a piori) estimate for the solution to the state equation (1.2) in Theorem
2.11.

The importance of such a continuity estimate is well-known in the literature; see
[25, p. 97] for the obstacle problem with locally coercive-operators where a similar
result leads to well-posedness. This has been used in the numerical approximation of
such PDEs to derive error estimates [29]. We will exploit this result to prove existence
of a solution to the control problem in Theorem 3.2.

In Lemma 2.14 we establish a W[%-regularity result for general linear elliptic PDEs
in non-divergence form. We only require that the lower order coefficient is in L” (£2),
p > n. This result extends the classical result for linear PDEs where such coefficients
are assumed to be in L°°(£2). We use this new result to establish existence of strong
solutions for the adjoint state equation.

Due to the topology mismatch between the regularization term in (1.1) and the
constraint set U,4, a subtle issue of 2-norm discrepancy arises. This has been well-
studied for semilinear problems (see [31]). We extend these results to our quasilinear
problem in Sect. 3.3.

To summarize, by using a smallness assumption on v and u we prove the existence
and uniqueness of a WI% solution to (1.2) within an IFT framework (Theorem 2.8).
In addition, we derive an a priori bound on the solution to the state equation using a
fixed point iteration. As pointed out earlier, such a smallness condition on u appears
naturally due to the structure of (1.2). However, at first glance, the condition on v might
seem unnecessary. We would like to stress that without this additional assumption on
the data v, using the techniques developed in this paper, it is not possible to show
the crucial WI% a priori estimate for the solution to (1.2). We conclude the paper with
several illustrative examples in Sect. 5.

2 The State Equation
2.1 Weak Solution

The state equation (1.2) has been studied by several authors; we only mention two
approaches which are of interest to us. For a Lipschitz domain Q and v in L'(),
Giaquinta in [19] gives a necessary and sufficient condition for the existence of a
solution y in the space of functions of bounded variation (BV). On the other hand, if
v e W]I(SZ), it is possible to show that y — v € WII(Q) C BV, see[7, P. 394] for the
latter inclusion.

Theorem 2.1 (Wl1 state) Let Q2 be Lipschitz and v € Wl1 (R2). Then there exists an
open set Uy C Wogl (2), with O € Uy, such that for every u € U\, there exists a unique
solutiony —v € WII(Q) solving (1.2).

Proof See [16, P. 351]. O
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To this end, we rewrite (1.2) in a weak form as: Find y — v € WJO(Q) satisfying

N(y, u), W)y il = BOWw) —@(w) =0 forallw e wh), @1

where B(y,w) = [q %Vw and o(w) = (u, w)Wozl(Q)’Wll(Q), and
(-, ) W (@ (@) denotes the duality pairing. Moreover, N is a nonlinear map. Thus
Theorem 2.1 states that for a given u € U, there exists a unique y — v € Wll (2)
satisfying (2.1).

Next, we will develop an implicit function theorem based framework to show that
infacty —v € VT/OIO(SZ).

2.2 Differentiability of N/

We begin by studying some differentiability properties of N, for the case when v €
wl(Q.

Lemma 2.2 Ifv € Wolo(Q), then for every u € Uy, the operator N(-,u) : v ®
VE/OIO(SZ) — WO_OI(Q) is twice Fréchet differentiable with respect to y and the first
order Fréchet derivative aty € v ® VQV;O(Q) satisfies

VyVyT) Vh >
DN (y, h), _ . =(|Z - —.,V .
(DyN () () w1 g 4t () << 2072 ) 2 e

Moreover, both the first and second order derivatives are Lipschitz continuous.

Proof The derivation of D, N is straightforward, so is omitted. We begin by first
showingthat Q : v Vi/go(Q) — L®°(Q2) is Fréchet differentiable. Let y € v Vi/olo(Q)
and h € VE/;O(Q) (note: y+h evéd W;O(Q)). To this end we need to show that for
every € > 0 there exists a § > 0, such that for ||h||Wolo(Q) <46

€, where D,Q(y)(h) = % - Vh.

1Q(y +h) — Qy) — DyQ(y) (h) | o (q) -

Il (@)

Define the residual R = Q(y +h) — Q(y) — D, Q(y) (h). Using an algebraic manip-
ulation, we get

V(Qy+h)-Vh
Ay +h)—Q = , 2.2
WD =W = 50 o @2
whence
_ ( V@y+h)  Vy ) vp = QW) - QU +MVy+ QWVA o
Qy+h+ Q) Q) QW(Q(y +h) + Q(y) ’
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Invoking the L norm and using the necessary regularity of the underlying terms, we
deduce

IRl = (1R — Q0 + M) + IAhllw @) 1 lwi () (2.3)

It only remains to show that Q is a Lipschitz continuous function. In view of (2.2),
fory,zev® W;O(Q), y # z we get

V(y+2)
1Q(y) — QD)= SH— Iy —zllwi @) < Iy —zllw! (@)-
O =10 + 2@ | e e Y
2.4)
Then from (2.3) and (2.4) we obtain that [|R| zc0(q) < 2||h||%v1 @’ thus Q(-) is

Fréchet differentiable. Moreover,

1

1
T 0(2) — ) 25
H Qy) Q) =y —=zllwy@ (2.5)

_ ‘ Q(z) — A(y)
Q(»Q(2)

Loo(2) Loo(€2)

Using these properties of Q, and using the definition of the Fréchet derivative, it is not
hard to derive the assertions; we omit the details for brevity. O

2.3 Limiting Case of the Linear Calderén-Zygmund Theory

With the differentiability of A/ in hand it seems to be possible to use the Implicit
Function Theorem (IFT) to prove that y — v € Wolo(Q). This, however, is not true in
general. We begin by recalling the IFT from [28, 2.7.2].

Theorem 2.3 (implicit function theorem) Let X, Y, and Z be Banach spaces and f
a continuous mapping of an open set U C X X Y — Z. Assume that f has a Fréchet
derivative with respect to x, Dy f (x, y), which is continuous in U. Let (xo, yo) € U
and f(xo, yo) = 0. If Dy f (xo0, yo) is an isomorphism of X onto Z then:

e Thereis a ball B-(yp) := {y : |ly — yoll < r} C Y and a unique continuous map

g : By(yo) = X such that g(yo) = xo and f(g(y),y) =0, forall y in B.(yp).
o If fisof class C', then g(y) is of class C and

Dyg(y) = —[Dx f(g(3), 17" o Dy f(g(3), ¥).

o D,g(y) belongs to C? if f isin C?, for p > 1.

Settingy =uandx =y, X = WQO(Q), zZ = Wog] (2) in Theorem 2.3 and further
taking (yg, ug) = (0, 0), we obtain that A/ (yg, ug) = 0 and D, N (yo, ug)(h) = —Ah,
where we have assumed that v = 0 for simplicity. Indeed IFT requires —A to be an
isomorphism from WOIO(SZ) to WO_O1 (€2). This result, however, is not true. We illustrate
this next.

