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Abstract We derive error estimates for the piecewise linear finite element approximation of
the Laplace—Beltrami operator on a bounded, orientable, C3, surface without boundary on
general shape regular meshes. As an application, we consider a problem where the domain is
split into two regions: one which has relatively high curvature and one that has low curvature.
Using a graded mesh we prove error estimates that do not depend on the curvature on the
high curvature region. Numerical experiments are provided.
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1 Introduction

Since the publication of the seminal paper [16], there has been a growing interest in the
discretization of surface partial differential equations (PDEs) using finite element methods
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(FEMs). Such interest is motivated by important applications related to physical and biolog-
ical phenomena, and also by the potential use of numerical methods to answer theoretical
questions in geometry [16,17,33].

In this paper, we focus on linear finite element methods for the Poisson problem with the
Laplace—Beltrami operator on I' C R3, a C* two-dimensional compact orientable surface
without boundary. That is, we consider

—Aru=f onTl.

In order to motivate the results in our paper, we start by giving a short overview of previ-
ous results. A piecewise linear finite element method is proposed and analyzed in [16,17].
The basic idea is to consider a piecewise linear approximation of the surface, and pose a
finite element method over the discretized surface. Discretizing the surface, of course, cre-
ates a geometric error, however, the advantage is that for a given discretization a surface
parametrization is not necessary.

In [12] a generalization of the piecewise linear FEM is considered, based on higher order
polynomials that approximate both the geometry and the PDE; the same paper proposes a
variant of the method which employs parametric elements, and the method is posed on the
surface, originating thus no geometric error. Discontinuous Galerkin schemes are considered
in[1,11],and HDG and mixed versions are considered in [8]. Adaptive schemes are presented
in[3,7,10,13,14]. An alternative approach, where a discretization of an outer domain induces
the finite element spaces is proposed in [26,27]. See also [4,6,14,28,29]. In [2,7,9,30], the
PDE itself is extended to a neighborhood of the surface before discretization.

Other problems and methods were considered as well, as a multiscale FEM for PDEs
posed on rough surface [18], and stabilized methods [4,21,22,29]. In [23] the finite element
exterior calculus framework was considered. Finally, transient and nonlinear PDEs were also
subject of consideration, as reviewed in [17].

A common ground between all aforementioned papers is that the a-priori choices of
the surface discretization do not consider how to locally refine the mesh following some
optimality criterion. It is however reasonable to expect that some geometrical traits, as the
curvatures, have a local influence on the solution, and thus the mesh refinement could account
for that locally. Not surprisingly, numerical tests using adaptive schemes confirm that high
curvature regions require refined meshes [3,6,10,13]. This is no different from problems in
nonconvex flat domains, where corner singularities arise, and meshes are used to tame the
singularity at an optimal cost [31,32].

As far as we can tell, the development and analysis of a-priori strategies to deal with high
curvature regions have not been an object of investigation, so far. In this paper we consider
a simple setting: We suppose that the domain I' = I'1 U I'p, and assume that the maximum
of the principal curvatures in I'; is much larger than those in I'>. We then seek a graded
mesh that gives us optimal error estimate. Of course, in the region I'; the triangles will be
much smaller than the mesh size in regions far from I';. We consider the method originally
proposed by Dziuk [16].

To carry out the analysis, we first need to track the geometric constants carefully. This, as
far as we can tell, has not explicitly appeared in literature, although it is not a difficult task.
We do this by following [16,17] although in some cases we give different arguments while
trying to be as precise as possible. The estimate we obtain is found below in (41). If u,l; is
the finite element solution approximation to u then the result reads (see sections below for
precise notation):
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Here f,f is an approximation to f, ¢, is the Poincaré’s constant, and the numbers Aj, ¥y,
are geometric quantities. For instance, ¥, = maxr K%hzT where A7 is the diameter of the
triangle T and «x7 measures the maximum principal curvatures on T'¢ (T is the surface
triangle corresponding to T'; see sections below). The important point here is that Aj;, + ¥,
can be controlled locally. That is, if one wants to reach a certain tolerance, one needs to make
hr small enough only depending on the geometry in 7¢. We point out that maxy «7 large is
anecessary but not sufficient condition for ¢, to be large, this is related to a dumbbell shape
of the surface. Surface with bumps for instance can allow large maxr k7 and ¢, = O(1).

On the other hand, ||V1%u|| 12(rt) does not depend only on the local geometry. In order
to deal with this term, in the case of two sub-regions, we prove local H? regularity results.
Combining the local regularity and the a-priori error estimate (41) we are able to define a
mesh grading strategy and prove Theorem 16. The error estimate contained in Theorem 16
is independent of the curvature in region I'y, and in some sense is the best error estimate one
can hope for given the available information.

The paper is organized as follows. In Sect. 2 we set the notation and derive several
fundamental estimates highlighting the influence of the curvatures. Section 3 regards the
finite element and interpolation approximations. Finally, we present in Sect. 4 a local H?
estimate and a mesh grading scheme culminating in an error estimate that is independent of
the bad curvature. The paper ends with numerical results in Sect. 5.

