SUPPLEMENTARY MATERIALS: THE
HELLAN-HERRMANN-JOHNSON METHOD WITH CURVED
ELEMENTS*

DOUGLAS N. ARNOLD? AND SHAWN W. WALKER?

For the convenience of the reader, we collect several basic results that are useful
to the main paper.

SM1. Proof of Proposition 2.1. Using (2.8), we may estimate the skeleton
term in (2.12) by

hllolize,y < D klollZzory < Cs Y lolfeery + RVl Zeer)
(SML.1) TET, TET,

< Cs (0l + B2 IVl )

which gives the result.

SM2. Background of curved finite elements. We review the theory in
[SM5].

SM2.1. Parametric elements. Let P;(D) = P;(D;R) be the space of polyno-
mials of degree < [ on the generic domain D (for I > 0), and let T’ be the reference
unit triangle. We introduce the set of Lagrange nodal variables (points) Nj(T) = Nj
on T that correspond to P;(T) = P, with associated (point evaluation) Lagrange

interpolation operator Z;. Thus, the reference finite element is the triple (T,JVI, 731)

Let Ar : T — T be an affine map that generates a straight triangle T € 77}, with
polynomial space P! = P}(T"), corresponding finite element triple (7, N}!, P}), and
Lagrange interpolation operator I}. Let T™ = F7(T') be a curved triangle, where
[P (T)]2 2 FEr : TY — T™ is a regular invertible mapping (and m > 1). This induces
a mapped polynomial space

(SM2.1) Pt =P(I™) = {po (Ff")~" | pe P},

with mapped nodal set given by Nf™ = N/™(T™) = {F}*(a) | a € N}'}. Hence, the
“parametric” finite element is the triple (T, N;™, P;"), with Lagrange interpolation
operator given by Ilm(f) o Ffr = fll(f o FJ).

In general, there is no relation between | and m. Typically, [ = m refers to the
iso-parametric case. We use the notation F'2° = Fr to indicate a general non-linear
map (not necessarily a polynomial) that maps 7" to a triangle T € 7, , and the same
considerations above apply to this case as well.

Note that m = 1 indicates linear (straight) triangles and there are well-known
procedures for generating a conforming, shape regular triangulation, consisting of lin-
ear triangles, that approximates a smooth domain. Generating higher order triangles,
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SM2 D. N. ARNOLD AND S. W. WALKER

T™, that approximate the domain better than linears, requires an “optimal” map F7*
which is defined by the procedure in [SM5]. The next section highlights the properties
of these maps.

SM2.2. Approximation of Q by Q™. The following results [SM5, Lemma 5,
Propositions 2, 3] give estimates on how well Q™ approximates Q. Let ®%' : T™ — T,
for each T € 7,, and note that ¥1. = F..

PROPOSITION SM2.1 (Forward Map). Let 1 < m < k. The map W} satisfies
the following properties:
1. There exist constants by > 0, independent of h, such that

(SM2.2)  [[V*((PF —idgm) o Ff® 0 A7) ooy < bsh™ T, ¥ s <m 4 1.
2. There exist constants vs > 0, independent of h, such that
(SM2.3) [V (R — idgm)|[poeo(rm) < ¥sh™ T 75, Vs <m+1.

3. WM s a C™ L diffeomorphism: T™ — T.
4. There exists v > 0, independent of h, such that

PROPOSITION SM2.2 (Inverse Map). Let1 < m < k. The inverse map (¥#)~1:
T — T™ satisfies the following properties:
1. There exist constants ps > 0, independent of h, such that

(SM2.5) V() —idr)| ooy < psh™ 7%, Vs <m+ 1.
2. There exists p > 0, independent of h, such that
(SM2.6) | det(V (¥) ™) = 1l ooy < ph™.