Consider the linear PDE

div (Vu) =divf in , e = 0.
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The mapping f — Vu is given by a singular integral operator [20]. Consequently, the
Calderén-Zygmund theory yields that, for p € (1, 00), it is bounded from L? ()" to
LP(2)". This result, however, is not true for p = oo. In fact, if f € L°°(2)", we can
only assert that Vu € BMO(£2). See also [3,15].

In light of this negative result, in the next section, we will show that y belongs to
WI%(Q) with p > n. Indeed with this requirement on p we have Wg(Q) CcC W;O(Q).

2.4 WI%(SZ)-Strong Solution

For a fixed p > n, throughout this section, we assume that v € W;(Q). ‘We introduce
the following space

Y i= (v W (Q) N Wi(),
soy € Ymeansy —v € WQO(Q) N W[%(SZ). We next state a Wf,—version of Lemma

2.2.

Lemma 2.4 Let Uy C Uy N LP(2) be open, then for everyu € Uy and v € WI%(Q),
the operator N'(-,u) : Y — LP(Q) is Fréchet differentiable and the Fréchet derivative
is Lipschitz continuous and is given by

VyVyT> Vh )

DN, u) (h) = —div (T - v
NG u) (h) ’”(( o? ) 20

Moreover, N is twice Fréchet differentiable with Lipschitz second order Fréchet deriva-
tive.

Proof For p > n, W}, (£2) is a Banach algebra. Using this fact the proof is the same
as in Lemma 2.2. O

Remark 2.5 Using Sobolev embedding theorem, for p > n, we have Wll(Q) CcC
L”,(Q), consequently L”(2) CC WO_OI(SZ). Since 0 € Uj, we have that U; N L?(2)
in Lemma 2.4 is not empty. So we can set Uy = Uy N LP(2) # .

This brings us to the main result of this section. Using the IFT we will prove that y
solving (2.1) belongs to Y. Remarkably enough, we not only get the improved regular-
ity for y but also the Fréchet differentiability of the control to state map (compare with
[21, Sect. 1.4.2]). We recall that an application of the IFT requires an isomorphism of
the Fréchet derivative at a point; we illustrate this in Lemma 2.7. In order to prove this,
we make use of the following Neumann perturbation theorem [24, Chap. 4: Theorem
1.16].

Lemma 2.6 (Perturbation of identity) Consider two Banach spaces X and Y, and two
bounded linear operators A and B from X to Y. Suppose A has a bounded inverse
from Y to X and that

IBxlly < CllAx]ly Vx € X,
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with a constant 0 < C < 1. Then A+ B : X — Y is bijective with a bounded inverse.

Lemma 2.7 Let Q@ be C"V and v € Wg(Q) satisfies — div QV(—‘;) = 0 in Q then there
exists a ball V. C WI%(Q) such that for every v € V, DyN (v, 0) is an isomorphism
between WI%(Q) and LP (Q).

Proof We notice that Dy (0, 0) coincides with the Laplace operator, which is an
isomorphism between Wg(Q) and L?(Q) for  of class C!-!; see [20, Theorem 9.15].
Since N is twice continuously Fréchet differentiable, we obtain that

DyN (v,0) = DyN(0,0) + (DyN (v,0) — DyN (0, 0))

1
= D,N(0, 0)+/ DN (tv) (v) dr.
0
Applying Dy N (0, 0)~! to both sides yields

1
DyN(0,0)"' DyN (v, 0) = T + DN (O, 0)—1/0 D2N (tv) (v) dr,

where 7 is the identity operator. We now employ Lemma 2.6 to conclude that the
right-hand-side is an isomorphism provided

HDy/\/(o, 0)~! /01 D2N (1) (v) dt”a”) <1

The above inequality can be guaranteed by taking ||v|| w2 sufficiently small, which
also motivates the choice of the set V. O

We notice the above result is of relevance only when y|3q # 0, as otherwise v = 0
does not play any role and it is sufficient to show the isomorphism of D, (0, 0). We
finally state the main result of this section.

Theorem 2.8 (W;o ()N WI%(Q) state using IFT) Let Q be C1! and v € V where V
is defined in Lemma 2.7. There exists an open set U3 C U; (recall Remark 2.5) such
that 0 € Uz and for all u € Us, there exists a unique solution map S : U3 — Y such
that

N(Sw),u) =0, forallu € Us.

Furthermore, S is twice continuously Fréchet differentiable as a function of u with
first order derivative at u € U3 given by

D,S@) == [DyN(y, ] ™" o DNy, u).

Proof To this end it is sufficient to confirm the hypothesis of Theorem 2.3.

@ Springer



Appl Math Optim (2018) 78:297-328 305

1. In view of Lemma 2.4, N is continuously Fréchet differentiable with respect to y
on an open subset of WS(SZ).

2. At (yo, ug) = (v, 0), Lemma 2.7 yields N (yo, ug) = 0.

3. Again using Lemma 2.7 we deduce that Dy N (yo, ug) is a Banach space isomor-
phism between WI%(Q) to LP(2).

Using the implicit function theorem, we conclude. O

2.5 WI% -Continuity Estimate

Theorem 2.8 provides existence and uniqueness of W;(Q)—solution to the state equa-
tion but not the continuity (a priori) estimate for the solution variable. We will develop
a fixed point argument to show the existence and uniqueness of solution in a ball where
such an estimate holds. The proof requires the data v € WI%(Q) to be small and u to
be in an open subset of L7 (2) (see Definition 2.12).

We begin by defining a solution set

B = [y €Y : ||)’||W]§(Q) = Bl}, (2.6)

for some By > 0 as yet to be determined (see Remark 2.17). For a given y € B, and
fixed u € L?(Q2), define amap 7 : B — Y such that T (y) = y solves

—(Q()*I = VyVyT) : D*5 =uQ(y)® inQ. 2.7)

This is a linearization of the state equation (1.2) obtained by formally expanding
the left-hand-side of (1.2) and evaluating the non-linear “coefficient” at y € B. The
existence of the map T is asserted in Lemma 2.10.

Lemma 2.9 The coefficient matrix (Q(y)21 — VyVyT) in (2.7) is uniformly positive
definite.

