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SEMI-DISCRETE ERROR ESTIMATES AND IMPLEMENTATION
OF A MIXED METHOD FOR THE STEFAN PROBLEM ∗

Ch.B. Davis
1

and Sh.W. Walker
2

Abstract. We analyze a dual formulation and finite element method for simulating the Stefan problem
with surface tension (originally presented in [C.B. Davis and S.W. Walker, Int. Free Bound. 17 (2015)
427–464]). The method uses a mixed form of the heat equation in the solid and liquid (bulk) domains,
and imposes a weak formulation of the interface motion law (on the solid-liquid interface) as a constraint.
The computational method uses a conforming mesh approach to accurately capture the jump conditions
across the interface. Preliminary error estimates are derived, under reduced regularity assumptions, for
the difference between the time semi-discrete solution and the fully discrete solution over one time
step. Moreover, details of the implementation are discussed including mesh generation issues. Several
simulations of interface growth (in two dimensions) are presented to illustrate the method.
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1. Introduction

The Stefan problem describes a solidifying (or melting) interface and is a classic problem in phase transitions.
It consists of time-dependent heat diffusion in the solid and liquid phases, with surface tension effects at the
interface modeled by the Gibbs-Thomson relation with kinetic undercooling [44,45,61]. Derivation of the model
can be found in [32]. Applications range from modeling the freezing (or melting) of water to the solidification of
crystals from a melt and dendritic growth [17,33,39,53,54,60]. The mathematical theory of the Stefan problem
can be found in [14, 27, 37, 41, 47–50] as well as for the related Mullins-Sekerka problem [20,23, 26, 42, 51].

Many numerical schemes have been proposed to simulate the Stefan problem, such as phase-field meth-
ods [7, 36, 57] and level set methods [13, 25, 46, 56]. The method we present uses a parametric approach where
the interface parametrization conforms to a surrounding bulk mesh. Other parametric methods for the Stefan
problem have also been given [2, 5, 35, 36, 52–55].

Our paper presents a mixed formulation of the Stefan problem, including the bulk heat equations [9], i.e.
the problem is formulated in a saddle-point framework, where the heat equation is in mixed form, and the
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interface motion law appears as a constraint in the system of equations with a balancing Lagrange multiplier
that represents the interface temperature. Our work recently appeared in [16], where we showed that our
method satisfies an a priori energy bound for the time semi-discrete and fully discrete cases. It also satisfies a
conservation law for the thermal energy.

In our method, the interface is represented by a surface triangulation that conforms to the bulk mesh and
deforms with the interface. Thus, we must do occasional re-meshing with the method in [64]. We emphasize
that we do not need to compute the intersection of meshes at adjacent time steps to transfer solution variables
from one mesh to the next (e.g. for computing L2 projections from one mesh to another). This is facilitated by
a special ALE (Arbitrary-Lagrangian−Eulerian) mapping procedure (see Sect. 4.1.3).

The purpose of the current paper is to give more details on the implementation of the method in [16], as well
as derive preliminary (semi-discrete) error estimates between the time semi-discrete and fully discrete solutions
over one time step. We discuss the difficulties in obtaining a full error analysis at the beginning of Section 6.
A noteworthy aspect of the error analysis is that the interface geometry does not have to be smooth and the
solution variables may have low regularity.

In Section 2, we describe the governing equations. Section 3 gives basic background information. Section 4
describes our weak formulation for the time semi-discrete Stefan problem and explains how the interface motion
is handled. We then do the same for the fully-discrete formulation (Sect. 5). Preliminary semi-discrete error
estimates and regularity assumptions are described in Section 6. Details on the implementation of the method
are given in Section 7 with numerical simulations in Section 8.

2. Model for the Stefan problem with surface tension

The particular mathematical model we consider can be found in [6, 16, 32]. In this section, we present the
strong form of the Stefan problem in non-dimensional form.

2.1. Notation

Let Ω be a fixed domain in Rd (for d = 2, 3), with outer boundary ∂Ω, that contains two phases, liquid (Ωl)
and solid (Ωs), i.e. Ω = int(Ωl∪Ωs) and Ωl∩Ωs = ∅ (see Fig. 1). Furthermore, ∂Ω partitions as ∂Ω = ∂DΩ∪∂NΩ
such that ∂DΩ ∩ ∂NΩ = ∅ and |∂DΩ| > 0.

The solid-liquid interface is denoted Γ = Ωl ∩ Ωs (a closed surface). The domains Ωl, Ωs, and Γ are time-
dependent, and we assume that Γ (t) ⊂ Ω for all t. For convenience in writing the strong form of the Stefan
problem (Sect. 2.2), we assume Γ (t) is smooth and let X(t) denote a parametrization of Γ (t):

X(·, t) : M → Rd, where M ⊂ Rd is a given reference manifold, (2.1)

i.e. Γ (t) = X(M, t). Furthermore, we introduce fixed reference domains Ω̂l, Ω̂s for the liquid and solid domains

such that Ω = int(Ω̂l ∪ Ω̂s) and M = Ω̂l ∩ Ω̂s. We can extend X to all of Ω and such that Ωl(t) = X(Ω̂l, t) and
Ωs(t) = X(Ω̂s, t). This is useful later when specifying the function spaces.

The surface Γ has a unit normal vector ν that is assumed to point into Ωl (see Fig. 1). For quantities q in
Ωl (Ωs), we append a subscript: ql (qs). The symbol κ represents the summed curvature of the interface Γ (sum
of the principle curvatures), and we assume the convention that κ is positive when Ωs is convex.

Table 1 summarizes the notation we use for the physical domain and the physical variables (e.g. temperature,
etc.). The non-dimensional parameters we use in the simulations are given in Table 2.
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Figure 1. Left: Domains in the Stefan problem. The entire “box” is Ω = int(Ωl∪Ωs) (contain-
ing two phases Ωl, Ωs) with Dirichlet boundary ∂DΩ denoted by the dashed line. A Neumann
condition is applied on the remaining sides ∂NΩ. The interface between the phases is Γ = Ωl∩Ωs

with unit normal vector ν pointing into Ωl. Right: Simulation using the method developed in
this paper (isotropic surface tension). Several time-lapses are shown to illustrate the evolution
with initial interface having a “star” shape. See Section 8 for more simulations.

Table 1. General notation and symbols.

Symbol Name Units
Ω, Ωl, Ωs Bulk Domains: Entire, Liquid, Solid –

∂Ω Boundary of Ω –

∂DΩ, ∂NΩ Partition of ∂Ω = ∂DΩ ∪ ∂NΩ –
Γ Interface between Ωl and Ωs phases –

X, V Interface (Γ ) Parametrization and Velocity m, m s−1

ul, us Temperature in Ωl and Ωs K (deg. Kelvin)
fl, fs Heat sources in Ωl and Ωs J m−3 s−1

∇Γ , ΔΓ Surface Gradient and Laplace-Beltrami Operator m−1, m−2

ν Unit Normal Vector of Γ –
∇Γ X := I− ν ⊗ ν Projection onto Tangent Space of Γ –
κ, κν := −ΔΓ X Summed Curvature and Curvature Vector of Γ m−1

Table 2. Nondimensional parameters.

Symbol Name Value

Ŝ Entropy coefficient 2

β̂0 Mobility coefficient 0.01

β̂ Mobility function –

K̂l Liquid conductivity 1

K̂s Solid conductivity 1
α̂ Surface tension coefficient 0.0005
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2.2. Non-dimensional strong form

The Stefan problem is as follows. Find u : Ω × [0, T ] → R and interface Γ (t) ⊂ Ω for all t ∈ (0, T ], such that
u|Ωl = ul, u|Ωs = us, and the following bulk conditions hold:

∂tul − K̂lΔul = fl, in Ωl(t),

∂tus − K̂sΔus = fs, in Ωs(t),
νΩ · ∇u = 0, on ∂NΩ,

u = uD, on ∂DΩ,

u(·, 0) = u0, in Ω, (2.2)

where u0 is the initial temperature, and the following interface conditions hold:

ul − us = 0, on Γ (t),

ν · (K̂l∇ul − K̂s∇us) + Ŝ ∂tX · ν = 0, on Γ (t),
1

β̂(ν)
∂tX · ν + α̂κ+ Ŝ u = 0, on Γ (t),

X(·, 0) − X0(·) = 0, on M,

Γ (0) = Γ0, in Ω, (2.3)

where Γ0 is the initial interface (parameterized by X0) and X(·, t) parameterizes Γ (t). Note that u = T − TM,
where T is the temperature in degrees Kelvin and TM is the melting temperature at the interface Γ , and that u
is continuous across the interface. We assume throughout the paper that the non-dimensional coefficients satisfy

∞ > K̂l, K̂s, α̂, Ŝ > 0, ∞ ≥ β̂(ν) ≥ β̂− > 0, where β̂− is a constant.

3. Preliminaries

3.1. Function spaces

Since the domain and interface deform in time, we define the function spaces using a reference domain [6].
For simplicity, we shall assume that ∂Ω ∩ ∂Ωl = ∂Ω (see Fig. 1); thus, Ωs ⊂ Ω. We use standard notation for
denoting Sobolev spaces [1, 58], e.g. L2(Ω) is the space of square integrable functions on Ω. For any vector-
valued function η, if we write η ∈ L2(Ω), we mean each component of η is in L2(Ω). Continuing, we have
H1(Ω) = {u ∈ L2(Ω) : ∇u ∈ L2(Ω)} and H(div, Ω) = {η ∈ L2(Ω) : ∇ · η ∈ L2(Ω)}. The norms on these
spaces are defined in the obvious way, i.e. ‖u‖2

L2(Ω) =
∫

Ω
|u|2, ‖u‖2

H1(Ω) = ‖u‖2
L2(Ω) +‖∇u‖2

L2(Ω), ‖η‖2
H(div,Ω) =

‖η‖2
L2(Ω) + ‖∇ · η‖2

L2(Ω).
For a general function f : Ω → R, we denote its trace (or restriction) to a sub-domain Σ ⊂ Ω (of co-

dimension 1) by f |Σ. The trace of a function in H1(Ω) is well-defined; for a function in L2(Ω), the trace is not
well-defined. Moreover, the trace of all functions (on Σ ⊂ Ω) in H1(Ω) spans a Hilbert space, denoted H1/2(Σ),
which is a proper dense subspace of L2(Σ). Referring to ([8], p. 48), the norm for H1/2(∂Ω) is defined by

‖v‖H1/2(∂Ω) := inf
w∈H1(Ω)
w|∂Ω=v

‖w‖H1(Ω) = ‖v̄‖H1(Ω), (3.1)

where v̄ is the unique weak solution of −Δv̄+ v̄ = 0 in Ω, with v̄ = v on ∂Ω. We also have H−1/2(∂Ω), i.e. the
dual space of H1/2(∂Ω) with the dual norm,

‖
‖H−1/2(∂Ω) := sup
v∈H1/2(∂Ω)

〈
, v〉∂Ω

‖v‖H1/2(∂Ω)

, (3.2)

where 〈·, ·〉∂Ω denotes the duality pairing between H−1/2(∂Ω) and H1/2(∂Ω).
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It is well known ([28], Thm. 1.7, [8], Lem. 2.1.1) that η · ν|∂Ω is in H−1/2(∂Ω) for all η in H(div, Ω) (νΩ is
the unit normal vector on ∂Ω). In fact, by ([28], (1.44)), we have that

‖η · ν‖H−1/2(∂Ω) ≤ ‖η‖H(div,Ω), for all η ∈ H(div, Ω). (3.3)

With this, one can show that ‖v‖H1/2(∂Ω) has a dual norm realization.

Proposition 3.1.