SM2.3. Proof of Theorem 3.2. We break the result up into Theorem SM2.3,
Corollary SM2.4, and Corollary SM2.5.
THEOREM SM2.3. The map ®4" = F o (FL)™L, given in (3.1), satisfies a vari-
ant of (SM2.3) and (SM2.5), i.e.,
Ve (@4 —id w(pty < ChIFLI=S,
. IV =il < CH
V(7)™ —idpm) || pee (m)y < CRTT77,
for 0 < s <Il+1, where C only depends on T.
Proof. By the triangle inequality and (SM2.3),
(SM2.8)
[V (R — idgi) || oo 1ty < IVH(RF — W) poc () + |V (¥ — idgt) || e (1)
< [|V* [(®h o (@) 7! —idgm) 0 BY"] || poo g1y + ORI
<|IV* [(®F —idrm) 0 ®F] || Lo gty + ORI,
where we used that Wh.o(®47)~! = Fo(FL) 1oFlo(F)~! = Fro(F) ™t = ¥,
Next, let Fl.:= FLo Ap: T — T! (for all I < m) and note that

(SM2.9) [V F¢ |l o= (1) S IVEL] poo 3y |(VAT) 7 oo 7y < CLhCah™! < 7,
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where we used [SM5, Thm. 1] on VFL (because F is an optimal map), Ar is the
standard affine map, and C’ > 0 is a uniform constant only depending on I'. From
this, we get

VeI = V[F o (Fp) ') = (VEF)(VFR) o (Fp) ™

(SM210) lm m I\—1 ’
IV @ e 1) < IV R e i) [(TFR) ey < .
Therefore,
IV [(®F —idgm) 0 @F] || (1)
(SM2.11)

<O V(W — idgm)|| oo 2 [V R | oo (1) < CRIT,

Jj=1

for 0 < s <1+ 1, where we used the product rule, (SM2.3), (SM2.10), and many
inverse estimates. Combining with (SM2.8) gives the first estimate in (SM2.7); the
other estimate follws similarly. ]

COROLLARY SM2.4. The maps Fi*, FL satisfy
(SM2.12) |V*(Ff —idg1)||pee (1) < CR*™%, for s=0,1,2,
' IV*(FF* = Fp)|[poery < CRTI75 for 0<s <1+1,

and
(SM2.13) 1-Ch < ||[VFL ey <1+ Ch, |[VEL ™ =1 pe() < Ch,

where C' only depends on T.

Proof. The first estimate in (SM2.12) follows from (SM2.7) with [ = 1, and also
implies that

(SM2.14) IVEF! | Lo (1) < Cs, for s =0,1,2,

where Cy = C; = O(1), and Cy > 0 depends on the curvature of I'. In particular,
this implies that [|[VF']7!|| e (1) = O(1), which gives

IV F] ™ =Tl poe ity < N[VF) ™ poo o) [T = [VE | oo 1)
< C||V(F" —idg1)||pee (1) < Ch,

using the first estimate in (SM2.12). This proves (SM2.13). Then,

IV* (P = Fp)ll oy = V(87 — idgi) 0 Frl g (1)

(SM2.15)

SM2.16 - , , . s

BMZIO < 03 99 @1 i)l (o) V7 B ey < ORI,
j=1

for 0 < s <1+ 1, where we used the product rule, (SM2.7), (SM2.14), and many

inverse estimates. a

COROLLARY SM2.5. The map ®'™ satisfies the following identities:
[®'"™ —idp] o F' = F™ — F',
(SM2.17) [V(®@'™ —idp)] o F' = V(F™ — F') + O(h't1),
[V2(®'"™ —idpi) - ey] o F' = V2(F™ — F') - e, + O(h!),

for v = 1,2, where the constants depend on T € C*¥*1, and | < m < k.
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Proof. We start by noting that ®'™ — idp = (F™ — F!) o (F!)~1, and so
V(" —idp) = ([V(F™ — F)|[VF'] ) o (F)™,
(SM2.18) V(@' —idg) = ([VX(F™ — FY] : [[VF ' @ [VF™]) o (F))~!
~(VE"—F) [[VF| T [VFVF] ] [VE] o (F) 7
and so
V('™ —idg)] o F! = [V (F™ — F')|[VF]!
(SM2.19) =[V(F" - FH{[VF| ' -1} +V(F" - F)
< V(F™—F" + Chi*t,
where we used (SM2.12) and (SM2.13). Next, we have
V2@ —idp) -e,]o F' = [VF T[V2(F™ — F').e,|[VF'™!
(SM2.20) —(V(F™ —F' e, [[VF ] TIV?F'|[VF 7] [VF']™!
< V(F™ ~FY-e, +CH,
where we add/subtract the identity matrix and use (SM2.12)—(SM2.14). ad

SM2.4. Proof of Proposition 3.3.