Proof Letb € R" be an arbitrary nonzero column vector with components by, ..., by,
and set £ = Q(y)2] — VyVv yT. Then, using the definition of Q, we obtain

bTEb=b"b+ (VyTVy)(b'b) —bTVyVyTb
=b"b+ (Vy'Vy)(b"b) — (Vy b)) (Vy'b)

n n n
=b7b + (Z |a,»y|2)<Z |bj|2> SN EL
j=1 i=1

i=1

2
>b’b > 0,

where we have used the Cauchy—Schwarz inequality. O

Lemma 2.10 (existence of) T There exist constants Co > 0, and By (n, p, By, Q) >
0, such that if v € W,%(Q) and u € LP(R2) satisfy

CQ(IIUIIW;(Q) + Bollullpp(gy) < Bi, (2.8)
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then T maps B to B.

Proof Foragiveny € B, Q(y) € L*°(2), whence the right hand side in (2.7) belongs
to LP(2). In view of [20, Theorem 9.15] in conjunction with Lemma 2.9, there exists
a unique y solving (2.7). Moreover [20, Lemma 9.17] implies there exists a constant
Cq such that y satisfies the a priori estimate:

171wz = Callvlwz@ + lullLr@ QM) e @).
Since y € B and Wg(Q) cC WOIO(Q) with embedding constant Cs we deduce
I¥llwz) = Calllvliwag) + B2llullLr @) (2.9)

where the constant B, depends on Bj, p, n and the embedding constant Cg. Choosing
||v||W[z’(Q) and |[u|| .r () such that (2.8) hold, we conclude that 7 maps B to B. O

Theorem 2.11 (7 is a contraction) If; in addition to (2.8),u € LP(Q) andv € W[%(Q)
further satisfy
Cr = B3QllullLr@) + lIvllwz@) < 1. (2.10)

for some constant Bz(n, p, B1, B2, Q) > 0 then the map T : B — B is a contraction
with contraction constant Cr.

Proof Take yi, y» in B, with y; # y, and let y; = T (y;) (fori = 1, 2) solve the
linearized system (2.7). Define 8y := y; — yp and 8y := y; — y». Computing the
difference between the equations satisfied by y; and y, and after various algebraic
manipulations we deduce

— Q21 = V3V ) : D5 = u (Qu)* - Q1Y)

—(QU2?1 = Q1 + VayVy] + VyaVoyT) : D,

Again using the Sobolev embedding theorem, and p > n, it is easy to check that the
right-hand-side belongs to L”(2). Toward this end, we invoke [20, Theorem 9.15]
in conjunction with Lemma 2.9 and [20, Lemma 9.17], and find that there exists a
constant Cg, such that

185w < CQ(Hu<Q(y1>3 —ouh| | +]@u2? - edan|

LP(Q) LP(Q)

+ IV8yVy!l i D*F1 e + IVy2VEyT : D*3 ||Lp(gz>>.
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We further deduce

185 w20 < CQ<||M||LP(Q)||Q()’1)3 — 9 (@
+10G1)?* = Q) (@ 131 w2

T ilwg @Il @18y lw @) + |)’2lwgo(sz)||§1||Wg(sz)|3)’|wolo(sz)>
=14+10+1+1V.

Regarding the terms Il and 1V, it suffices to estimate Ill. For every h € WI%(Q) we
have |h|Wgo(Q) < CS||h||le)(Q), and y; satisfies (2.9), therefore

I < CéCS”yl||W3(Q)(||v”W1%(Q) + BZ||”||LP(Q))|5)’|WC;O(Q)-

To estimate | and 1, we use the fact that Q is Lipschitz continuous (see the proof of
Lemma 2.2), y satisfies (2.9), and y;, y» € B, to obtain

18¥ w2 = B3(lullLe ) + Ivllw2@) 18y w2 (@)

where the constant B3 depends on Cq, Bj, p, and Cg where the latter is the embedding
constant for W,%(Q) in Wgo(Q) for p > n. Choosing u and v such that (2.10) holds,
we get the desired contraction. O

Definition 2.12 (Control sets U and U,;) Recall that p > n is fixed. We define an
open set

U@) :={ueLP(Q):veV and (2.8),(2.10) holds} N Us.

Next, define the closed set of admissible controls
Upd = {u e LX) : lull o <0, p > n} :

where 0 is chosen such that U,; C U (v).

Since v is fixed, for simplicity, from here on, we will simply use the notation U instead
of U(v).

Corollary 2.13 (Fixed point solves the state equation) Let the assumptions of The-
orem 2.11 hold. Then for every u € U (see Definition 2.12), there exists a unique
solution S(u) = y € B to the state equation.

Proof Let u € U be fixed but arbitrary. It now follows that 7 is a contraction in the
closed convex set B (cf. Theorem 2.11). Now take an initial function yo € B and apply
the Banach fixed point theorem (i.e. the iteration algorithm) to obtain a unique y € B
such that 7 (y) = y. In view of (2.7), this is equivalent to saying that y is the solution
to the state equation. O
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Next we will generalize a result from Gilbarg-Trudinger [20, Theorem 9.15, Lemma
9.17] where the lower order coefficient is in LY (S2), for ¢ > n, instead of being in
L°°(R2). This is a standalone result and it will be used to show the global uniqueness
of solution to our state equation (1.2) and will later in Sect. 3.2 help us in deriving the
regularity for the adjoint state and the optimal control.

Theorem 2.14 Let A = (aij)l’{jzl e C(Q)™" satisfy the ellipticity condition, i.e.,
there exists a constant y > 0 such that

Z aij(OEE; > yIE?, VEeR"

i,j=1

Ifbe L1(Q)", n < q < oo, thenforall f € L"(2) with 1 < r < g, there exists a
unique w € Wrz(Q) N W,1 (2) solving

—A:D*’w—b-Vw=f in<Q,
w=0 onadf2, (2.11)

with
lwllwz@) = Call fllr@)- (2.12)

Proof We prove the result in two steps.

1. Existence and Uniqueness. As L°°(£2) is dense in L9(R2), forb € L9(2)" there
exists {by }men C L%°(2)" such that b,, — b in L7(Q)". Similarly as C*°(Q) is
dense in L"(R2), therefore there exists {fi}meny C C°(L2) such that f,, — f in
L"(R2). If we consider the auxiliary problem

—A:D*wp —by - Vwy, = fn  inQ
wy, =0 on 0<2,

using [20, Lemma 9.17], we deduce

lwnllw2@) < Callfmllr @), VYr e (1,00,
and the right hand side converges to || f|| ;- (). Since a unit ball in W,Z(Q) is weakly
compact, there exists a subsequence, still labeled w,,, that converges weakly in Wr2 ()

and for s = quqr strongly in W;(Q) to a function w € W,2(Q) N er (£2). It remains
to show that w satisfies (2.11). Because

/ v(b,, - Vwy,)
Q

< 10l gy Dol sy N 1w (-
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we obtain
/fmvz—/v(A:Dzwm—i—bm~Vwm)—>/fv:—/v(A:D2w+b~Vw),
Q Q Q Q

forallv e L™ ().
2. Continuity estimate. We first rewrite (2.11):

—A:D’w=f+b-Vuw ingQ,
w=20 on 9Q2.