‖v‖H1/2(∂Ω) = sup
η∈H(div,Ω)

〈η · ν, v〉∂Ω

‖η‖H(div,Ω)
·

Enforcing boundary conditions requires the trace. To this end, let H1
0,D(Ω) = {u ∈ H1(Ω) : u|∂DΩ = 0}. On

the reference domains Ω̂l and Ω̂s, we introduce:

V = H(div, Ω), V(g) = {η ∈ V : 〈η · νΩ − g, q〉∂Ω = 0, ∀q ∈ H1
0,D(Ω)},

Vl = H(div, Ω̂l), Vl(g) = {η ∈ Vl : 〈η · νΩ − g, q〉∂Ω = 0, ∀q ∈ H1
0,D(Ω)},

Vs = H(div, Ω̂s), (3.4)

where g is in H−1/2(∂Ω) (see [8], Rem. 2.1.3). We also have the spaces

Q = L2(Ω), Ql = L2(Ω̂l), Qs = L2(Ω̂s). (3.5)

On the reference manifold M, we define [1]

M = H1/2(M,R), Y = H1(M,Rd), (3.6)

The norm for Y is ‖V‖2
H1(Γ ) =

∫
Γ |V|2 +

∫
Γ |∇Γ V|2 (see Sect. 3.2 for ∇Γ ).

We use the following abuse of notation, similar to [6]. We identify functions ηl in Vl with ηl ◦ X−1 defined
on Ωl(t) (recall Ωl(t) = X(Ω̂l, t)), and denote both functions simply as ηl; similar considerations are made for
functions ηs in Vs. Likewise, we identify V in Y with V ◦ X−1 defined on Γ (t), and denote both functions
as V; similar considerations are made for functions μ in M. Along these lines, we have Vl � H(div, Ωl),
Vs � H(div, Ωs), Ql � L2(Ωl), Qs � L2(Ωs), M � H1/2(Γ ), Y � H1(Γ ), provided the mapping X is not
degenerate.

For technical reasons, we need two versions of the H1/2(Γ ) norm related to Ωl and Ωs. Define

‖v‖
H

1/2
l (Γ )

:= sup
ηl∈Vl(0)

〈ηl · ν, v〉Γ
‖ηl‖H(div,Ωl)

, ‖v‖
H

1/2
s (Γ )

:= sup
ηs∈Vs

〈ηs · ν, v〉Γ
‖ηs‖H(div,Ωs)

(3.7)

Basically, these norms are related to the “side” of Γ on which we take the trace. We also define the H1/2 and
H−1/2 norm on Γ by

‖v‖H1/2(Γ ) :=
1
2

(
‖v‖

H
1/2
l (Γ )

+ ‖v‖
H

1/2
s (Γ )

)
, ‖
‖H−1/2(Γ ) := sup

v∈H1/2(Γ )

〈
, v〉Γ
‖v‖H1/2(Γ )

, (3.8)

To conclude this section, we define the dual norm for H−1(Γ ):

‖
‖H−1(Γ ) := sup
v∈H1(Γ )

〈
, v〉Γ
‖v‖H1(Γ )

, (3.9)

where 〈
, v〉Γ is understood to be the duality pairing between H−1(Γ ) and H1(Γ ).
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3.2. Curvature

We review some differential geometry and surface derivatives [19,38,65]. Given a function ω : Γ → R, defined
on a smooth surface Γ , we can extend it to a tubular neighborhood [18, 65] that contains Γ and define the
tangential gradient (or surface gradient) as ∇Γω = ∇ω − [(ν · ∇)ω]ν. Given Y : Γ → R3, we have ∇Γ Y =
(∇ΓY1,∇ΓY2,∇ΓY3) (a 3× 3 matrix). Moreover, we have the tangential divergence ∇Γ ·Y := trace(∇ΓY) and
the Laplace-Beltrami operator: ΔΓω = ∇Γ · ∇Γω.

When Γ is a one-dimensional curve with oriented unit tangent vector τ , we have ∇Γ ≡ τ∂s and ΔΓ ≡ ∂2
s ,

where ∂s is the derivative with respect to arc-length. Therefore, taking X(·, t) to be a local parameterization of
Γ (t), the vector curvature κν of Γ (t) [19, 38, 65] is given by −ΔΓX = κν, where κ is the sum of the principle
curvatures.

In the rest of the paper, we take advantage of a weak formulation of the vector curvature [3, 21, 24, 67]. If Γ
is a closed C2 manifold, then the following integration by parts relation is true:∫

Γ

κν · Y =
∫

Γ

∇Γ X : ∇Γ Y, for all Y in Y, (3.10)

where ∇ΓX is a symmetric matrix that represents the projection operator onto the tangent space of Γ , i.e.
∇Γ X = I−ν ⊗ν. We use (3.10) in order to write the curvature term appearing in (2.3) in the weak form (4.6).

4. Time Semi-Discrete formulation

We now partition the time interval (0, T ) into subintervals of size Δt. We use a superscript i to denote a time
dependent quantity at time ti. Furthermore, let (·, ·)Σ denote the L2 inner product on the generic domain Σ.
For a general domain Σ, let 〈·, ·〉Σ denote the duality pairing on Σ between H−1/2(Σ) and H1/2(Σ) or between
H−1(Σ) and H1(Σ) (the context will make it clear).

4.1. Domain velocity

4.1.1. Map Γ i to Γ i+1

We introduce the interface velocity V := ∂tX as a new variable. Thus, we approximate the interface position
at time ti+1 by a backward Euler scheme:

Xi+1 = Xi +ΔtVi+1, where Vi+1 : Γ i → R3. (4.1)

Thus, knowing Vi+1 and Xi we can update the parametrization of the interface and obtain the interface Γ i+1

at ti+1. Note that Xi(·) ≡ idΓ i(·) (the identity map) on Γ i.

Remark 4.1. We shall assume throughout this paper that Vi+1 (for all i) is at least in W 1,∞(Γ i) in order for
the update (4.1) to make sense.

4.1.2. Map Ωi
l , Ω

i
s to Ωi+1

l , Ωi+1
s

Clearly, the bulk domains Ωl, Ωs follow the interface Γ . Given Vi+1 on Γ i, it can be extended to the entire
domain Ω by a harmonic extension [24, 67], i.e. if Vi+1

E denotes the extension, then

Vi+1
E ∈ H1(Ω) : −ΔVi+1

E = 0, in Ωi
l ∪Ωi

s, Vi+1
E = Vi+1, on Γ i, Vi+1

E = 0, on ∂Ω, (4.2)

In the following, we drop the E subscript and use Vi+1 to denote the extension. This induces a map Φi+1 :
Ωi → Ωi+1 for “updating” the domain:

Φi+1(x) = idΩi(x) +ΔtVi+1(x), for all x ∈ Ωi. (4.3)

See [30, 31] for similar constructions in an ALE (Arbitrary-Lagrangian−Eulerian) context.
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Note that Φi+1 is defined over both Ωi
l and Ωi

s, and Ωi+1
l := Φi+1(Ωi

l ), Ω
i+1
s := Φi+1(Ωi

s) conform to Γ i+1.
Similarly as for (4.1), we assume Vi+1 (on Ωi) is at least in W 1,∞(Ωi). Furthermore, we assume Φi+1 is a
bijective map and det([∇xΦi+1(x)]) > 0. We note the following properties satisfied by Φi+1 [34, 59].
• If y = Φi+1(x), then (∇yΦ

−1
i+1 ◦ Φi+1)(x) = [∇xΦi+1(x)]−1.

• If f : Ωi+1 → R, then
∫

Ωi+1 f(y) dy =
∫

Ωi f(Φi+1(x)) det([∇xΦi+1(x)]) dx.

We use the map Φi+1 to transform the functions ui+1
l , ui+1

s on Ωi to new functions on Ωi+1 in order to advance
the solution to the next time step (see (4.7)).

Remark 4.2 (Time step restriction). In order for (4.3) to remain bijective, Δt cannot be too large. In fact, it
depends on ‖∇Vi+1‖L∞(Ω) because det(∇Φi+1) depends on ∇Vi+1.

4.1.3. Time derivative: Eulerian vs. Lagrangian

Similar to (4.1), we use a backward Euler method to discretize the temperature time derivatives at each time
step:

(∂tul)i+1 ≈ ui+1
l − ui

l

Δt
, (∂tus)i+1 ≈ ui+1

s − ui
s

Δt
·

But, because the domain is changing, ui+1
j , ui

j (j = l, s) are defined on different domains (Ωi
j , Ω

i−1
j , respectively;

see next section). This means ui
j must be transferred to the new domain in order to compute the (discrete)

Eulerian time derivative. The transference can be accomplished by an L2 projection, for instance, but is not so
convenient for a numerical method.

Therefore, we make use of the material derivative [59]. Using the standard formula u̇j = ∂tuj + V · ∇uj, and

introducing the flux variables σl := −K̂l∇ul, σs := −K̂s∇us, we have u̇j = ∂tuj − K̂l

−1
V ·σj for j = l, s. Thus,

we adopt the following discretization of ∂tul and ∂tus:

(∂tuj)i+1 ≈
ui+1

j − ui
j ◦ Φ−1

i

Δt
+

1

K̂j

(
σi

j ·Vi
)
◦ Φ−1

i , for j = l, s. (4.4)

Note that we have treated the convective term explicitly, and (formally) taking Δt → 0 recovers the standard
material derivative formula. The advantage here is that computing ui

j ◦ Φ−1
i and

(
σi

j · Vi
)
◦ Φ−1

i (j = l, s), in
the fully discrete method, is straightforward (see (5.3) and the discussion in Sect. 5.1.1).

4.2. Weak formulation

We give the time semi-discrete weak formulation of (2.2), (2.3) which was originally presented in our previous
work [16]. Let uD(·, t) in H1

0,N (Ω) = {u ∈ H1(Ω) : u|∂NΩ = 0}. Next, suppose the input data fl(·, t), fs(·, t) in
H1(Ω), and initial data X(·, 0) = X0, us(·, 0) = us,0, ul(·, 0) = ul,0.

The derivation of (4.5), (4.6) follows by using the flux variables and multiplying by a test function and
integrating by parts on the current domain Ωi, Γ i, i.e. all L2 inner products and duality pairings are written
on the current domain. However, the solution variables are posed at the next time step ti+1 (i.e. a semi-implicit
method). Moreover, we apply (4.1) and (4.4) and set ui+1

D = uD(·, ti+1), f i+1
l = fl(·, ti+1), and f i+1

s = fs(·, ti+1)
(the details can be found in [16]). Thus, we arrive at the following. At time ti, find σi+1

l in Vi
l(0), σi+1

s in Vi
s,

Vi+1 in Yi, ui+1
l in Qi

l , u
i+1
s in Qi

s, λ
i+1 in Mi such that

1

K̂l

(σi+1
l ,ηl)Ωi

l
− (ui+1

l ,∇ · ηl)Ωi
l
− 〈ηl · νi, λi+1〉Γ i = −〈ηl · νΩ, u

i+1
D 〉∂Ω, for all ηl ∈ Vi

l(0),

−(∇ · σi+1
l , ql)Ωi

l
− 1
Δt

(ui+1
l , ql)Ωi

l
+

1
Δt

(ul
i, ql)Ωi

l
= −(f i+1

l , ql)Ωi
l
, for all ql ∈ Qi

l ,

1

K̂s

(σi+1
s ,ηs)Ωi

s
− (ui+1

s ,∇ · ηs)Ωi
s
+ 〈ηs · νi, λi+1〉Γ i = 0, for all ηs ∈ Vi

s,

−(∇ · σi+1
s , qs)Ωi

s
− 1
Δt

(ui+1
s , qs)Ωi

s
+

1
Δt

(us
i, qs)Ωi

s
= −(f i+1

s , qs)Ωi
s
, for all qs ∈ Qi

s, (4.5)
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(β̂−1(νi)Vi+1 · νi,Y · νi)Γ i +Δtα̂(∇Γ iVi+1,∇Γ iY)Γ i

+Ŝ(Y · νi, λi+1)Γ i = −α̂(∇Γ iXi,∇Γ iY)Γ i , for all Y ∈ Yi,

Ŝ(Vi+1 · νi, μ)Γ i − 〈σi+1
l · νi, μ〉Γ i + 〈σi+1

s · νi, μ〉Γ i = 0, for all μ ∈ Mi, (4.6)

where the function spaces are defined over the current (known) domain Ωi, Γ i. Then we use (4.1) to obtain
the new interface position, which induces a map Φi+1 : Ωi → Ωi+1. Because of (4.4), the temperature from the
previous time index, ui

j : Ωi−1
j → R, is mapped onto Ωi

j by

uj
i := ui

j ◦ Φ−1
i −Δt

1

K̂j

(
σi

j ·Vi
)
◦ Φ−1

i , for j = l, s. (4.7)

Iterating this procedure gives a time semi-discrete approximation of (2.2), (2.3).