Proof. W.L.O.G., assume m > [. From [SM5, Prop. 4], [|[v||gs(m) = [|0] g (1)
for s > 0. More specifically, [|Vvl|pz2(7;m) & [|[V0]|2(71) and

V20l 2y < € (19201l 2y + B H IVl gy ) -
Applying a change of variables to the jump term in (2.10) gives
(SM2.21) [m- Vol |2y < CRHIVO| p2gery + | [ - Vo |l paer )

where we emphasize that we cannot put a jump in the first term on the right-hand-
side because different Jacobians appear on either side of the edge. Next, we have the
following scaling estimate (see (2.8))

(SM2.22) IVl o1y < Co (A IV 030y + BIVZ0lZarn )

which leads to

(SM2.23)
W2 [ Vol || 2y < Clhl‘1||V@||L2(T}f) + Clhl||V213||L2(T}f) +h7 Y2 [ - Vi lL2er)s

and implies [|v||2,h,m < Co2([|0]l2,n,0+h "IV D] 12(q1)), giving the upper bound in (3.5)
and (3.6). Combining with the Poincaré inequality in (2.14), shows the upper bound
in (3.6); the lower bound follows similarly.

For ||v||o,h,m, the argument is simpler because there are no jump terms. 0

SM3. Mesh-dependent approximation results for curved Lagrange fi-
nite elements.
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SM3.1. Scaling results.

LEMMA SM3.1. Assume 1 < m < k (or m = o). There is a constant C > 0,
independent of h and m, such that
(SM3.1) vl Laarmy < Chl/q_Q/pHUHLp(T?n), for any 1 < q,p < oo,

for all b :=wvo Ff* € P.(T"), where r > 0.

COROLLARY SM3.2. Assumel < m <k (orm = oc0). There is a constant C > 0,
independent of h and m, such that
(SM3.2) Vol Laarmy < Chl/q_z/”HVi}HLp(Tm), forany 1< q,p < oo,

for all o :=vo Ff € Pryq1(T"), where r > 0.
The following mesh-dependent results essentially come from [SM1] (when m = 1).
LEMMA SM3.3. Assume 1 < m < k (or m = oc). There is a constant C > 0,
independent of h and m, such that
(SM3.3) llvllo,n < Cllvllz2@my,  for all v € Wy,

where || - ||o,n is given in (2.12).

Proof. Combining Proposition 2.1 with an inverse inequality gives the assertion.O

LEMMA SM3.4. Assume 1 < m < k (or m = o0). There is a constant C > 0,
independent of h and m, such that
(SM3.4) [vll2,n < Ch™H|v|| 1 (amy,  for allv € W

SM3.2. Approximation results. The following approximation results follow
from [SM1] when m = 1.

LEMMA SM3.5. Suppose v € WHP(Q™), for p > 1 and t > 2 is an integer. Then,
(SM3.5) 1V (v _I;an)HL‘I(E{ln) < Ohlferl/Q*Z/PJrZmin(O,l/P*l/Q)||UHW1’p(Qm)’
where s = 0,1, 1 <1 < min(r+2,t), for all h, and C > 0 is an independent constant,
and 1 < ¢ < oo is such that WP (T) — W*4(9T).

LEMMA SM3.6. Assume the hypothesis of Lemma SM3.5. Then,

(SM3.6)
IV° (v = Z5"0) | a(amy < CRI=*F2/a=2/pr2minOUp=1/D |y |y ),

0h < C'hl||v||Hz(Qm)7 forv e H(Q™) n WhHP(Q™),

lo = Zi ol 2 @my < llv = T3]

where s = 0,1, 1 <1 < min(r+2,t), for all h, C > 0 is an independent constant, and
1 < q < oo is such that W'P(T) — W*4(T).