In view of the definition of s = rTqr, it immediately follows that f +b-Vw € L" (),
whence [20, Lemma 9.17] implies

lwllwz@) = CallfllLr @ + IbllLa@llwlw @)- (2.13)

Toward this end, we will prove (2.12) by contradiction. Let {w,}yen C Wrz(Q) N
Vi/,l (£2) be a sequence satisfying

lwmllwz) =1, I fullr@ — 0

as m — oo, where f,,, = —A : D2w,, — b - Vw,,. Since the unit ball of W,z(Q)
is weakly compact, there exists a subsequence, that converges weakly in W,Z(Q) and
strongly in WS1 () toaw e Wrz(Q) N W}(Q). Therefore,

/fmvz—/v(A:D2wm+b-Vwm)—>—/v(A:D2w+b-Vw)=0,
Q Q Q

forall v € L™ (2), whence —A : D*w —b - Vw =0 and w = 0 by uniqueness. But
from (2.13) we deduce

1 < CalbllLo@llwlwiq):
which is a contradiction. Thus, (2.12) holds. m]

We next proceed to prove the global uniqueness of solution to our state equation
(1.2). Consequently the control-to-state map S : U — Y is well-defined.

Proposition 2.15 (global uniqueness of state solution) Let the assumptions of Corol-
lary 2.13 hold. If y1, y2 € Y be solutions of (1.2). Then y; = y;.

Proof We begin by rewriting the state equation for y; and y; in a form given in (2.7),
ie.,

—(QUN*I = Vy1Vy]) : D’y =uQ(y)® inQ,
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and
—(Q()*1 = Vy2Vy;) : D’y =uQ(y2)° inQ.
Taking the difference, setting §y = y; — y2, and rearranging terms we obtain
0=~ (Q2)*I = Vy2Vy;) : D*y

— (QU2*1 = QU1 + VsyVy! +Vy2V8yT) : Dy,

—u(Q(y1)® — Q(m)*)
=1+ DL+ 15, (2.14)

with §y = 0 on d€2. We inspect 1> and I3 separately. Since y; and y; belong to Y, it
is straight-forward to see that

I, =-b-Vdy, I3=—c-Vdy
with b, ¢ € L?(2)" where p > n. As aresult, (2.14) becomes
—(Q(»)’1 = Vy2Vy)) : D*8y — (b+¢) - Véy =0

which according to Theorem 2.14 has a unique solution §y € WI%(Q) N WJO(Q).
Finally using (2.12) we obtain y; = y». O

Lemma 2.16 (S Lipschitz) Let S be the control to state map and By be small enough
so that

1

J 1+ C5B;

where Cyg is the embedding constant for WI%(SZ) in WOIO(Q) for p>n.Ifuj,uy e U,
then

—CiB? | > =, (2.15)

| =

IS@1) = SW2)lly) () = €, p, B, Dllur — uzlly 1) (2.16)
IS @) — 3(“2)||W]§(Q) < C(n, p, B1, Q) [lur — uzll1r () (2.17)

where the generic constant C only depends on its arguments.

Proof Set y; = S(up) and y; = S(up). Note that y;, yo € B by Corollary 2.13.
Recall the equations satisfied by y; € Y and y» € ¥

1 1
—di Vv =ui, —di A\ = us.
v (Q(yl) Y 1) “ v <Q(yz) Y 2) 2
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On subtracting and rearranging, we obtain

1 1 1
‘V<Q<y1> O y2)> W((Q(yn Q(y2)> ”)”1 "

Multiplying by (y; — y2) and integrating by parts, we arrive at

1 1 1
IR -
/QQm)' O1=x)l 2\ Q0 ~ Q0 ) V2 Vo)

+(uy —uz, y1 — y2>W{1(Q)’W21(Q) .

In view of
Qun =\ 1+1Vnl = 1+, o = \/1 + ClInl g =1+ CEB2,
we have

1

1
- nby g = [ 5o VO - P
/1 +C2B? W@ = Jo Q)
Combining this with the algebraic identity

11 _ 1 V2 —=y1) - V2 +y1)
Q1) QO QOO Q(y1) + Q)

and
(uy —uz, y1 — y2>W2—1(Q),W21(Q) < C()lu; — M2||W2—1(Q)|)’1 - y2|W21(Q)
where C(£2) is the Poincaré constant, we deduce

! 1 Vy2
Wm 2l =L gg vl 2o i)

H Vya+y1) H
QUy+Q(y2) 12> (@)

|y2—)’2|W21(Q)+||141 _MZHW;I(Q).

Since

H Q(lyl) HLOO(Q) =t H Qv(iz) ”L”(m < Csh, H%Hm(m

< CsByq,
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we arrive at

1

————— 5B} | Iy — 2l < llur — w2l
J1+C§B}

which in combination with (2.15) yields (2.16).
To prove (2.17), we rewrite the state equation (1.2) into the non-divergence form
as

—(Q(y)*T = VyVy) : D*y; =u1Q(y1)* in R, and
—(Q(»2)*T — Vy2Vyd) : D*y2 = u2Q(y2)* in Q.

After subtracting, rearranging, and setting §y = y; — y», we obtain

—(Q()*I — VyaVyl) 1 D8y = (1 — u2) Q(n1)* + u2(Q(y1)* — Q(32)?)
— Q02?1 = Q1 + VayVyT + VyveyT} i Dy,

Recalling (2.10), the remaining proof is similar to the proof of Theorem 2.11 and is
omitted to avoid repetition. O

Remark 2.17 For the remainder of the paper we will assume that B satisfies (2.15).
3 Optimality Conditions

Using the control to state map, we can rewrite the minimization problem (1.1)-(1.2)
in the following reduced form:

inf j(u) = J(Sw),u) overu € Ui, (3.1
where
TS, u) = Ti(Sw) + T ),
with
J1(Sw) = %IIS(M) —Yall}a gy D) = %nuniz(m.

We begin by introducing the notion of a minimizer for our optimal control problem.

Definition 3.1 (Optimal control) A controlu € U, is said to be optimal if it satisfies,
together with the associated optimal state y(u) := S(u),

Jy@),u) > JGw),u) forallu € Uyg.
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A control u € U,y is said to be locally optimal in the sense of L (£2), if there exists an
¢ > 0 such that above inequality holds for all u € U,g such that |u — ul|zrq) < ¢.