Remark 4.3 (How to start the method). From (4.7), it is clear we need V0 to compute ul
0, us

0. However, we
start solving (4.5), (4.6) at i = 0, which only gives V1. Hence, we must do one of the following. (i) specify V0,
σ0

l , σ0
s ; (ii) set V0 = σ0

l = σ0
s = 0 (i.e. choose ul

0, us
0 directly); (iii) or apply (ii) with a small time step to

obtain an approximation of V0, σ0
l , σ0

s .

4.3. Abstract formulation

In order to simplify notation, we shall drop the time index notation and remember that we are solving for
all variables on the current known domain Ω ≡ Ωi, Γ ≡ Γ i with the current known normal vector ν ≡ νi. In
particular, we take

σi+1
l ≡ σl, σi+1

s ≡ σs, Vi+1 ≡ V, ui+1
l ≡ ul, ui+1

s ≡ us, λi+1 ≡ λ,

f i+1
l ≡ fl, f i+1

s ≡ fs, ui+1
D ≡ uD, ul

i ≡ ul, us
i ≡ us, Xi ≡ X, ∇Γ i ≡ ∇Γ .

4.3.1. Bilinear and Linear forms

The bilinear forms are defined as follows:

a((ηl,ηs,Y), (σl,σs,V)) =
1

K̂l

(ηl,σl)Ωl +
1

K̂s

(ηs,σs)Ωs

+ (β̂−1(ν)Y · ν,V · ν)Γ +Δtα̂(∇ΓY,∇Γ V)Γ , (4.8)

b((ηl,ηs,Y), (ql, qs, μ)) = − (∇ · ηl, ql)Ωl − (∇ · ηs, qs)Ωs

− 〈ηl · ν, μ〉Γ + 〈ηs · ν, μ〉Γ + Ŝ (Y · ν, μ)Γ , (4.9)

c((ql, qs, μ), (ul, us, λ)) =
1
Δt

(ql, ul)Ωl +
1
Δt

(qs, us)Ωs . (4.10)

The linear forms are given by

χ(ηl,ηs,Y) = −
(
〈ηl · νΩ, uD〉∂Ω + α̂(∇ΓX,∇ΓY)Γ

)
,

ψ(ql, qs, μ) = −
(

(fl, ql)Ωl + (fs, qs)Ωs +
1
Δt

(ul, ql)Ωl +
1
Δt

(us, qs)Ωs

)
. (4.11)
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4.3.2. Saddle-point formulation

Define the primal space by
Z = Vl(0) × Vs × Y, (4.12)

and the multiplier space by
T = Ql × Qs × M. (4.13)

Next, we define appropriate norms for Z and T. The norm on Z is given by

‖(ηl,ηs,Y)‖2
Z =

1

K̂l

‖ηl‖2
H(div,Ωl)

+
1

K̂s

‖ηs‖2
H(div,Ωs)

+ ‖β̂−1/2Y · ν‖2
L2(Γ )

+ ‖Y · ν‖2
H−1/2(Γ ) +Δtα̂‖∇ΓY‖2

L2(Γ ). (4.14)

The choice of ‖Y · ν‖2
H−1/2(Γ )

is to control the constant part of Y, which follows by:

Proposition 4.4. Let Γ be a Lipschitz or polyhedral manifold. Define:

|||Y|||2 = ‖Y · ν‖2
H−1/2(Γ ) + ‖∇ΓY‖2

L2(Γ ).

Then, |||Y||| ≈ ‖Y‖H1(Γ ), with constants that only depend on the domain.

Proof. See [16]. �

The norm on T is given by

‖(ql, qs, μ)‖2
T = ‖q̃l‖2

L2(Ωl)
+ ‖q̃s‖2

L2(Ωs)
+ ‖μ− q̂l‖2

H
1/2
l (Γ )

+ ‖μ− q̂s‖2

H
1/2
s (Γ )

+ Ŝ‖μν‖2
H−1(Γ ), (4.15)

where we introduced the mean value: q̂i := 1
|Ωi|
∫

Ωi
qi, and q̃i := qi − q̂i (for i = l, s). We also define the mean

value on Γ : μ̂ := 1
|Γ |
∫

Γ
μ, and μ̃ := μ− μ̂.

With the above notation, the formulation (4.5), (4.6) can be written as a saddle-point problem.

Variational formulation 4.5. Find (σl,σs,V) in Vl(0) × Vs × Y and (ul, us, λ) in Ql × Qs × M such that

a((ηl,ηs,Y), (σl,σs,V)) + b((ηl,ηs,Y), (ul, us, λ)) = χ(ηl,ηs,Y),
+ b((σl,σs,V), (ql, qs, μ)) − c((ql, qs, μ), (ul, us, λ)) = ψ(ql, qs, μ), (4.16)

for all (ηl,ηs,Y) in Vl(0) × Vs × Y, and (ql, qs, μ) in Ql × Qs × M. The temperatures ul, us are Lagrange
multipliers as well as the interface temperature λ.

The formulation (4.16) was shown to be well-posed, by verifying coercivity and inf-sup conditions [10, 12], in
our previous work [16] with the chosen norms (4.14), (4.15). Furthermore, we showed that the semi-discrete
system (4.5), (4.6) satisfies both an a priori stability bound in time and a conservation law [16].

5. Fully discrete formulation

5.1. Discretization

5.1.1. Formulation

Let νh denote the unit normal vector on Γh and ∂Ωh. We approximate the domains Ωi
l , Ω

i
s by three dimen-

sional triangulations Ωi
l,h, Ωi

s,h such that Γ i
h = Ωi

l,h ∩Ωi
s,h is an embedded polyhedral surface contained in the

faces of the mesh. A standard Galerkin approximation of equations (4.5), (4.6) follows by replacing the function
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spaces with finite dimensional approximations, i.e. find σi+1
l,h in Vi

l,h(0), σi+1
s,h in Vi

s,h, Vi+1
h in Yi

h, ui+1
l,h in Qi

l,h,
ui+1

s,h in Qi
s,h, λi+1

h in Mi
h such that for all ηl ∈ Vi

l,h(0), ηs ∈ Vi
s,h, ql ∈ Qi

l,h, qs ∈ Qi
s,h, Y ∈ Yi

h, μ ∈ Mi
h,

1

K̂l

(σi+1
l,h ,ηl)Ωi

l,h
− (ui+1

l,h ,∇ · ηl)Ωi
l,h

− 〈ηl · νi
h, λ

i+1
h 〉Γ i

h
= −〈ηl · νi

h, u
i+1
D 〉∂Ωh

,

−(∇ · σi+1
l,h , ql)Ωi

l,h
− 1
Δt

(ui+1
l,h , ql)Ωi

l,h
+

1
Δt

(ul,h
i, ql)Ωi

l,h
= −(f i+1

l , ql)Ωi
l,h
,

1

K̂s

(σi+1
s,h ,ηs)Ωi

s,h
− (ui+1

s,h ,∇ · ηs)Ωi
s,h

+ 〈ηs · νi
h, λ

i+1
h 〉Γ i

h
= 0,

−(∇ · σi+1
s,h , qs)Ωi

s,h
− 1
Δt

(ui+1
s,h , qs)Ωi

s,h
+

1
Δt

(us,h
i, qs)Ωi

s,h
= −(f i+1

s , qs)Ωi
s,h
,

(5.1)

(β̂−1(νi
h)Vi+1

h · νi
h,Y · νi

h)Γ i
h

+Δtα̂(∇Γ Vi+1
h ,∇ΓY)Γ i

h

+Ŝ(Y · νi
h, λ

i+1
h )Γ i

h
= −α̂(∇Γ Xi,∇ΓY)Γ i

h
,

Ŝ(Vi+1
h · νi

h, μ)Γ i
h
− 〈σi+1

l,h · νi
h, μ〉Γ i

h
+ 〈σi+1

s,h · νi
h, μ〉Γ i

h
= 0, (5.2)

where the discrete spaces are defined over the current (known) domain Ωi
h, Γ i

h. We then use the space discrete
version of (4.1) to compute the new interface Γ i+1

h , followed by the space discrete version of (4.2), (4.3) to
compute the map Φi+1,h : Ωi

h → Ωi+1
h .

Remark 5.1 (Finite element space for domain velocity).
The extension (4.2) of Vi+1

h to all of Ωi
h is computed by solving a discrete Laplace equation using a finite

element space Li
h on Ωi

h whose restriction to Γ i
h contains Yi

h. Because of (4.1), (4.3), the shape of the tetrahedral
elements T in Ωi

h must be representable by functions in Li
h, i.e. the parametrization of T must be expressed

as a linear combination of basis functions in the local finite element space of Li
h. For example, this is achieved

when Li
h is piecewise linear and Ωi

h consists of affine tetrahedra.

The space discrete version of the temperature update formula (4.7) is then given by

uj,h
i :=

[
ui

j,h −Δt
1

K̂j

ΠQi
j,h

(
σi

j,h · I
V̊i

h
Vi

h

)]
◦ Φ−1

i,h , for j = l, s, (5.3)

where ΠQi
j,h

: L2(Ωi
j,h) → Qi

j,h is the standard L2 projection onto Qi
j,h and I

V̊i
h

: H1
0 (Ωi

h) → V̊i
h is a suitable

interpolant; see Section 5.2 for a description of these operators. They are needed to ensure that the fully discrete
scheme inherits the a priori bound and conservation law of the semi-discrete scheme (see [16] for more details).
Iterating this procedure gives the fully discrete approximation of (2.2), (2.3).

Using a Lagrangian approach (5.3) avoids having to compute the intersection of the mesh from one time step
to the next (i.e. the L2 projections (5.12) are computed on the previous domains Ωi−1

l,h , Ωi−1
s,h ). The alternative

would have been to compute the L2 projection (for j = l, s) of ui
j,h fromΩi−1

j,h to Ωi
j,h, but this requires computing

the intersection of the meshes representing Ωi−1
j,h and Ωi

j,h.
Just as in Section 4.3, we drop the time index notation when considering (5.1), (5.2) at a single time

step. This leads to a fully discrete version of (4.16).

Variational formulation 5.2. Find (σl,h,σs,h,Vh) in Zh and (ul,h, us,h, λh) in Th such that

ah((ηl,ηs,Y), (σl,h,σs,h,Vh)) + bh((ηl,ηs,Y), (ul,h, us,h, λh)) = χh(ηl,ηs,Y),
+bh((σl,h,σs,h,Vh), (ql, qs, μ)) − ch((ql, qs, μ), (ul,h, us,h, λh)) = ψh(ql, qs, μ), (5.4)

for all (ηl,ηs,Y) in Zh, and (ql, qs, μ) in Th.