LEMMA SM3.7. Assume the hypothesis of Lemma SM3.5. Then,

(SM3.7)
1/q
Z |’U _ I}TUHI/VZA(TWL) < Chl*2+2/q*2/p+2mi“(o’l/”*l/q)||v||Wz,p(Qm),
TWLEZ:YL

v—1"
h

2.0 < OB 722 0l my,
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where 2 < | < min(r 4+ 2,t), for all h, C > 0 is an independent constant, and
1 < q < oo is such that W'P(T) — W24(T).

Proof. The first inequality is standard. The second follows by recalling the defi-
nition (2.10) and combining the first inequality and (SM3.5) with ¢ = 2. 0

SM4. Approximation results for curved HHJ finite elements. We make
note of some standard transformation rules for covariant and contravariant quanti-
ties, since they are critical for analyzing the geometric error when comparing similar
quantities on different domains, e.g., Q™ and Q! with m # [.

We use a “hat” notation to indicate a function defined on 7. Recall the following
transformation rules for covariant (contravariant) vectors and tensors:

(covariant) v o Fi(w) = (BF)~ T,
(contravariant) v o Fp'(a) = B7'0,

(SM4.1)

where BT := VF}'.
We also note the following transformation rules for normal and tangent vectors
on T

Bt

SM4.2 noF" = —.
— ' By

(B~ Th
T toF[" =
(BT

SM4.1. The reference HHJ element. Recall (4.1) and let
Vi = Vi (T) := Po(TS) € My (T),

be a conforming finite element space on the element T € T;! with nodal Degrees-of-
Freedom (DoF's) given by

o |[EY | nTengds, Vi e P.(EY), VE' € 9T,

(SM4.3) Er

. / @ :ndS, Viy € P,_1(Th;S),
Tl

i.e., @ € V)l is uniquely defined by (SM4.3) [SM6].

SM4.2. Matrix Piola transform. We now recall Definition 4.2 of the matrix
Piola transform, and verify a key elementary property, which shows that it preserves
normal-normal continuity. Given an orientation-preserving diffeomorphism F': D —
D, and a tensor field ¢ : D — R?, we define ¢ : D — R? by

(%) = (det B)’B ' p(x)B~",

where x = F(x), and B = B(x) = VF(x). Also, denote by t,n : 9D — R?
the positively-oriented unit tangent vector and the outward unit normal vector, and
similarly for ¢,72 on 9D. Then the normal-normal component of ¢ transforms as
follows:

(SM4.4) (AT pn)|Bt| 2 = (nTpn)o F.
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To see this, note that t = |[Bt|"'Bt andn = |B~"n|"'B~Tn = (det B)|Bt|~"'B T,
where we have used the elementary identity (det B)|B~Tn| = |Bt|, whenever B is
a 2 X 2 matrix with positive determinant and ¢, n are orthonormal. Thus i =
(det B)~'|Bt|BTn. Substituting this expression and the definition of ¢ into the
left-hand size of (SM4.4) gives the result.

Note that the term Bt in (SM4.4) is continuous across inter-element boundaries.
Indeed, for ™", we have

(SM4.5) "o B = (nTpn) o B = | Bt ~2o™.

Hence, one can map basis functions on the reference element to basis functions on the
physical element using (4.2) and maintain normal-normal continuity. Furthermore, if
Fis a general affine map (m = 1), with E = F(E"), then |Bt| = |E|/|E"|, so (SM4.4)
implies that

(SM4.6)

|E| / (nTpn)qds = |E'| | (nTpn)jds, V§e P.(E'), and all edges E' in 9T,
E El

i.e., the edge DoF's are scaled when mapped.