The above definition clearly distinguishes between local and global solutions to
our optimal control problem. Although in Theorem 3.2 below we prove the existence
of a global optimal control, a local optimal control plays a central role in optimiza-
tion theory and algorithms. Generally speaking, gradient based numerical schemes
only guarantee convergence to a local optimal solution. Thus, we state our first order
necessary optimality conditions in Theorem 3.6 in terms of a local optimal control.
Uniqueness of such a local optimal control is shown in Corollary 3.12 under a second
order condition (Assumption 1). In order to get to Theorem 3.6 and Corollary 3.12,
we prove several new results which do not assume the local condition on the control
and are central to this paper. Moreover, Proposition 3.4 and Lemmas 3.13, 3.14 hold
for an arbitrary u € U (recall Definition 2.12).

3.1 Existence of an Optimal Control

Let us first show the existence (not necessarily unique) of a global optimal control.

Theorem 3.2 There exists an optimal control u solving the reduced minimization
problem (3.1).

Proof The proofis based on a minimizing sequence argument. As 7 is bounded below,
there exists a minimizing sequence {u, },¢N, i.€.

inf J(SG).w) = m T (S(a). ).

ueUyq

By Definition 2.12, U, is a nonempty, closed, bounded and convex subset of L?(£2)
which is a reflexive Banach space forn < p < oo, thus weakly sequentially compact.
Consequently, we can extract a weakly convergent subsequence {u,, }ren C L7 (L)
i.e.

Uy, =~ uin LP(Q), u € Uyq.

This u is the candidate for our optimal control.

In the sequel, we drop the index & when extracting subsequences. Using Theorem
2.11, S(u,) = yy satisfies the state equation (1.2) thus {y,} C B. Since ¥ CC
v WJO(Q) for p > n, the Rellich-Kondrachov theorem yields a strongly convergent
subsequence {y,}nen C v @® WL (Q), ie.

yo— yinv® WL(Q).

Note that the limit y is the state corresponding to the control u. This results from
replacing y with y, in the variational equation (2.1) taking the limit and making use
of the embedding L?(Q) cc W ().
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Finally, using the fact that 7> («) is continuous in L?-and convex, together with the
strong convergence y, — y in L%°(£2), it follows that 7 is weakly lower semiconti-
nous, whence

inf j(u) = lminf(J1(Swn) + D2(un)) =2 J1(S@) + D) = J @).

uelUyy

This completes the proof. O

3.2 First Order Necessary Conditions

In the following, let u denote the local optimal control. We derive the first order
necessary optimality conditions that are satisfied by u with associated state y. We
recall the following result from [31].

Lemma 3.3 Ifu € U,q denotes a local optimal control, then the first order necessary
optimality condition satisfied by u is

<]/(ﬁ)a u— E)LZ(Q),LZ(Q) > Ov Yu € Uad~
Proof Since Uy,y C LP(R2) is nonempty and convex, and j is Fréchet differentiable

(see Theorem 2.8) in an open subset of L (£2) containing U, 4, the proof follows along
the lines of [31]. O

1 Vyvyl
AT (I— yry ) (3.2)

Let

- om) 0()?
Then the first and second order Fréchet derivatives of S satisfy the following:

Proposition 3.4 For every u € U and every h1,hy € LP () the first and second
order Fréchet derivatives S’ (u)h| € W;(Q) and 8" (u)hhy € W]%(Q) atSw) €Y
satisfy

—div (A[S@)IVS (wh1) = hy  in S, (3.3)
— div (A[S@)IVS" (w)h1h2) = div (D A[Sw)] (ha) VS Why) inQ,  (3.4)

with 8’ (u)hy =0, 8" (u)h1hy = 0 on 3R and A[-] given in (3.2). Moreover,

IIS'(u)h1IIW2|(Q) < C(n, p, Q)I|h1IIW2—1(Q), IIS'(u)hlllwg(Q) <C(n, p, DlhilLr (o)
(3.5)
IIS’/(M)hlhzllwzl(Q) < C(n, p, B, Q) ”W;l(g)”hZ”LP(Q)‘ (3.6)

Proof In terms of the control to state map, (1.2) can be written as — div Qv(‘gg))) =u.

Since the control to state map is twice Fréchet differentiable, then differentiating with
respect to u in the directions /| and A leads to (3.3) and (3.4). The first inequality
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in (3.5) is due to the characterization of W, ! (2) functions [17, P. 283, Theorem 1]
and the second inequality is due to Theorem 2.14. Using both of these results, in
conjunction with the Sobolev embedding W[%(Q) CcC WOIO(SZ) for p > n, gives (3.6).

m}

Following [31, Sect. 4.6], we introduce the adjoint state as follows.
Definition 3.5 (Adjoint state) The adjoint state ¢ € W2l (2) is the unique weak solu-
tion to the adjoint equation

—div(AIVE) =Y —ys inQ, =0 ond<. (3.7)

The adjoint state enables us to rewrite the first order necessary conditions presented
in Lemma 3.3 as follows:

Theorem 3.6 Every locally optimal controlu € Ugg for problem (1.1)—(1.2) satisfies,
together with the associated adjoint state ¢ € W21 (R2) defined by (3.7), the variational
inequality

(@ +au,u—u)2q) 2@ =0, Yu € Uda. (3.8)

Proof Using Theorem 2.8 we can infer that j is Fréchet differentiable, and the Fréchet
derivative of j at u in a direction % is

(]/(ﬁ)v h)Lp/(Q)!Lp(Q) = (jl/(S(ﬁ))a S/(ﬁ)h>L2(Q)’L2(Q) + (jz/(ﬁ), h)]JZ(Q)!LZ(Q) )

whence
(j/(ﬁ), h>Lp’ (Q),LP(Q) = <? — Vd;» S/(ﬁ)h>L2(Q)’L2(Q) +a (ﬁ’ h)LZ(Q),L2(Q) s

where S’ (u)h is the weak solution to (3.3). Setting S’(w)h as a test function in the
weak formulation of (3.7), and integrating by parts, yields

<y — Yd, S/(ﬁ)h)I}(Q)JJZ(Q) - A A[y]va : VS/(ﬁ)h = @’ h)LZ(Q),LZ(Q)

where the final equality is a consequence of using @ as a test function in the weak
form of (3.3). Collecting all the estimates and using Lemma 3.3 leads to asserted

inequality. We remark that the pairing < Jj @), h) LY (@).Lr(e) SN be simply treated as

the L>-pairing. O

Remark 3.7 In general, j'(u) = ¢(y) + au for an arbitrary u in U,4, where y solves
(1.2) with u as right-hand-side, and ¢(y) solves (3.7) with right-hand-side given by
Y = Yd-

We next study the regularity of the adjoint @ and the control u.

Proposition 3.8 (Regularity of the adjoint) For every local optimal control u, there
exists a unique ¢ € W22(S2) N WZI(SZ). If in addition y; € LP(2), p > n, then
7€ WHQ).
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Proof Rewriting (3.7) in the non-divergence form, we get
—A[y]: D’ —div(A[7])- Vg =Y —y; inR, =0 ondS.