The discrete version of the forms in Section 4.3.1 are defined in the obvious way. The discrete product spaces
are defined similar to (4.12), (4.13): Zh = Vl,h(0) × Vs,h × Yh, Th = Ql,h × Qs,h × Mh.
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5.1.2. Norms

The discrete multiplier norm is slightly different from the continuous case. We first introduce a discrete
version of the H1/2(Γh) norm. For any μ ∈ H1/2(Γh), define the discrete version of (3.7):

‖μ‖
H

1/2
l,h (Γh)

:= sup
ηl∈Vl,h(0)

〈ηl · νh, μ〉Γh

‖ηl‖H(div,Ωl,h)
, ‖μ‖

H
1/2
s,h (Γh)

:= sup
ηs∈Vs,h

〈ηs · νh, μ〉Γh

‖ηs‖H(div,Ωs,h)
· (5.5)

Clearly, for j = l, s, ‖μ‖
H

1/2
j,h (Γh)

≤ ‖μ‖
H

1/2
j (Γh)

and 〈η · νh, μ〉Γh
≤ ‖η‖H(div,Ωj,h)‖μ‖H

1/2
j,h (Γh)

(discrete Schwarz

inequality). We shall also use a discrete version of the H−1(Γh) norm to control the mean value of μ ∈ Mh. For
all v in H−1(Γh), define

‖v‖H−1
h (Γh) := sup

Y∈Yh

〈v,Y〉Γh

‖Y‖H1(Γh)
, (5.6)

which also satisfies ‖v‖H−1
h (Γh) ≤ ‖v‖H−1(Γh) and 〈v,Y〉Γh

≤ ‖v‖H−1
h (Γh)‖Y‖H1(Γh) (discrete Schwarz inequal-

ity). Then the discrete version of ‖(ql, qs, μ)‖2
T� is ‖(ql, qs, μ)‖2

T�
h

= ‖ql‖2
L2(Ωl,h)+‖qs‖2

L2(Ωs,h)+‖μ‖2

H
1/2
h (Γh)

, where

‖μ‖
H

1/2
h (Γh)

:=
1
2

(
‖μ‖

H
1/2
l,h (Γh)

+ ‖μ‖
H

1/2
s,h (Γh)

)
. (5.7)

and the discrete version of (4.15) is

‖(ql, qs, μ)‖2
Th

=‖q̃l‖2
L2(Ωl,h) + ‖q̃s‖2

L2(Ωs,h)

+ ‖μ− q̂l‖2

H
1/2
l,h (Γh)

+ ‖μ− q̂s‖2

H
1/2
s,h (Γh)

+ Ŝ‖μνh‖2
H−1

h (Γh)
. (5.8)

The discrete version of the primal norm (4.14) is also slightly different. It requires a discrete version of the
H−1/2(Γh) norm to control the mean value of Y · νh for Y ∈ Yh. For any Y · νh ∈ H−1/2(Γh), define

‖Y · νh‖H
−1/2
h

(Γh)
:= sup

μh∈Mh

〈Y · νh, μh〉Γh

‖μh‖H
1/2
h (Γh)

, (5.9)

Clearly, 〈Y · νh, μh〉Γh
≤ ‖Y · νh‖H

−1/2
h (Γh)

‖μh‖H
1/2
h (Γh)

(discrete Schwarz inequality). Then the discrete ver-

sion of ‖(ηl,ηs,Y)‖2
Z is obtained by replacing ‖Y · ν‖H−1/2(Γ ) with ‖Y · νh‖H

−1/2
h (Γh)

. A discrete version of
Proposition 4.4 also holds.

5.2. Space assumptions

Well-posedness of the discrete system follows by showing appropriate coercivity and inf-sup conditions. To
facilitate this, we make the following general assumptions on the choice of finite dimensional subspaces (see
Sect. 5.3 for the specific spaces used).

Let Vh be a conforming finite dimensional subspace, i.e. Vh ⊂ V ≡ H(div, Ω), and define

V̊h := {η ∈ Vh : η · νh = 0, on ∂Ωh} ⊂ {η ∈ V : 〈η · νh, q〉∂Ωh
= 0, ∀q ∈ H1

0 (Ωh)}.

Furthermore, assume that for any η in V̊h, we have η|Ωl,h ∈ Vl,h(0) and η|Ωs,h
∈ Vs,h.

Next, take V̊l,h = {ηl ∈ Vl,h : ηl · νh = 0, on ∂Ωl,h} and Q̂l,h = {q ∈ Ql,h :
∫

Ωl,h
q dx = 0}, and assume

that ∇ · Vl,h = Ql,h, ∇ · V̊l,h = Q̂l,h, and Vl,h contains continuous piecewise linear functions on Γh. Analogous
definitions are made for Vs,h and Qs,h. Moreover, assume (Vl,h,Ql,h) and (Vs,h,Qs,h) satisfy

sup
ηl∈Vl,h

−(∇ · ηl, ql)Ωl,h

‖ηl‖H(div,Ωl,h))
≥ c‖ql‖L2(Ωl,h), sup

ηs∈Vs,h

−(∇ · ηs, qs)Ωs,h

‖ηs‖H(div,Ωs,h))
≥ c‖qs‖L2(Ωs,h), (5.10)
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for all ql ∈ Ql,h, qs ∈ Qs,h, with c independent of h and that an analogous condition is satisfied for (V̊l,h, Q̂l,h)
and (V̊s,h, Q̂s,h). This implies that we can solve the discrete mixed form of Laplace’s equation. As for Yh and
Mh, assume they are spaces of continuous functions.

Regarding (5.3), we have a “Fortin interpolant” [10,12] I
V̊h

: H1
0 (Ωh) → V̊h that satisfies for any V ∈ H1

0 (Ωh):

‖I
V̊h

V‖L2(Ωh) ≤ C‖V‖H1(Ωh), and (q,∇ · V −∇ · I
V̊h

V)Ωj,h
= 0, ∀ q ∈ Qj,h, for j = l, s. (5.11)

And the L2 projections ΠQj,h
: L2(Ωj,h) → Qj,h (for j = l, s) satisfy for any v ∈ L2(Ωj,h):

‖ΠQj,h
v‖L2(Ωj,h) ≤ ‖v‖L2(Ωj,h), and (q, v −ΠQj,h

v)Ωj,h
= 0, ∀ q ∈ Qj,h, for j = l, s. (5.12)

With the above considerations, we were able to prove well-posedness of the fully discrete system (5.1), (5.2),
as well as obtain an a priori stability bound in time and conservation law [16].

5.3. Specific realization

The specific discrete spaces are as follows. Let Th be a quasi-uniform, shape regular triangulation of Ωh =
Ωl,h ∪ Ωs,h consisting of affine tetrahedra T of maximum size h ≡ hT [11]. We choose the finite element
spaces in the bulk to be Vl,h = BDM1 ⊂ H(div, Ωl,h), Vs,h = BDM1 ⊂ H(div, Ωs,h), i.e. the lowest order
Brezzi−Douglas−Marini space of piecewise linear vector functions [8,28], and Ql,h, Qs,h to be the set of piecewise
constants.

Next, assume that Γh is represented by a conforming set of faces Fh in the triangulation Th, i.e. Fh is the
surface triangulation obtained by restricting Th to Γh. Then choose Mh to be the space of continuous piecewise
linear functions over Fh and each of the three components of the space Yh to be continuous piecewise linear
functions over Fh. Recalling Remark 5.1, we choose Lh to be the space of continuous piecewise linear functions
over Ωh.

These spaces satisfy the assumptions in Section 5.2. Indeed, it is possible to enforce zero boundary values
point-wise with BDM1. Moreover, we take I

V̊h
in (5.11) to be the classic BDM1 interpolant [8, 12]; the L2

projections ΠQl,h , ΠQs,h
are standard [11]. This allows (5.3) to be computed locally (i.e. element-by-element).

6. Error estimates

In this section, we estimate the error between the time semi-discrete solution and the fully discrete solution
over one time step. For convenience, we assume that the “true” domain Ω = Ωh, Γ = Γh is a polyhedral domain.
Hence, we ignore the domain approximation error. Furthermore, we assume the solution from the previous time
step is exact: ul,h = ul, us,h = us. So we do not consider the accumulated error over all time steps.

A complete error analysis for the time-dependent problem seems out of reach. In the following, we outline a
procedure for analyzing the full problem, and point out the difficulties that must be overcome.

(1) One major hurdle is in (4.1), i.e. does the interface update formula make sense in the time semi-discrete
formulation? In order for (4.1) to produce a well-defined interface Γ i+1 at the next time step, we (at least)
need Vi+1 in W 1,∞. Hence, given a weak solution of (4.5), (4.6), a regularity estimate is needed to show
that Vi+1 is in W 1,∞, which is not obvious. For instance, see [15] for a highly sophisticated mathematical
analysis of a bending plate interacting with the Navier-Stokes equations.
In short, this is a major hang-up for any numerical method that handles geometric effects in a parametric
way.

(2) Assuming we have an a priori estimate that says ‖Vi+1‖W 1,∞(Γ i) is bounded by data, we then proceed to
derive an error estimate between the semi-discrete (4.5), (4.6) and fully discrete formulations (5.1), (5.2)
for a single time-step. This is essentially what we do in the following sections, with the following caveat:
we assume the discrete and continuous domains are identical. In particular, we assume the interface is
polyhedral. Avoiding this assumption requires one to analyze the error in approximating the domain, i.e.
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a variational crime [11, 40]. We believe this can be done in our setting, upon adding several technical
arguments [4], if we assume the discrete domain approximates the continuous one in a well-defined way, e.g.
if the discrete domain “interpolates” a given smooth domain.

(3) If the previous two issues are resolved, one then “stitches” together our single time step error estimate
over many time steps to arrive at the full error estimate of the method. However, this introduces another
serious issue. As the domains evolve (both continuous and discrete) they will begin to deviate from each
other because of errors between the continuous and discrete solution (namely Vi+1 and Vi+1

h ). After several
time-steps, the continuous and discrete domains may only partially overlap, which raises the question: how
to define the error? It seems reasonable to map one domain to another, but how is this map to be defined
and how does it affect the error? To the best of our knowledge, this has not been considered at all by other
parametric finite element methods for geometric problems. Because of this difficulty, we ignore the solution
error from the previous time-step in our analysis.

(4) Furthermore, topological changes (of Γ ) should be ignored to have any hope of deriving a full time-dependent
error analysis.

We emphasize that one must also analyze the error between the fully continuous problem and the semi-discrete
formulation, which introduces more difficulties. Therefore, we only give preliminary error estimates in the
following sections, which is useful for showing the potential accuracy of the method.

6.1. Preliminaries

6.1.1. Domain regularity

The “smoothness” of Γ affects the error analysis because the normal vector ν appears in the weak formulation.
We use the following definition in Theorem 6.9 and Lemmas 6.13 and 6.14.

Definition 6.1 (γ regularity). Let Γ ⊂ R3 be a polyhedral manifold with oriented unit normal vector ν; note
that ν is not defined on polyhedral edges and vertices because ν has a jump discontinuity. We say Γ is γ regular
if there exists a unit vector field νγ : Γ → R3, and corresponding function γ : Γ → [0, 2], with the following
properties.

• ν · νγ = 1 − γ on Γ .
• ‖νγ‖W 1,∞(Γ ) ≤ Cγ <∞, for some positive constant Cγ depending on Γ and γ.

Furthermore, let γ0 := supx∈Γ γ. We call γ0 the regularity coefficient and Cγ the W 1,∞(Γ ) stability constant.

If both γ0 and Cγ are small, then the angles (at an edge) of the polyhedral surface are close to 180◦, i.e.
the surface is almost flat across a corner or edge of the polyhedral surface. To see this, consider the following
construction of νγ using a continuous piecewise linear function m(x) over Γ (linear on each face). In other
words, set the value at each node v, with vertex coordinates x, to be

νγ(x) := m(x)/|m(x)|, such that m(x) :=
∑

F∈Star(x)

|F |
|Star(x)|νF , where νF is the unit normal on F, (6.1)

i.e. this is the notion of weak normal vector given in [6], where Star(x) is the set of faces (triangles) in Γ that
contain x as a vertex. If each star of faces is sufficiently flat, then ν · νF ≥ 1 − ε/2 for all faces F , for some
small ε > 0. This implies that ν(x) · νγ(x) ≥ 1 − ε, so then γ0 ≤ ε; Cγ < ∞ because m is piecewise linear and
|m| ≥ c0 > 0.