We close with a norm equivalence implied by Lemma SM3.3:

2

56 < Co D 19 l5n < CCollplTaamy, Vo € Vi,
a,B=1

(SM4.7) P

so [l¢llon = [l for all ¢ € V™. By the same arguments in the proof of
Proposition 3.3, we have that

(SM4.8) @llonm = [|@lloni, for all ¢ € HY(Q™;S),

using the Piola transform involving ® taken from Proposition 3.3.

SM4.3. Approximation results of the HHJ interpolation operator. The
operator IT}" enjoys the following approximation properties [SM4].

LEMMA SM4.1. Suppose ¢ € WHP(Q™:S), for p > 1 and t > 1 is an integer.
Then,
(SM49) ||(P — quﬂpHLq(g}zn) S Ohl+1/Q*2/p+2 min(0,1/p—1/q) H4P||W17P(Qm)7
where 1 < I < min(r + 1,¢), for all h, and C > 0 is an independent constant, and
1 < ¢ < oo is such that WYP(T) — L9(9T).

The following is a modification of [SM4, Lem. 4].

LEMMA SM4.2. For2>p>1 andt>1 is an integer, there holds

IR @l am m) < Cllelmm my,  for all ¢ € M (Q™),

(SM4.10) I — ol pa(am) < CRIF2A/am1/PF2min1/p=1/9) ||| 1y,
e — Tl L2(@my < Il — T llon < CRH 2P|l @y,
for all € M, (Q™)NWP(Q™), where @l g @my) = @I 0 (qmy+2gm IV N0 (7m):

1 <1< min(r+ 1,t), for all h, C > 0 is an independent constant, and 1 < g < oo is
such that WHP(T) — L9(T).
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We have the following scaling result.
LEMMA SM4.3. There is a constant C > 0, independent of h and m, such that
(SM4.11)
In"on| Leorm) < lellz@rm) < Chl/q_Q/p||<P||Lp(Tm), for any 1 < q,p < oo,
for all ¢ := (det B7)?(B)~Y (@ o ER)(BE)~T € P.(TY;S), where r > 0.
SM5. Discrete inf-sup condition. We recall [SM2, Lem. 5.1].
LEMMA SMb5.1. Assume the domain §2 is piecewise linear, i.e., m = 1. Then,

b}, (0,0) |
0,h,1

(SM5.1) sup > Collvllzny, Yve Wy, Vh>0,

ool el

holds for any degree r > 0, where Cy > 0 is independent of h.

SM6. Proof of Theorem 5.3. In lieu of Remark 4.7, we let ||-[||,, denote any
norm on W}, for which the inf-sup condition holds.
Step 1. First, form the usual “error equations”:

(SM6.1) a(o —on, o)+ by (@h,w—wp) + by, (60— op,v,) =0,

for all (v, n) € Wy x V. By the standard theory of mixed methods, one obtains
the following abstract convergence result as a special case of [SM3, Thm. 5.2.1]:

la (6 — n,wp) + by, (wh, w —vp,) |

1
lon — enllo, < — sup
(8]

0 whEVh |wn |0,h,
(SM6.2) »
_|_i <AO> sup |bh (O'—SDh,Zh)‘
Bo \ o 2n €W |||Zh|||h
1/2 B B
|||’LUh - vh”'h S g 1 + A? 3 sup |a (0' (ph’wh) + bh (whaw ’Uh) |
(SM6.3) Po 040/ wh€Vh lwn llo,n
C3 Ao by, (0 — @n, 2n) |
B) sup s
BO zn €Wp |||Zh|Hh

for all vy, € Wi, n € V3. Next, set vy, = Z,w, ¢p =11, 0.
Step 2. Let l; := min(r + 1,¢ — 2) and lp := min(r + 2,¢). If |-, = || -
(4.21), (4.31) and the interpolation estimates (SM3.7), (SM4.10) imply

|2,h7

lon—1,ollon + lwn — Zywll2.n < Cllo —,oon

(SM6.4) +COV(w = w2y + ChlIV(w — Zyw) |27, ,)
<c <hzl+172/p||UHWllﬂp(Q) I hl2*2/p||w|\W12,p(Q)> ,

where C' > 0 is an independent constant.
Therefore, by the triangle inequality,

(5M65) o~ onllon < C (BT 2P oty + A ey )