Since y € WI%(Q), p > n, therefore A[y] € W;(Q), and div (A[y]) € LP(R2), then
invoking Theorem 2.14, with ¢ = p, we obtain the desired result. O

Proposition 3.9 (Regularity of the optimal control) Let u denote a local optimal
control. Thenu € WZQ(Q) and further if yg € LP(2), p > n, thenu € WI%(Q).

Proof In view of (3.8) we have u = }P’Uad(—g) where Py, (z) = z when z is strictly
inside Uyq and Py, (2) = 0z/||z|| Lr(e) otherwise. Then invoking Proposition 3.8 we
obtain the assertion. O

3.3 Second Order Sufficient Conditions

We investigate the second order behavior of the cost functional 7. Starting from
Assumption 1, we build up several intermediate results that allow us to prove Corollary
3.12 which is a quadratic growth condition on j near the optimal solution u. In order
to carefully handle the L2-L” norm discrepancy, we prove a Lipschitz continuity type
result for j” in Lemma 3.15. This requires several intermediate results which are
shown in Proposition 3.4 and Lemmas 3.13 and 3.14.

We introduce a set of admissible directions.

Definition 3.10 (Admissible set) Given u € Uy, the convex set C(u) comprises all
directions 7 € L?(2) such that u + th € U,y for some t > 0, i.e.

C(u):={h e LP(Q) :u+th € Uy, forsome t > 0}.

Assumption 1 We make the following standard assumption about the second order
behavior of the cost functional:

J' @ —w)* = 8llu —ul3, Yu —u € C(w), forsomefixeds > 0. (3.9)

()

Remark 3.11 (Admissible set vs critical cone) In the context of second order sufficient
conditions, generally, one uses the cone of critical directions [9,12,31]

K@) = {W - (i)h = o} , (3.10)

and an assumption
j"@h®* >0, VheK@\ {0} (3.11)

to prove the so-called quadratic growth condition (3.13). We refer to [9, Theorem 4.1]
for a proof of the quadratic growth condition where the state equation is a semilinear
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elliptic partial differential equation. In addition, given u,, up in L°°(2) with u, < up,
the control u in [9] fulfills

Ug(x) <ulx) <up(x) xae. in .

We notice that the control constraints in our case are of integral type and the state
equation is a degenerate quasilinear partial differential equation. Thus the result of [9]
do not apply directly. However, it is plausible to work under the assumption (3.11) but
we believe that this is a subject requiring investigation, even in case of extremely well-
studied semilinear problems [9,12,31]. Instead we will prove the quadratic growth
condition under the coercivity condition (3.9). Recently, a similar condition was used
in [4,5], and a rigorous proof was provided.

Our next goal is to prove the following crucial result:

Corollary 3.12 (Quadratic growth near a local optimal control) Let the control u €
U,q satisfy the first order necessary optimality condition (3.8) and assume that (3.9)
holds. Then there exists an € > 0 such that, for allu € Uyq with ||lu — ﬁ||Lp(Q) <€,
we have

(/@) = /@) = T2 ) 20 = %nu ~ 7125 (3.12)
and 5
j@) = j@ + 7l — 720 (3.13)
In particular, u is a unique local optimal control (see Definition 3.1).

The proof requires a non-trivial estimate which we will prove in Lemma 3.15.
Such an estimate is needed to deal with the so-called 2-norm discrepancy, we refer to
[11] for further reading on the subject. We will conclude this section with a proof of
Corollary 3.12, first we need several intermediate results.

Lemma 3.13 (A is Lipschitz) If uy, up € U, withuy # up, themap A : Y — W;(Q)
in (3.7) satisfies
IAIS )] — A[S @)l L= (@) = C(, p, Bi, DSu1) — SW2)llwy @), (3.14)
IALS D] = AIS @)l 129y < C(n, p, B, IS w1) = Swa)lly) ), (3:15)

and for hy € LP(Q), S : U — L(LP(Q),Y):

1Dy (A[S )] = AIS @)D (h1) I 12(q) = C(n, p, By, QNS (uy) — S (u2))hy IIWZI(Q)-
(3.16)

Proof In order to ease the notation we set y; = S(u1) and y» = S(u2). It is enough
to show (3.14), the same proof works for (3.15) and (3.16). Now

1 VnVyl  VyVy)

—_ + —_ .
361~ 000 e 0D T 000 i

IALy1] = Aly2lll poc @) = |l
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We consider each term on the right hand side separately. For the first term, we recall
(2.5). Setting §y = y; — y2 and invoking the triangle inequality on the second term
leads to

vyl vy vyl Vi Vyl Q(32)3 = Vi vyl o)

I o)} Q)3 ||L°°(SZ) = 003 QA(»)3 ”LOC(Q)
VayVyl Q(2)° Vy2V8yQ(y)?
T Q0PQn)? e Q0)3Q0n)° e
o VYl (Q(y2)3 = Q)
Q(y130(n)3 L®(9)
=< C|8y|WJc(Q)’
where C > 0 is a generic uniform constant depending on n, p, 2 and Bj. O

Lemma 3.14 (S’ is Lipschitz) Let u, uy, up € U, and hy € LP(Q). Then S’ : U —
L(LP(2),Y) satisfies

(S (ur) — S/(’/‘Z))hl”WZl(Q) < C(n, p, Bi, Qllur —uzllpryllhill 2y (3.17)
Proof Consider the system satisfied by S’ (u1)h and S’ (u2)h from Proposition 3.4:
—div (A[Su)IVS (u)hy)) =h; inQ, S (u1)h; =0 ondQ
—div (A[S(u2)IVS (uz)h1) = hy  in Q, S’ (up)h; =0 ondQ

On subtracting and rearranging

—div (A[S@IV(S (u1) — S (u2))h1) = div (A[S(u)] — A[Su2)]VS' (up)hy) in
(S’ (1) — S (u2))hy =0 on Q.