Another example is if Γ is the piecewise linear interpolant of a C2 manifold Γ̃ . Then, assuming Γ has
sufficiently small faces, one can map νΓ̃ from Γ̃ to Γ (using a closest point projection [22]) and set νγ := νΓ̃

with γ0 ≤ 1
2 . In this case, Cγ depends only on the curvature (and measure) of Γ̃ . Note that, for polyhedral

surfaces, it is not possible to construct νγ such that ‖νγ‖W 1,∞(Γ ) < ∞ and γ0 = 0. The following result gives
additional properties of νγ .
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Lemma 6.2. Let νγ be given by Definition 6.1. Then,

|ν − νγ | =
√

2γ, almost everywhere on Γ. (6.2)

If Γ is a polyhedral surface that interpolates a C2 surface Γ̃ , and there exists a smooth bijective map Φ : Γ → Γ̃ ,
then νγ := ν̃ ◦ Φ, where ν̃ is the unit normal of Γ̃ . In this case, on each face F (triangle) of Γ , we have

γ ≤ C (diam(F )K0)
2
, everywhere on Γ, (6.3)

where C > 0 is an independent constant, K0 = maxx∈Γ κ̃ ◦ Φ(x), and κ̃ is the curvature of Γ̃ .

Proof. The first result follows easily by

|ν − νγ |2 = ν · ν − 2ν · νγ + νγ · νγ = 2(1 − ν · νγ) = 2γ.

For the second result, we have γ = 1 − ν · νγ = 1 − cosϕ ≤ 1
2ϕ

2, where ϕ is the angle between ν and νγ .
Because each facet is a linear approximation of the smooth surface Γ̃ , a Taylor expansion argument shows that
ϕ ≤ C0diam(F )maxx∈F κ̃ ◦ Φ(x) (see [24, 63], Lem. 6.1) for an example of this. �

Remark 6.3. By using Definition 6.1, we can avoid making too strong of an assumption on the polyhedral
interface Γ . For instance, if Γ is a piecewise smooth manifold with a finite number of corners and edges (with
no extreme angles at the edges), then it is possible to construct νγ with γ0 ≤ 1

2 in the following way. Take a
triangulation of Γ , with mesh size h sufficiently small, such that the vertices and edges of the mesh conform to
the corners and edges of Γ , then use the construction in (6.1).

6.1.2. Projection operators

We introduce standard projection operators for the spaces Vl,h, Vs,h and Ql,h, Qs,h that are useful for the error
analysis [8,12]. Let σl,I (σs,I) be the canonical projection of σl (σs) into BDM1, ul,I (us,I) the L2 projection of
ul (us) into Ql,h (Qs,h), λI the L2 projection of λ into Mh, and VI the L2 projection of V into Yh. Note that
σl,I , σs,I and ul,I , us,I satisfy∫

F

[σj − σj,I ] · ν z dS = 0, z ∈ P1(F ),
∫

T

[uj − uj,I ] dx = 0, j = l, s, (6.4)

for each face F of Fh and tetrahedron T of Th. For σj in H1(Ωj), we have the usual estimate

‖σj − σj,I‖L2(Ωj) ≤ Ch‖σj‖H1(Ωj), j = l, s. (6.5)

The above projections and interpolants satisfy the following results.

Proposition 6.4. For j = l, s, we have that

(q,∇ · (σj − σj,I))Ωj = 0, ∀q ∈ Qj,h, (uj − uj,I ,∇ · ηh)Ωj = 0, ∀ηh ∈ Vj,h,

〈(σj − σj,I) · ν, μ〉Γ = 0, ∀μ ∈ Mh.

Proposition 6.5. Let (σl,σs,V) in Vl(0) × Vs × Y and (ul, us, λ) in Ql × Qs × M be the solution of (4.16),
and (σl,h,σs,h,Vh) in Zh and (ul,h, us,h, λh) in Th be the solution of (5.4). Then, we have

−∇ · (σj,h − σj,I) = Δt−1(uj,h − uj,I), for j = l, s.

Proof. Note the projection properties (6.4). From (4.5), (5.1), and Proposition 6.4, one can show

(q,−∇ · (σj,h − σj,I))Ωj = Δt−1(q, uj,h − uj,I)Ωj , ∀q ∈ Qj,h, for j = l, s.

Since −∇ · (σj,h − σj,I) and uj,h − uj,I are in Qj,h, we get the assertion. �
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6.1.3. Properties of the Piola transform

Each tetrahedron T in Ω is obtained by applying a linear bijective map FT : T ∗ → T to the reference simplex
T ∗, i.e. T = FT (T ∗). The Jacobian matrix of the transformation is denoted by ∇FT . Scalar valued functions
are mapped between T ∗ and T by composition with FT , i.e. q = q∗ ◦ F−1

T , where q is defined on T and q∗ is
defined on T ∗.

Vector valued functions are mapped via the Piola transformation:

σ =
(

1
det(∇FT )

[∇FT ]σ∗
)
◦ F−1

T ,

where σ is defined on T and σ∗ is defined on T ∗. In particular, the local BDM1 basis functions on T are obtained
from applying the Piola transformation to the BDM1 basis functions on T ∗. The Piola transform satisfies the
following properties [12]:∫

T

q∇ · σ dx =
∫

T∗
q∗∇ · σ∗ dx∗,

∫
F

qσ · νdS(x) =
∫

F∗
q∗σ∗ · ν∗dS(x∗), (6.6)

where F (F ∗) is a face of ∂T (∂T ∗).

6.1.4. Non-standard estimate

To the best of our knowledge, regularity estimates are not available for the formulation (4.16). Thus, we make
a reduced regularity assumption in the error analysis. The following results are useful in this regard.

Proposition 6.6. For all sufficiently regular functions, and r ≥ 0, we have

|σ∗|Hr(T∗) ≤ Ch
r−1+d/2
T |σ|Hr(T ), |q∗|Hr(F∗) ≤ Ch

r+1/2−d/2
T |q|Hr(F ), (6.7)

where d is the dimension of T and hT is the diameter of T .

Proof. Follows by standard scaling arguments [11, 12]. �

Lemma 6.7. Fix r such that 0 < r ≤ 1
2 . Suppose σj ∈ Hr+1/2(Ωj) and σj,I is the BDM1 interpolant of σj for

j = l, s. Then,
‖σj,I‖L2(Ωj) ≤ C

(
‖σj‖L2(Ωj) + hr+1/2|σj |Hr+1/2(Ωj)

)
, j = l, s. (6.8)

Proof. We show this for σl only. Given any tetrahedron T in Ωl, we can write σl,I in terms of a local basis
{vi}12

i=1 on T such that σl,I(x) =
∑12

i=1 αivi(x). By the definition of the BDM1 interpolant, the basis can be
chosen such that

αi =
1

|Fi|

∫
Fi

(σl · ν)φi,

where Fi is one of the (four) faces of T and φi is one of the (three) standard “hat” basis functions on the face Fi.
Next, note the following standard trace inequality [1, 58]:

‖σ∗
l · ν∗‖Hr(F∗

i ) = ‖σ∗
l ‖Hr(F∗

i ) ≤ ‖σ∗
l ‖Hr(∂T∗) ≤ C‖σ∗

l ‖Hr+1/2(T∗).

Thus, by (6.6) and (6.7), we have∫
Fi

(σl · ν)φi =
∫

F∗
i

(σ∗
l · ν∗)φ∗i ≤ ‖σ∗

l · ν∗‖Hr(F∗
i )‖φ∗i ‖(Hr(F∗

i ))∗

≤ C0

(
‖σ∗

l ‖L2(T∗) + |σ∗
l |Hr+1/2(T∗)

)
≤ C1h

1/2
T

(
‖σl‖L2(T ) + h

r+1/2
T |σl|Hr+1/2(T )

)
,

where ‖φ∗i ‖(Hr(F∗
i ))∗ is bounded by an independent constant because φ∗i is a fixed polynomial on F ∗

i .
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Next, for any T ⊂ Ωl we have ‖σl,I‖2
L2(T ) ≤ C2|T |

∑
j α

2
i . So, by shape regularity of the triangulation and

the above results, we get

‖σl,I‖2
L2(Ωl)

≤ C2

∑
T⊂Ωl

|T |
∑

i

(
|Fi|−1

∫
Fi

(σl · ν)φi

)2

≤ C3

∑
T⊂Ωl

h3
T (h2

T )−2
∑

i

(∫
Fi

(σl · ν)φi

)2

≤ C4

∑
T⊂Ωl

h−1
T

(
C1h

1/2
T

(
‖σl‖L2(T ) + h

r+1/2
T |σl|Hr+1/2(T )

))2

≤ C5

∑
T⊂Ωl

(‖σl‖2
L2(T ) + h2r+1

T |σl|2Hr+1/2(T )) = C5(‖σl‖2
L2(Ωl)

+ h2r+1|σl|2Hr+1/2(Ωl)
),

which is the assertion. �

The following lemma is analogous to a result in ([24], Lem. 6.3). However, the result in [24] only holds for
two dimensional domains, where as Lemma 6.8 is true for three dimensional domains.

Lemma 6.8. Assume the hypothesis of Lemma 6.7 and let s satisfy r + 1
2 ≤ s ≤ 1. Then,

‖σj − σj,I‖L2(Ωj) ≤ Chθ‖σj‖Hs(Ωj), θ =
s− (r + 1/2)
1 − (r + 1/2)

, for j = l, s. (6.9)

Proof. From (6.8), note that
‖σj − σj,I‖L2(Ωj) ≤ C‖σj‖Hr+1/2(Ωj).

Next, we interpolate between Hr+1/2 and H1 so that we can “tune” our regularity assumption on σj . From
([58], Chap. 34), we have

W s,p(Ωj) = (Wm1,p(Ωj),Wm2,p(Ωj))θ,p, s = (1 − θ)m1 + θm2,

In our case, p = 2, m1 = r+1/2, m2 = 1, which implies Hs(Ωj) = (Hr+1/2(Ωj), H1(Ωj))θ,2, with θ = s−(r+1/2)
1−(r+1/2) .

Then, we can combine (6.8) and (6.5) to get the error estimate (6.9) (see [58], Lem. 22.3). Note: if s = 1, then
θ = 1, and if s = r + 1/2, then θ = 0. �

6.2. Primal error estimate

6.2.1. Main estimate

We start with an initial estimate.