( ) ||w _ wh||2,h <C (hl1+1—2/1”Ha-||WL1,p(Q))
SM6.6
+ Cmin { B2 w0l 2oy §
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for some independent constant C' > 0.
Step 3. If ||, = |-[m1(q), (4.21), (4.31) and the interpolation estimates (SM3.7),
(SM4.10) imply

lon —Hpollon + IV(wn — Zyw) |2 < Cllo — 1,0

0,h
(SM6.7) +C <||V(w —Lyw)|lrz2 o) + h| V2 (w — Ihw)”Lz(Tayh))
< Ch 2o [y () + CRE =P wllwiz o).
Therefore, by the triangle inequality,
(SM6.8)
o —onllon + IV(w—wh)lr2@) < C (hll+172/p||0||wllvp(m + hlrQ/prHlem(Q)) ;

for some independent constant C' > 0.

Step 4. We use a duality argument to get a better estimate for ||V (w—wp)||z2 (),
in the low regularity case and when » = 0. Let d € H~1(Q), and let T € V, pe W
solve (2.17) with f replaced by d, i.e.,

(SM69) a (‘PvT) + bh (T’U) + bh (807/)) - <d,1)> ) V((P, U) eV xW
Then, ||[7{lw1r@) + lpllwsr) < Clldlg-1(q). Next, set ¢ =0 —op, v =w — w:
(SM6.10) —(d,w—wp) =a(oc—op,T)+b, (T, w—wp)+b, (6 —0n,p).
Next, combine with (SM6.1):

—{d,w—wp) =a(oc—op,T— +b, (T — pp,w —w
(SM6.11) ( n) =a( W T = $n) + by, (T — pn h)
+ bh (O’ —On,p— Uh) , V(goh,vh) e Vi x Wy,
Now set v, = Z;,p, n = 11, T:
iz @0l <l T T Iy T )
+ by (& —on,p = Iyp)|-

Let us estimate the terms involving b, (-, ). First, adding and subtracting 7, w:

(SM6.13)
by, (T — T, 7w — wy) | < [by, (T — T, 7w — Tyw)| + [by, (7 — 1L, 7, Tyw — wy)|
< by, (7, w — Zw)|
< {d,w — Tyw)|
+COL, 7| 2 (ay) <||V(w — Tw)ll L2y + bV (w — Ihw)HLz(Ta,h)> ,
+ Cllm = I, 7 | 5o (@) IV (Zpw — wa) [ 22(0y).

where we used (SM6.9) (for 7) and (4.21). Interpolation estimates, for r = 0 and
minimal regularity, and (SM6.7) give

(SM6.14)
by, (7 = 1,7, w —wp) | < Clld||g-1(0) (HV(w — Tyw)llz2 o) + AV (w *Ihw)HLZ(TB,h))

+ Cll7 = Wl 5o @) IV (Zhw — wn) || L2ay)

2-2/ 2
<0 et (1#722)] Il o1l
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For the next term, we use (2.17) (for o) and (4.21):

(SM6.15)
by, (0 — an,p—Typ)| < |by, (0,0 — Lyp)| + b, (Tn, p — Lp,p)]
<f,p—Typp)l

+Cllanllzz@y) (190 = o)y + IV (0 = Tup)leacr, ) ) -

Again, interpolation estimates, for r = 0 and minimal regularity give

by (@ = 0 = Tup)l < Clf Nl IV (0 = Tup)lz2(0)
(SM6.16) + IV =~ Tup)llaacr, ) |
< Ch|[flla-1@)lldll -1 ()-
Step 5. Lastly, for » = 0 and minimal regularity, we have

la (o —on, 7 —I,7)| < Cllo = onllL2o)llT — 7l 20

(SM6.17) - -
< On=0 (W72 111 | -1 0

where we used (SM6.5). Therefore,

dow —
[V (w—wp)|lr2@) <C  sup {d, w — wn)

(SM6.18) aer-i(0) ldlg-1@)
< Cmax (h, h474/p) 1f1l-10)-
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