Using the characterization of W, ! (2) functions [17, P. 283, Theorem 1] we deduce

1S (1) = S' @)ty gy < CE@IALS ()] = ALS ()l oy IS @)1 [y -
Using (3.14) and (3.5), we obtain

1S (1) = 8 Wa)hillyy ) < Cn. p. Bi. DSw) — S llwy @1 lly 1 )

Using (2.17) and WZ_I(Q) — L%(Q) we get (3.17). O

The treatment of the L? — L” norm discrepancy requires a technical result. This
result makes use of the previous estimates in this section.
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Lemma 3.15 (Auxiliary result for the L? — L? norm discrepancy) Let u € U and
Ya, h, hi, hy € LP(Q). Then there exists a constant L(n, p, By, Q) > 0 such that

|j" 4+ h) (hy, ha) — " () (h1, ho) |
< LAl 2 @llh2lle @) + IhlLe @ lIh2li2@) IRl 20y (B.18)

Proof Using the reduced cost functional (3.1), a simple calculation gives

J"w A+ h) (b, o) = ") (R ho) = /Q(S’(u +h)? = 8 W)Hhihy
+/Q [(S@ +h) = ya)S"(u + h) — (Su) — ya)S" )] hiha
= f (S'w+h) =S w)hi (S (u+h)+ S (u)hy
Q

+/ [(S@ +m)=S)S" (u + h)+(SW) — ya)(S" (u + h) = S" w))] hiha.
Q
Using the triangle inequality in combination with Cauchy-Schwarz, we arrive at

"+ h) (b, ha) — ") (R, ho) |
= IS+ h) = S @)hill L2 1S + 1) + S'W)h2ll 2(q)
F S +h) = Sl 2 IS" (@ + Whihal 2

+ I/Q(S(u) = ya)(S" "+ h) = 8" @)hih]
=1+1+1

We will estimate each term | — Il individually. In view of (3.17), (3.5)
I < Cn, p, Bi, DAl e 1h1ll 2 1h2ll L2
and using (2.16) and (3.6)
1< C(n, p, Bi, DIl L2 lh 1l 2@ 12l Lr (-

The estimate for the term |1l is more involved. Recall (3.4), namely the system satisfied
by 8" (u + h)hihy and 8" (u)hih;:

—div (A[Su + h)IVS" (u + h)h1hy) = div (D, A[S(u + h)] (hy) VS (u + h)h) in Q,
—div (A[S@)IVS" (u)h1ho) = div (D A[S(u)] (hy) VS (w)hy) in K,
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with 8" (u +h)h1hy = 0and 8" (u)hhy = 0 on Q2. On subtracting and rearranging,
we obtain

—div (A[S@)IV(S" () — 8" (u + h))h1ho)
= div (A[Sw)] — A[S@w + )])VS" (u + h)h1h2)
+div (D, A[S(u)] (h2) VS (u)hy — D, A[S(u + h)] (ha) VS (u + h)hy).

For u € U, we denote the variable satisfying (3.7) by ¢, with right hand side
S(u) — yq. We further deduce

= ‘ / Vo - {((A[S(u)] — A[Su +W)VS (u + h)hha)
Q

+ (DuAIS)] (h2) VS (w)hy — Dy AIS(u + 1)1 (h2) VS (u + h)hl)H

< lellwy @ IAIS@)] — ALS(u + W]l L2(q) IS" (u + h)h1h2||W21 @)
+ lellwy @ I1DuALS )] (h2) Il 2@ 1(S"(u) — S (u + h)hy ||W21(Q)
+ lellwy @ 1D (AIS ()] — ALS(u + b)) (h2) 200 IS" (u + h)hy ) o)-

Using (3.15), (2.16), (3.6), (3.16), (3.17) and (3.5), we obtain

< Cn, p. Bi, Dlellwy @ UIhlL2@ b2l r @) + 1Al e @) 1212 @) 1711 2(0)-
This completes the proof. O

Lemma 3.16 (Second order behavior in a neighborhood) If u satisfies (3.9) then
@ — P > 2 - ull? 3.19

forallu € Ugg with |lu — Ul 1rq) < %. Note: the argument of j" is different from
that in (3.9).

Proof We begin by rewriting j” (u) (i — u)?:
J @@ —u)? = @@ —u)? + (G w) @ — w? — j @@ - u)?)
> @@ —u)? — (" @)@ —u)? — j @@ —uw?) =1-1

Using (3.9), we obtain | > §||u — u ||iz(9). And invoking (3.18) yields

< L(llu —ullp2gllu —ullpr) + lu —ullpryllu —ull 2 lu —ull2(q)-
Finally, combining the estimates for | and Il gives

7 ) —w)? = 8| — — 2L — ull p ol —

2 2
u”LZ(Q) u”LZ(Q)-
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For |lu — il Lrq) < 7 we obtain (3.19). o
We now arrive at the main result of this section.

Proof [Proof of Corollary 3.12] We proceed in two steps:
Letu € Ugg and |lu —ullpr(q) < %. By Taylor’s theorem, there isa ¢t € (0, 1)
such that

1
j@) =T @ +(j' @), u—u)+ 51"+ (= 0w — i0)?
1 1
=@+ ('@, u =)+ 2" @@ =D + 5"+ (= 0i) = " @) — D)’
) 1
> @) +{J @, u =)+ Sl Tl g, — \5(1”014 + 1 =nm) — j" @)~ ﬁ)z(

where the last inequality is due to (3.9). Next, (3.18) gives

. a8 _ _
J@) = j@ + ('@, u =)+ Sl = TG gy = 2Llu = Tyl = Fl2 g,
which implies
. R
J @)z @) + (G0, w =) + Fllu = w172 (3.20)

Using Lemma 3.3, we obtain (3.13).

Since |lu —ullrq) < 8% (i.e. u satisfies (3.19)), we can repeat all the steps in
with u replaced by u and vice-versa to get

. ; . — 3
J@) = @)+ (0.7 =)+ 21T = ul} g (3.21)
Adding (3.20) and (3.21) and setting € = 8% proves the corollary. O

4 Discrete Control Problem

Let 7 denote > a geometrically conforming, quasiuniform triangulation of the domain
Q such that Q@ = Ugc7 K with K closed and & the meshsize of 7. Consider the
following finite dimensional spaces

v =l e C°@): milk ePi(K). K e T},
Yh=vtnwk(),
Ul =vh N U @.1)
The spaces U ;‘ , Y will be used to approximate the continuous solution of (1.1) and

(1.2). The spaces are based on the finite dimensional space P; which are the linear
polynomials on the domain K, where K is a triangle. This discretization is classical
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and can be found in any standard finite element book, for instance [8,14]. We remark
that in our numerical implementation the L? constraints in U Z’ , are enforced by scaling
the functions with their L”-norm, we refer to §s:computations for more details. Using
I WHQ) — Y we denote the interpolation operator, i.e. if » > n then Iy, is the
standard Lagrange interpolation operator, otherwise it indicates the so-called Scott-
Zhang interpolation operator [30].