Theorem 6.9. Assume Γ is γ regular with γ0 ≤ 1
2
√

6
. Let (σl,σs,V) in Vl(0) × Vs × Y and (ul, us, λ) in

Ql × Qs × M be the solution of (4.16), and (σl,h,σs,h,Vh) in Zh and (ul,h, us,h, λh) in Th be the solution
of (5.4). Then,

‖σl,h − σl,I‖2
H(div,Ωl)

+ ‖σs,h − σs,I‖2
H(div,Ωs)

+ ‖β̂−1/2(ν)(Vh − VI) · ν‖2
L2(Γ )

+Δt‖∇Γ (Vh − VI)‖2
L2(Γ ) +Δt−2‖uh − uI‖2

L2(Ω)

≤ C
{
‖σl − σl,I‖2

L2(Ωl)
+ ‖σs − σs,I‖2

L2(Ωs)
+ ‖β̂−1/2(ν)(V − VI) · ν‖2

L2(Γ )

+Δt‖∇Γ (V − VI)‖2
L2(Γ ) +

(
1 +

Δt

h2

)
‖(V − VI) · ν‖2

L2(Γ )

+
(
1 +�

γ0

Δt

)
‖λ− λI‖2

L2(Γ ) + ‖λ− λI‖2
H1/2(Γ )

}
, (6.10)

where the constant C > 0 only depends on the physical constants and the domain geometry. If β̂ is unbounded,
then � = 1 and C is independent of β̂; otherwise, � = 0.
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Proof. For simplicity, we write c((ql, qs, μ), (ul, us, λ)) = Δt−1(q, u)Ω, where u|Ωj = uj and q|Ωj = qj for j = l, s.
Then, by combining the continuous and discrete equations, we obtain the error equations

a((ηl,ηs,Y), (σl,h − σl,I ,σs,h − σs,I ,Vh − VI)) + b((ηl,ηs,Y), (ul,h − ul,I , us,h − us,I , λh − λI)) =

a((ηl,ηs,Y), (σl − σl,I ,σs − σs,I ,V − VI)) + b((ηl,ηs,Y), (ul − ul,I , us − us,I , λ− λI)),
b((σl,h − σl,I ,σs,h − σs,I ,Vh − VI), (ql, qs, μ)) −Δt−1(q, uh − uI)Ω =
b((σl − σl,I ,σs − σs,I ,V − VI), (ql, qs, μ)) −Δt−1(q, u− uI)Ω ,

for all (ηl,ηs,Y) in Zh and all (ql, qs, μ) in Th. Next, set the test functions: ηl = σl,h − σl,I , ηs = σs,h − σs,I ,
Y = Vh − VI , ql = Δt−1(ul,h − ul,I), qs = Δt−1(us,h − us,I), and μ = λh − λI . Combining the error equations
then yields

a((ηl,ηs,Y), (σl,h − σl,I ,σs,h − σs,I ,Vh − VI)) +Δt−1(q, uh − uI)Ω = Δt−1(q, u− uI)Ω

+ a((ηl,ηs,Y), (σl − σl,I ,σs − σs,I ,V − VI)) + b((ηl,ηs,Y), (ul − ul,I , us − us,I , λ− λI))

− b((σl − σl,I ,σs − σs,I ,V − VI), (ql, qs, μ)),

which, after using Young’s inequality and moving terms to the left-hand-side, becomes

1
2

[
K̂l

−1
‖σl,h − σl,I‖2

L2(Ωl)
+ K̂s

−1
‖σs,h − σs,I‖2

L2(Ωs)
+ ‖β̂−1/2(ν)(Vh − VI) · ν‖2

L2(Γ )

+Δtα̂‖∇Γ (Vh − VI)‖2
L2(Γ )

]
+Δt−2‖uh − uI‖2

L2(Ω)

≤ 1
2

[
K̂l

−1
‖σl − σl,I‖2

L2(Ωl)
+ K̂s

−1
‖σs − σs,I‖2

L2(Ωs)
+ ‖β̂−1/2(ν)(V − VI) · ν‖2

L2(Γ )

+Δtα̂‖∇Γ (V − VI)‖2
L2(Γ )

]
+Δt−1(q, u− uI)Ω

− (∇ · (σl,h − σl,I), ul − ul,I)Ωl − (∇ · (σs,h − σs,I), us − us,I)Ωs

− 〈(σl,h − σl,I) · ν, λ− λI〉Γ + 〈(σs,h − σs,I) · ν, λ− λI〉Γ + Ŝ ((Vh − VI) · ν, λ− λI)Γ

+Δt−1(∇ · (σl − σl,I), ul,h − ul,I)Ωl +Δt−1(∇ · (σs − σs,I), us,h − us,I)Ωs

+ 〈(σl − σl,I) · ν, λh − λI〉Γ − 〈(σs − σs,I) · ν, λh − λI〉Γ − Ŝ ((V − VI) · ν, λh − λI)Γ .

Using (6.4) and Proposition 6.4, we can eliminate several terms to get

1
2

[
K̂l

−1
‖σl,h − σl,I‖2

L2(Ωl)
+ K̂s

−1
‖σs,h − σs,I‖2

L2(Ωs)
+ ‖β̂−1/2(ν)(Vh − VI) · ν‖2

L2(Γ )

+Δtα̂‖∇Γ (Vh − VI)‖2
L2(Γ )

]
+Δt−2‖uh − uI‖2

L2(Ω)

≤ 1
2

[
K̂l

−1
‖σl − σl,I‖2

L2(Ωl)
+ K̂s

−1
‖σs − σs,I‖2

L2(Ωs)
+ ‖β̂−1/2(ν)(V − VI) · ν‖2

L2(Γ )

+Δtα̂‖∇Γ (V − VI)‖2
L2(Γ )

]
− 〈(σl,h − σl,I) · ν, λ− λI〉Γ + 〈(σs,h − σs,I) · ν, λ− λI〉Γ

+ Ŝ((Vh − VI) · ν, λ− λI)Γ︸ ︷︷ ︸
=:T1

− Ŝ ((V − VI) · ν, λh − λI)Γ︸ ︷︷ ︸
=:T2

. (6.11)

Next, by (3.7), (3.8), and Proposition 6.5, we have

− 〈(σl,h − σl,I) · ν, λ− λI〉Γ + 〈(σs,h − σs,I) · ν, λ− λI〉Γ
≤‖σl,h − σl,I‖H(div,Ωl)‖λ− λI‖H

1/2
l (Γ )

+ ‖σs,h − σs,I‖H(div,Ωs)‖λ− λI‖H
1/2
s (Γ )

≤ 2
√

2
(
‖σl,h − σl,I‖L2(Ωl) + ‖σs,h − σs,I‖L2(Ωs) +Δt−1‖uh − uI‖L2(Ω)

)
‖λ− λI‖H1/2(Γ ),
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which is then further bounded by weighted Young’s inequalities and moving terms to the left-hand-side of (6.11).
For T1, if β̂ is uniformly bounded with β̂+ := maxν β̂(ν), we can use the simple estimate

Ŝ((Vh − VI) · ν, λ− λI)Γ ≤ 1
4
‖β̂−1/2(ν)(Vh − VI) · ν‖2

L2(Γ ) + β̂+Ŝ
2‖λ− λI‖2

L2(Γ ),

because the first term on the right can be absorbed into the left-hand-side of (6.11). If β̂+ = ∞, then we must
use Lemma 6.13. In this case, we get

Ŝ((Vh − VI) · ν, λ− λI)Γ ≤ 1
8
Δtα̂‖∇Γ (Vh − VI)‖2

L2(Γ ) + C
γ0

Δt
‖λ− λI‖2

L2(Γ ) + . . . ,

where again the first term can be absorbed into the left-hand-side of (6.11), but the second term has the constant
γ0
Δt ; the remaining terms can be dealt with similarly by weighted Young’s inequalities.

To bound T2, we use Lemma 6.14 and more weighted Young’s inequalities to obtain

Ŝ((V − VI) · ν, λh − λI)Γ ≤C

(
Δt

h2
‖(V − VI) · ν‖2

L2(Γ ) +Δt‖∇Γ (VI − V)‖2
L2(Γ )

)
+

1
8
Δtα̂‖∇Γ (Vh − VI)‖2

L2(Γ ) + . . .

The rest then follows by moving terms to the left-hand-side. Note: by Proposition 6.5, we can replace ‖σj,h −
σj,I‖L2(Ωj) on the left-hand-side of (6.11) by the full H(div, Ωj) norm. �
Corollary 6.10. Assume the hypothesis of Theorem 6.9. Fix r such that 0 < r ≤ 1

2 , and assume σl ∈ Hs(Ωl),
σs ∈ Hs(Ωs) for some r + 1

2 ≤ s ≤ 1 and define θ = s−(r+1/2)
1−(r+1/2) . Moreover, assume V ∈ H1+θ(Γ ) and

ul ∈ Hθ(Ωl), us ∈ Hθ(Ωs), and λ ∈ H1/2+θ(Γ ). Then,

‖σl − σl,h‖L2(Ωl) + ‖σs − σs,h‖L2(Ωs) + ‖β̂−1/2(ν)(V − Vh) · ν‖L2(Γ )

+Δt1/2‖∇Γ (V − Vh)‖L2(Γ )

≤Chθ
{
‖σl‖Hs(Ωl) + ‖σs‖Hs(Ωs) +

[
h+Δt1/2

]
‖V‖H1+θ(Γ )

+

[
1 +�

(
γ0

h

Δt

)1/2
]
‖λ‖H1/2+θ(Γ )

}
, (6.12)

where the constant C > 0 only depends on the physical constants and the domain geometry. If β̂ is unbounded
(i.e. β̂−1/2

− = 0), then � = 1 and C is independent of β̂; otherwise, � = 0.

Proof. Use Proposition 6.5, Lemma 6.8, the triangle inequality, and standard interpolation estimates [11]. �
Corollary 6.11. Assume the hypothesis of Corollary 6.10. Then,

‖u− uh‖L2(Ω) ≤ Chθ‖u‖Hθ(Ω) +Δt · (right-hand-side of (6.12)), (6.13)

where the constant C > 0 only depends on the physical constants and the domain geometry. If β̂ is unbounded
(i.e. β̂−1/2

− = 0), then � = 1 and C is independent of β̂; otherwise, � = 0.

Proof. Similar as before, except most terms on the left-hand-side of (6.10) are dropped. �
Remark 6.12. The above error estimates suggest that the method converges (for a single time step), without
requiring the true interface to be smooth, i.e. the true interface may contain corners or edges (see also Rem. 6.3).
This is important if we include anisotropic surface tension.

If β̂ is unbounded, then there is a restriction on the time step (for accuracy purposes only) that appears
in (6.12): Δt ≥ γ0h. By (6.3), if Γ interpolates a smooth surface Γ̃ , then Δt ≥ Ch3, where C is proportional to
the maximum curvature of Γ̃ ; a rather mild restriction. If β̂ is uniformly bounded, then there is no additional
time step restriction with regard to accuracy purposes.
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6.2.2. Supporting estimates

Lemma 6.13. Assume the hypothesis of Theorem 6.9. Then,

((Vh − VI) · ν, λ− λI)Γ ≤C
√
γ0‖λ− λI‖L2(Γ )

[
‖∇Γ (Vh − VI)‖L2(Γ ) + ‖(V − VI) · ν‖L2(Γ )

+ ‖σl,h − σl,I‖L2(Ωl) + ‖σs,h − σs,I‖L2(Ωs) +Δt−1‖uh − uI‖L2(Ω)

]
.

Proof. Using the L2 projection property of λI , we have

((Vh − VI) · ν, λ− λI)Γ = ((Vh − VI) · ν − μ, λ− λI)Γ ≤ ‖λ− λI‖L2(Γ )‖(Vh − VI) · ν − μ‖L2(Γ ),

for all μ ∈ Mh. Next, choose
μ(x) :=

∑
i

(Vh − VI)(xi) · νγ(xi)φi(x),

where νγ is taken from Definition 6.1, {xi} are the vertices of Γ , and {φi} are the piecewise linear basis functions
of Mh. Hence, on a particular face F of Γ , we have by (6.2)

(Vh − VI) · ν − μ =
3∑

i=1

(ν|F − νγ(xi)) · (Vh − VI)(xi)φi ≤
√

2γ0

3∑
i=1

|Vh − VI |(xi)φi,

which implies that ‖(Vh − VI) · ν − μ‖L2(Γ ) ≤ C0
√
γ0‖Vh − VI‖L2(Γ ).