The discrete version of the continuous optimal control problem (1.1) is

. 1 o .
mﬁMmmm:zwwqw;®+5wm;® over y, — Iyv € V" uy € UL,

4.2)
subject to y, — Ipv € Vi solving the discrete state equation
\% o
vz, = / upzp. forall z, € ¥". (4.3)
o Q) Q

We remark that in (4.2), for simplicity, we have not discretized y,.
The discrete optimality conditions amount to the state (4.3); the adjoint, find g;, €
Y" such that

/W%mmm=/®ﬁmm forall z, € ¥, (4.4)
Q Q

v TT
where Aly,] = Q(ly,,) (I — VQ}'E’;’;{’ ), and the discrete variational inequality for the

optimal control
(@n + attn, wn —n);2 gy 12q) 2 0, foralluy € uh. (4.5)

Remark 4.1 Similar to Remark 3.7, the discrete functional derivative is given by
j;l (up) = on(yn) + auy, for an arbitrary uy in U;’d, where y;, solves (4.3) with uy,
as right-hand-side, and ¢, (y;,) solves (4.4) with right-hand-side given by y, — yg4.

5 Numerical Examples
5.1 Setup

We present numerical examples for the discrete optimal control problem in Sect. 4.
We solve the optimization problem using MATLAB’s optimization toolbox with an
SQP method, where we provide the gradient information.

The gradient of the cost functional (4.2), at each iteration of the optimization algo-
rithm, is computed by first solving the state equation (4.3) for y, with the control uy,
taken from the previous iteration. Then, the adjoint problem (4.4) is solved for ¢y,
using the discrete solution yj;. We then define the linear form (see Remark 4.1)

(]}/z(uh)v Uh>L2(Q) LZ(Q) = / (@/’L + Oth)Uh, for all Vp € Yh»
’ Q
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Fig. 2 Left Desired surface height y; = sin(2mwx)sin(2wy). Right Actual surface height y (after the
optimization method converges). Boundary datais v = 0

and pass the discrete gradient vector (and cost value) to MATLAB’s optimization
algorithm at the current iteration. The constraint on the control U fd is handled by
MATLAB’s optimization algorithm by specifying an inequality constraint on u;,.

The non-linear state equation is solved with Newton’s method and a direct solver
(backslash); we also use a direct solver for the adjoint problem. This was all imple-
mented in MATLAB using the FELICITY toolbox [33]. The following sections show
some examples of our computational method. In all cases, we set « = 107 and
p = 2.5. For most examples, we set § = 20 in the definition of U" 24> €xcept in Sect.
5.2.2 where 6 = 2. The first two examples are posed on a unit square domain, which
technically does not satisfy the C!*! domain assumption. The last example is posed
on a C* domain in the shape of a four-leaf clover.

5.2 Sine on a Square
5210=20

We take y, to be a product of sine functions and set the boundary data to v = 0. The
domain €2 is the unit square. See Figs. 2 and 3 for plots of y,, ¥, u, and the optimization
history. This example shows that we can recover the desired surface almost exactly
when the boundary condition v matches y; on 9€2. Note: for this optimal control, we
have [[ull.rq) ~ 3.75.

5226=2

We run the same example as in Sect. 5.2.1, except we choose a smaller value of 6 to
see the impact on the quality of the optimal control; all other parameters are identical.
See Figs. 4 and 5 for plots of yg4, y, u, and the optimization history. The value of
l“llzp(q) in the previous example was ~ 3.75. Here, [|[ul|;»(q) is constrained to be
< 2 (in fact, it is equal to 2).
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Optimal Control

Optimization History

0 20 40 60 80 100
Iteration Index

Fig. 3 Left Optimal control function u for y,; in Fig. 2. Right Decrease of cost functional 7
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Fig. 4 Left desired surface height y; = sin(2mx) sin(27ry). Right actual surface height y (after the opti-
mization method converges). Boundary data is v = 0. Note: 6 = 2 here
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Fig. 5 Left optimal control function u for y; in Fig.4. Right decrease of cost functional 7
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Fig. 6 Left Desired surface height y; = 0.1 exp <—((x - 0‘5)2 + (v — 0.5)2)/0.1). Right Actual surface

height y (after the optimization method converges). Boundary data is v = —0.1 sin(;rx) cos(2my)

It is clear from Fig. 5 that the height of the optimal control is less than in Fig. 3
(note the different scale in the plot). Moreover, u is not as “peaked” as before (more
rounded), but is qualitatively the same. This, in turn, affects the obtained surface height
v in Fig. 4, i.e. it appears to be uniformly scaled with respect to the result in Fig. 2.
In other words, the main effect that 6 has is to scale down the optimal control, which
shrinks the obtained surface height. But the qualitative shape of u and y is essentially
the same as before.

5.3 Gaussian on a Square (Nonzero Boundary Condition)

We take y; to be a Gaussian bump and set the boundary data to v = —0.1 sin(7x)
cos(2my). The domain €2 is the unit square. See Figs. 6 and 7 for plots of y;, ¥, u,
and the optimization history. In this case, we impose a mismatch between the imposed
boundary condition v and the desired surface y;. The results show that the optimization
does the “best it can” by trying to match y; in the interior of 2. Note the large value
of the control u at the boundary of €2 in Fig. 7.

5.4 Cosine on a Clover

We take y, to be a product of cosine functions and set the boundary data to v = 0.
The domain €2 is a four-leaf clover (smooth domain). See Figs. 8 and 9 for plots of
Y4, , U, and the optimization history. This example also has a mismatch between the
imposed boundary condition v and y;. Again, the optimal surface y matches y; well
in the interior of €2, but not at the boundary. Moreover, in Fig. 9, it is evident from the
convergence history of the optimization algorithm that the path to the optimal control
is non-trivial.
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Fig. 7 Left Optimal control function % for y, in Fig
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Fig. 8 Left Desired surface height y; = 0.1 cos(2mx) cos(2my). Right Actual surface height y (after the
optimization method converges). Boundary data is v = 0
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6 Conclusion and Future Work

The mean curvature operator is only locally-coercive, which leads to several difficulties
in proving the existence of solution to the PDE. Using two approaches, (i) the implicit
function theorem (see Theorem 2.8) and (ii) a fixed point theorem (see Theorem 2.11),
we provide a complete second order analysis to this PDE. This requires a smallness
condition on the boundary data v and right-hand-side u. We handle (i) by proving
various Fréchet differentiability results, where as for (ii) we prove a new result for
second order elliptic PDEs in non-divergence form, where the lower order coefficients
need not be bounded (for the bounded coefficient case, see [20, Theorem 9.15]).

By using the regularity results for the PDE, we rigorously justify the first and second
order sufficient optimality conditions and further tackle the 2-norm discrepancy in the
LP — L? pair. The discretization of the PDE uses a finite element method.

There are some possible extensions of this work. The first could be boundary control.
The second is where the surface tension coefficient K € R"*" in the operator

acts as an optimal control, and the right-hand-side u acts as a driving force. This would
be especially applicable to material science, where the presence of colloidal particles
on a surface, or interface, can modulate surface tension.

Acknowledgements H.A. acknowledges the support by the NSF-DMS-1521590 and S.W.W. acknowl-
edges the support by the NSF-DMS-1418994.
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