Next, we bound ‖Vh − VI‖L2(Γ ) by something more convenient because a similar term does not appear on
the left-hand-side of (6.10) when β̂ → ∞. By the discrete version of Proposition 4.4 [16],

‖Vh − VI‖2
L2(Γ ) ≤ C1

(
‖∇Γ (Vh − VI)‖2

L2(Γ ) + ‖(Vh − VI) · ν‖2

H
−1/2
h

(Γ )

)
, (6.14)

so we must bound |〈(Vh − VI) · ν, μ〉Γ |. Taking the difference of (4.6) and (5.2) gives for all μ ∈ Mh

Ŝ〈(Vh − VI) · ν, μ〉Γ = Ŝ〈(Vh − V) · ν, μ〉Γ + Ŝ〈(V − VI) · ν, μ〉Γ
= 〈(σl,h − σl) · ν, μ〉Γ − 〈(σs,h − σs) · ν, μ〉Γ + Ŝ〈(V − VI) · ν, μ〉Γ
= 〈(σl,h − σl,I) · ν, μ〉Γ − 〈(σs,h − σs,I) · ν, μ〉Γ + Ŝ〈(V − VI) · ν, μ〉Γ ,

where we used (6.4). Using discrete Schwarz on 〈(σs,h − σs,I) · ν, μ〉Γ yields

〈(σs,h − σs,I) · ν, μ〉Γ ≤ ‖(σs,h − σs,I)‖H(div,Ωs)‖μ‖H
1/2
s,h (Γ )

≤
(
‖σs,h − σs,I‖L2(Ωs) +Δt−1‖us,h − us,I‖L2(Ωs)

)
‖μ‖

H
1/2
s,h (Γ )

,

where we used Proposition 6.5. A similar result holds for 〈(σl,h − σl,I) · ν, μ〉Γ .
For 〈(V−VI)·ν, μ〉Γ , we need to use the fact that ‖μ‖L2(Γ ) ≤ C2‖μ‖H

1/2
h (Γ )

for a constantC2 > 0 independent
of h. This follows by [28,29,43], where they show the existence of stable liftings of the normal trace for discrete
H(div) spaces such as Raviart−Thomas and Brezzi−Douglas−Marini; proofs are given in two dimensions, but
the results also hold in three dimensions. So, combining this with (5.5) and (5.7) gives the bound. Therefore,

〈(V − VI) · ν, μ〉Γ ≤ ‖(V − VI) · ν‖L2(Γ )‖μ‖L2(Γ ) ≤ C2‖(V − VI) · ν‖L2(Γ )‖μ‖H
1/2
h (Γ )

, ∀μ ∈ Mh.

Bringing everything together, we have

‖(Vh − VI) · ν‖H
−1/2
h (Γ )

= sup
μh∈Mh

〈(Vh − VI) · ν, μh〉Γh

‖μh‖H
1/2
h (Γh)

≤C3

(
‖σl,h − σl,I‖2

L2(Ωl)
+ ‖σs,h − σs,I‖2

L2(Ωs)

+Δt−2‖uh − uI‖2
L2(Ω) + ‖(V − VI) · ν‖2

L2(Γ )

)1/2

,

and combining with (6.14) gives the assertion. �
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Lemma 6.14. Assume the hypothesis of Theorem 6.9. Then,

Ŝ((V − VI) · ν, λh − λI)Γ ≤C‖(V − VI) · ν‖L2(Γ )

×
[
‖β̂−1/2(ν)(Vh − VI) · ν‖L2(Γ ) + ‖β̂−1/2(ν)(VI − V) · ν‖L2(Γ )

+Δtα̂h−1
{
‖∇Γ (Vh − VI)‖L2(Γ ) + ‖∇Γ (VI − V)‖L2(Γ )

}
+ Ŝ‖λI − λ‖L2(Γ )

]
.

Proof. We start with ((V − VI) · ν, λh − λI)Γ ≤ ‖(V − VI) · ν‖L2(Γ )‖λh − λI‖L2(Γ ), and seek a bound for
‖λh − λI‖L2(Γ ). From the error equations, we get

(β̂−1(ν)(Vh − VI) · ν,Y · ν)Γ +Δtα̂(∇Γ (Vh − VI),∇ΓY)Γ

+(β̂−1(ν)(VI − V) · ν,Y · ν)Γ +Δtα̂(∇Γ (VI − V),∇Γ Y)Γ

+Ŝ(Y · ν, λI − λ)Γ = Ŝ(Y · ν, λI − λh)Γ , for all Y ∈ Yh. (6.15)

Next, set μh := λI − λh and use νγ from Definition 6.1 to choose Y:

Y(x) :=
∑

i

μh(xi)νγ(xi)φi(x), where φi are piecewise linear basis functions of Mh and Yh.

Then, since νγ(xi) · ν = 1 − γ, over a single face F of Γ we have

∫
F

μhY · ν =
∫

F

μh

3∑
i=1

μh(xi)νγ(xi) · νφi(x) = ‖μh‖2
L2(F ) −

∫
F

μh

3∑
i=1

μh(xi)γ(xi)φi(x)

≥ ‖μh‖2
L2(F ) − ‖μh‖L2(F )‖Ih(μhγ)‖L2(F ),

where Ih : C0 → Mh is the nodal interpolant on F . For piecewise linear basis functions, we have

‖Ih(μhγ)‖2
L2(F ) ≤

|F |
4

3∑
i=1

(μh(xi)γ(xi))2 ≤ γ2
0

|F |
4

3∑
i=1

(μh(xi))2 ≤ γ2
06‖μh‖2

L2(F ).

So combining with the previous inequality gives
∫

F
μhY ·ν ≥ (1−γ0

√
6)‖μh‖2

L2(F ) ≥ 1
2‖μh‖2

L2(F ), which implies
(Y · ν, λI − λh)Γ ≥ 1

2‖λI − λh‖2
L2(Γ ). Moreover, we have an inverse estimate

‖Y‖L2(Γ ) ≤ C1‖λI − λh‖L2(Γ ), ‖∇Γ Y‖L2(Γ ) ≤ C1h
−1‖λI − λh‖L2(Γ ).

Taking all this together, from (6.15), we get

Ŝ‖λI − λh‖L2(Γ ) ≤ C2

[
‖β̂−1/2(ν)(Vh − VI) · ν‖L2(Γ ) + ‖β̂−1/2(ν)(VI − V) · ν‖L2(Γ )

+Δtα̂h−1
{
‖∇Γ (Vh − VI)‖L2(Γ ) + ‖∇Γ (VI − V)‖L2(Γ )

}
+ Ŝ‖λI − λ‖L2(Γ )

]
,

which proves the inequality. �

6.3. Multiplier error estimate

We have an error estimate for λ− λh in the discrete H1/2(Γ ) norm by the next theorem and corollary.
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Theorem 6.15. Assume the hypothesis of Theorem 6.9. Then,

‖λI − λh‖H
1/2
h (Γ )

≤ C
[
‖λ− λI‖H1/2(Γ ) + ‖u− uh‖L2(Ω) + ‖σl − σl,h‖L2(Ωl) + ‖σs − σs,h‖L2(Ωs)

+ ‖β̂−1/2(ν)(V − Vh) · ν‖L2(Γ ) +Δt1/2‖∇Γ (V − Vh)‖L2(Γ )

]
. (6.16)

where the constant C > 0 only depends on the physical constants and the domain geometry.

Proof. Beginning as we did in the proof of Theorem 6.9, we have for all (ηl,ηs,Y) in Zh:

b((ηl,ηs,Y), (0, 0, λI − λh))
= b((ηl,ηs,Y), (ul,h − ul, us,h − us, λI − λ)) + b((ηl,ηs,Y), (ul − ul,h, us − us,h, λ− λh))
= b((ηl,ηs,Y), (ul,h − ul, us,h − us, λI − λ)) − a((ηl,ηs,Y), (σl − σl,h,σs − σs,h,V − Vh)),

which then yields

b((ηl,ηs,Y), (0, 0, λI − λh)) ≤ C‖(ηl,ηs,Y)‖Zh

[
‖u− uh‖L2(Ω) + ‖λ− λI‖H

1/2
h

(Γ )

+ ‖σl − σl,h‖L2(Ωl) + ‖σs − σs,h‖L2(Ωs)

+ ‖β̂−1/2(ν)(V − Vh) · ν‖L2(Γ ) +Δt1/2‖∇Γ (V − Vh)‖L2(Γ )

]
.

Finally, use ‖λ − λI‖H
1/2
h (Γ )

≤ ‖λ − λI‖H1/2(Γ ) (see (5.5), (5.7)), divide through by ‖(ηl,ηs,Y)‖Zh
, take the

supremum, and use the discrete inf-sup condition in ([16], Lem. 9). �

Corollary 6.16. Assume the hypothesis of Theorem 6.9 and Corollary 6.10. Then,

‖λ− λh‖H
1/2
h (Γ )

≤Chθ‖u‖Hθ(Ω)

+ C(1 +Δt)hθ
{
‖σl‖Hs(Ωl) + ‖σs‖Hs(Ωs) +

[
h+Δt1/2

]
‖V‖H1+θ(Γ )

+

[
1 +�

(
γ0

h

Δt

)1/2
]
‖λ‖H1/2+θ(Γ )

}
, (6.17)

with the same conditions on C > 0 and � as in Theorem 6.9.

Proof. Combine Theorem 6.15 with Corollary 6.10, Corollary 6.11, the triangle inequality, and standard inter-
polation estimates. �

7. Implementation details

7.1. Discretization and initialization

The method begins by approximating the bulk domains Ω, Ωs(0), Ωl(0) by triangulations Ω0
h, Ω0

s,h, Ω0
l,h

respectively such that Γ (0) is approximated by Γ 0
h = Ω0

l,h∩Ω0
s,h which is an embedded polygonal curve contained

in the edges of the mesh of Ω0
h. This procedure is done in FELICITY [62, 66] using the mesh generation tool

TIGER [64]. For the examples in this paper, Ω0
h is a triangulation of the square (−L,L)2.

To generate a conforming mesh, TIGER requires the following: a parametrization of Γ in the form of a closed
polygon, the parameter L, and the number of points N along one edge of Ωh. With this, TIGER creates a mesh
of Ωh with an embedded curve Γh that interpolates Γ . Moreover, the generated mesh is robust, i.e. there are
rigorous (and reasonable!) bounds on the angles of the triangles [64]. Note: TIGER can also generate robust
tetrahedral meshes of three dimensional domains.
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Next, initial and boundary data is interpolated into the appropriate finite element spaces using FELICITY.
We also define the initial “mapped” temperatures to be us,h

0 := u0
s,h and ul,h

0 := u0
l,h. For the examples in

Section 8.2, we set u0
s,h to a constant and u0

l,h is determined by solving the Laplace equation over Ω0
l,h with

boundary data uD

∣∣
∂Ω0

h

and u0
s,h

∣∣
Γ 0

h

. The time interval [0, T ] is discretized into M time steps uniformly spaced
by Δt.

7.2. Algorithm

The algorithm is as follows. Setting i := 0, we iterate the following procedure for a constant M number of
time-steps.

(1) Solve (5.1) and (5.2) for (σi+1
l,h ,σi+1

s,h , u
i+1
l,h , u

i+1
s,h , λ

i+1
h ,Vi+1

h ) ∈ Vi
l,h(0) × Vi

s,h × Qi
l,h × Qi

s,h × Mi
h × Yi

h.
(2) Extend interface velocity on Γ i

h to the entire domainΩh. This is done using the harmonic extension described
in Section 4.1.2 and the finite element space given in Remark 5.1.
Note that the error estimate (6.12) implies that Vi+1

h converges to Vi+1 on the interface. Moreover, this
implies that the discrete harmonic extension converges to the continuous harmonic extension, i.e. Vi+1

h

converges to Vi+1 in the bulk.
(3) Update domain using the extended velocity field (see (4.3)). In addition, we map the previous temperatures

ui
j,h to uj,h

i (for j = l, s) using (5.3). Recall Remark 4.2, and note that a discrete version of Remark 4.2
is that Δt is controlled by ∇Vi+1

h , where Vi+1
h is the extended velocity. Since Vi+1

h converges to Vi+1 as
h → 0, we have that Δt actually depends on ∇Vi+1. Hence, Δt does not depend on the mesh size, which
is confirmed by our numerical experiments.

(4) Re-mesh if needed (Sect. 7.3).
(5) Set i := i+ 1. Repeat.

7.3. Re-meshing

After the mesh is deformed in step (3) of the algorithm, the mesh is checked for quality. The minimum angle
α0 of all triangles in T i

h is measured and if α0 < αTOL then a re-mesh is performed. Otherwise, we go to step
(5) and repeat the iteration loop. For all simulations, we chose αTOL = 5◦. Note: the measured angles have a
“sign”, i.e. if a triangle gets inverted then all of its angles become negative. Thus, our criteria checks for mesh
inversion also, though this never happened.

The re-mesh procedure is performed in the following way. Given the interface mesh Γ i
h, which is a closed

curve, it is straightforward to determine what points are inside the curve and what points are outside. This
is all that is needed by TIGER [64]; in essence, one can think of Γ i

h as the zero-level set of a hypothetical
level set function. The new mesh (of Ωh) that is generated has a conforming interface Γ̃ i

h that interpolates Γ i
h

in a piecewise linear fashion. TIGER also delivers which triangles in Ωh are inside and outside of Γ̃ i
h, which

immediately defines Ω̃s,h

i
and Ω̃l,h

i
. We then interpolate us,h

i, us,h
i from Ωi

s,h, Ωi
l,h to Ω̃s,h

i
, Ω̃l,h

i
. Lastly, we

move to step (5) and define the new domains as Ωi+1
s,h := Ω̃s,h

i
, Ωi+1

l,h := Ω̃l,h

i
, Γ i+1

h := Γ̃ i
h.

For the examples in this paper the mesh topology was regenerated up to three times in some examples.
The computational time for each re-mesh procedure depends on the mesh size, i.e. re-mesh time increases for
finer meshes. However, the actual re-mesh time is approximately %10 of the time needed to solve the linear
system (5.1), (5.2) for one time-step (see Sect. 8.2.1). So it is quite negligible.

Remark 7.1. It is sometimes useful to pre-warp (or pre-compress) the initial mesh to avoid extra re-meshing
steps (see Sect. 8.2.2 for an example).
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8. Numerical results

All simulations were implemented in the package FELICITY [62]. The linear systems are solved by MATLAB’s
“backslash” command. Alternatively, one can use an iterative procedure such as Uzawa’s algorithm; (see [24],
Sect. 7) for an example in a related problem. Each numerical example was computed on a Dell Optiplex 9020
workstation with Intel(R) Core(TM) i7-4790 CPU @ 3.60GHz and 16 GB of memory.

8.1. Convergence test

8.1.1. Exact Solution

We apply our method to an isotropic surface tension example (α̂ = α̂0 and β̂ = β̂0) with a known exact
solution. Define

r(t) =
(
r20 + t

)1/2
, w(t) = −

ζ
(
d− 1

2

)
r(t)

, v(s) = −e1/4

2

∫ s

1

e−1/4z2

zd−1
dz,

and define

f(x, t) = w′(t) =
ζ
(
d− 1

2

)
2r3(t)

,

and

u(x, t) =

⎧⎨⎩
w(t) for |x| ≤ r(t),

w(t) + v

(
|x|
r(t)

)
for |x| > r(t).

When K̂l = 1, K̂s, Ŝ = 1, and α̂0 = β̂0 = ζ, u is the exact solution to (2.2), (2.3) (with inhomogeneous
boundary data). In this case, the interface Γ (t) is a circle centered at the origin with radius r(t).

8.1.2. Results

We test the convergence of our algorithm when d = 2, Ω = (−1, 1)2, r0 = 0.25, ζ = 0.01, and T = 0.5. We
measure convergence using the following errors:

‖eu‖L2,∞ = max
1≤i≤M

‖ui
h −Πhu(ti)‖L2(Ω),

‖eu‖∞,∞ = max
1≤i≤M

[
max
τ∈T i

h

∣∣(ui
h −Πhu(ti))

∣∣
τ

∣∣] ,
‖eX‖∞,∞ = max

1≤i≤M

[
max
p∈Vi

h

∣∣∣∣∣
2∑

k=1

|pk − xi
k|
∣∣∣∣∣
]
,

where Πhu(t) is the piecewise constant interpolant of u(·, t), and V i
h is the set of vertices of the surface trian-

gulation of Γ i
h, and xi is the point on Γ i

h nearest to p which is collinear with p and the origin.
Next, define Nj = 2j where j is the mesh refinement level, and Ωh is subdivided into 4N2

j triangles. We then
set Δtj = T/Mj where Mj = �2TN2

j � = N2
j = 4j . Note: Δxj ≈ 21−j and Δtj = 0.5(4−j). Convergence errors

are listed in Table 3.
Plots of the expanding circle solution are shown in Figures 2, 3, 4. For this experiment, the mesh was

regenerated once for mesh levels j = 3, 5, 6, and 7. The mesh was never regenerated for mesh levels j = 2 and
j = 4. Figure 4 depicts a snapshot of this mesh immediately before and after the re-mesh; this shows that the
interface is well-captured by the re-meshing procedure.
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Table 3. Errors for convergence experiment. The estimated orders of convergence are:
‖eu‖L2,∞ ≈ O(Δx2), ‖eu‖∞,∞ ≈ O(Δx5/3), ‖eX‖∞,∞ ≈ O(Δx2). The simulation time for
this experiment ranged from ≈ 2 seconds for level 2 up to ≈ 7 hours for level 7.

j ‖eu‖L2,∞ ‖eu‖∞,∞ ‖eX‖∞,∞

2 1.8425×10−1 1.8724 × 10−1 2.5861×10−1

3 6.4940×10−2 9.9472 × 10−2 9.8479×10−2

4 1.9307×10−2 3.6761 × 10−2 2.4667×10−2

5 5.0535×10−3 1.0785 × 10−2 6.5075×10−3

6 1.2764×10−3 2.8786 × 10−3 1.6575×10−3

7 3.2038×10−4 8.9851 × 10−4 4.1744×10−4
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Figure 2. Snapshot of mesh for Section 8.1.2 at various time levels when j = 3 and T = 0.5.

8.2. Numerical examples

In this section we report some results on the application of our algorithm for problems with unknown solutions.
For all simulations, the Dirichlet boundary is the entire outer boundary, i.e. ∂DΩ ≡ ∂Ω with uD = −0.5. The
initial temperature is us,0 := 0 in Ωs and ul,0 is a smooth function between 0 and -0.5 in Ωl. We set the material
parameters K̂l = 1, K̂s = 1, Ŝ = 2, α̂0 = 0.005, and β̂0 = 0.01. We also set f = 0.
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Figure 3. Snapshot of mesh for Section 8.1.2 at various time levels when j = 4 and T = 0.5.
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Figure 4. Snapshot of mesh for Section 8.1.2 with j = 3 immediately before and after a re-mesh.
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Figure 5. Deformation of Γ for Section 8.2.1 for different mesh sizes. Several time-lapses are
shown to illustrate the evolution with an initial star shaped interface.

We show the deformation of Γ as well as some snapshots of the mesh (restricted to Ωs) throughout the
simulation. We also show mesh snapshots before and after a re-mesh occurs.

8.2.1. Isotropic surface energy

In this section, we assume the surface tension coefficient α̂ is constant (isotropic). We set Ω = (−1, 1)2 and
T = 0.4. The interface Γ0 is “star shaped” and parameterized by

x(t) = 0.2 + 0.1 sin(10πt) cos(2πt), y(t) = 0.2 + 0.1 sin(10πt) cos(2πt), 0 ≤ t ≤ 1.

We run this example with mesh parameter N = 41, 81, 161 and Δt = 0.01. The wall time to compute these
simulations ranged from ≈ 30 sec with N = 41 to ≈ 20 min with N = 161. Note that the initial mesh is not
pre-warped. For this example, the mesh was regenerated twice for all mesh levels. To verify the efficiency of the
re-mesh procedure mentioned in Section 7.3, we present the linear system solve time (for one time-step) and
the corresponding re-mesh time:

N = 41 : solve time ≈ 0.08 seconds; re-mesh time ≈ 0.02 seconds.
N = 81 : solve time ≈ 0.80 seconds; re-mesh time ≈ 0.06 seconds.
N = 161 : solve time ≈ 3.50 seconds; re-mesh time ≈ 0.25 seconds.

Figure 5 shows the overall evolution of the interface.
Figures 6, 7, and 8 show a close-up of the mesh of Ωs for different mesh sizes.
Figures 9, 10, 11 show the effect of re-meshing on the interface Γ . Again, it is well-captured by the re-meshing

procedure.

8.2.2. Anisotropic surface energy

In this section, we consider anisotropic surface energy, i.e. we take α̂ = α̂(ν) = α̂0f(ν) where

f(ν) :=
J∑

j=1

(νTGjν)1/2

with Gj = RT
j DjRj . The matrices are defined as follows.

• Rj = R(θj) =
(

cos(θ) sin(θ)
− sin(θ) cos(θ)

)
is a rotation matrix which defines the “direction” of the anisotropy
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Figure 6. Deformation of the mesh for Section 8.2.1 restricted to Ωs with N = 41.
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Figure 7. Deformation of the mesh for Section 8.2.1 restricted to Ωs with N = 81.
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Figure 8. Deformation of the mesh for Section 8.2.1 restricted to Ωs with N = 161.
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Figure 9. Snapshot of mesh for Section 8.2.1 immediately before and after a re-mesh when
N = 41.
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Figure 10. Snapshot of mesh for Section 8.2.1 immediately before and after a re-mesh when
N = 81.
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Figure 11. Snapshot of mesh for Section 8.2.1 immediately before and after a re-mesh when
N = 161.

• Gj =
(

1 0
0 ε2j

)
is a diagonal matrix which defines the “strength” of the anisotropy

Implementing anisotropic surface tension is straightforward, as was shown in [16].

For this example, we use the data J = 3, θj =
jπ

3
, εj = 0.3, 1 ≤ j ≤ 3. We also set β̂ = β̂0f(ν), Ω = (−2, 2)2,

and T = 1. The initial interface Γ 0 is a circle of radius 0.05 centered at the origin. We run this example with
mesh parameter N = 41, 81, 161 and Δt = 0.025. The wall time to compute these simulations ranged from ≈
30 sec with N = 41 to ≈ 20 min with N = 161. Note that the initial mesh is pre-warped. For this example, the
mesh was regenerated twice for N = 41 and N = 81 and three times for N = 161. Figure 12 shows the overall
evolution of the interface.

Figures 13, 14, and 15 show a close-up of the mesh of Ωs for different mesh sizes.
Figures 16, 17, 18 show the effect of re-meshing on the interface Γ . Again, it is well-captured by the re-meshing

procedure.



2122 C.B. DAVIS AND S.W. WALKER

-1 0 1 
-1

0 

1 
N=41 dt = 0.025 T=1

-1 0 1 
-1

0 

1 
N=81 dt = 0.0125 T=1

-1 0 1 
-1

0 

1 
N=161 dt = 0.00625 T=1

Figure 12. Deformation of Γ for Section 8.2.2 for different mesh sizes. Several time-lapses
are shown to illustrate the evolution with an initial circular shaped interface. The anisotropic
surface tension breaks the initial radial symmetry.
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Figure 13. Deformation of the mesh for Section 8.2.2 restricted to Ωs when N = 41.
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Figure 14. Deformation of the mesh for Section 8.2.2 restricted to Ωs when N = 81.
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Figure 15. Deformation of the mesh for Section 8.2.2 restricted to Ωs when N = 161.
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Figure 16. Snapshot of mesh for Section 8.2.2 immediately before and after a re-mesh when
N = 41.
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Figure 17. Snapshot of mesh for Section 8.2.2 immediately before and after a re-mesh when
N = 81.
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Figure 18. Snapshot of mesh for Section 8.2.2 immediately before and after a re-mesh when
N = 161.
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