2 Preliminaries

As mentioned above, we assume that I" is bounded, orientable, C3 surface without boundeiy.
Furthermore, we assume that there is a high curvature region I'y C I', and define I', = I'\T';.
For f € L*(T") with .. fdA =0, letu € H'(I") be such that

/Vru-VrvdA:/fvdA forallv e H'(I), 1)
r r

where H'! T)y={ve HY(I): fr vdA = 0}. We denote by Vr the tangential gradient [33],
and (1) is nothing but the weak formulation of the Poisson problem for the Laplace—Beltrami
operator. Existence and uniqueness of solution follows easily from the Poincaré’s inequal-
ity (Lemma 8) and the Lax—Milgram theorem. Details on the definition of Vv are given
below. Consider now a triangulation I'j, of the surface I'. By that we mean that [y is a
two-dimensional compact orientable polyhedral C° surface, and denoting by 7, the set of
closed nonempty triangles such that Urc7, T = I'j,, we assume that all vertices belong to
I', and that any two triangles have as intersection either the empty set, a vertex or an edge.
Let ht = diam(T) and h = max{hy: T € 7,}. For all T € 7; assume that there is a
three-dimensional neighborhood N7 of T where for every x € N7 there is a unique closest
point a(x) € I" (see Fig. 1) such that

x =a(x) +d(x)v(x), 2
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Fig.1 Diagram of closest point map (2). The exact surface is denoted by I which is contained in the “tubular”
neighborhood . Since d is the signed distance function to I, the zero level set of d coincides with T

d(x) is the signed distance function from x to I and define v(x) = (Vd(x))' and note
that v(a(x)) = v(x) and it is the unit normal to I at a(x). Note that by using local tubular
neighborhoods, we avoid unnecessary restrictions on the mesh size.

Here we would like to explain some notational conventions that we use. From now on,
the gradient of a scalar function will be a row vector. The normal vector v is a column vector
(as well as v;, which is defined below).

We can now define, for every T € 7}, the surface triangle Tt = {a(x): x € T}. Then
I' = Ureq, T ¢ For x € Ny, define the self-adjoint extended Weingarten operator [15]
H(x) : R?® - R3 by H(x) = V?d(x) and let k; (x),i = 1,2, and 0 be the eigenvalues of
H (x). We note that k1 (a(x)) and k> (a(x)) are the principal curvatures. We note that

Ki (x) — ]’Cl& (3)
+d(x)ki(a(x))
for curvature of parallel surfaces [20, Lemma 14.17] (also see [13]).
We assume the natural geometrical condition (see also [12] for a similar condition).

|d (x)| max{lki (a(x))], lk2(a(x)]} <co < 1 forallx € N, “

where cg is sufficiently small.

At the estimates that follow in this paper we denote by C a generic constant that might
not assume the same value at all occurrences, but that does not depend on A7, u, f oronI'.
It might however depend for instance on the shape regularity of 7 € 7j,.

Given T € Tp, let

kr = |H| Loy = H}?X | HijllLoo(T), ©)

and v, € R3 be unit-normal vector to 7 such that v, - v > 0. We note that since H
is symmetric, k7 is also equivalent to the L norm of the spectral radius of H(a(-)), or
max{|ii (@) Leeo(r), [k2(@(-))|Loo(r)}, since from (4) we have

1
1_i_c()llfi(tl(x))l =< [ki(x)| = e

|i (a(x))].
Assumption Throughout the paper we will assume
hyxi <c1 <1 forall T € T, (©6)

where c; is sufficiently small.
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It is easy to see that

ld || Lry < Chikr, ©)
lv —vullzory < Chrir. ®)

To show (7), assume without loss of generality that T C R? x {0} and that vs, vz, > 0. Let
I,d be the Lagrange linear interpolant of d in T'. Since d vanishes at the vertices, Id = 0.
By [19] we have

dllLoe(ry + hrlldd/0xillLo(r)y = Ild — Ind|lLo(r) + AT |0(d — Ind)/0x;i || Loo(T)
< Ch7||V2d| =), ©)

for i = 1,2. Next, to prove (8), start by noting that v;l = (0,0, 1), and then the estimate
for the first two components ||v; || oo (1) = [[0d /0x; || L (1) of v follow from (9) and (5). The
third component estimate follows from

s = Ulzoeery < w3 = D@3 + Dz = [V = 1 poogry < il + 2070y
< Ch%lc% < Chrkr.

Here we used (6).
From (7) and (5) we see that

IldH |y < Chyki. (10)

Therefore, making c; sufficiently small in (6) so that the eigenvalues of d(x)H (x) are
smaller or equal to 1/2 for every x € I'j, then we will have

I(I —dH) ooy < C. (11)

We define tangential projections onto I" and I', respectively, as P = I — v ® v and
P, =1 —v, ®vy, where ¢ @ r = qr' for two column vectors ¢ and r. We recall that the
tangential derivatives for a functions defined on a neighborhood of I" (or I'y,) are given by

Vrv=(Vv)P, Vr,v= (V)P (12)

By using that v - v = 1, we have

0= %v(,, v) = (Vo)p = H(x)v(x) forallx €T, (13)

Hence, we, of course, have
PH=H=HP, (14)

which we use repeatedly. Also, we can show that
P(I —dH) v =0. (15)
Indeed,v = (I—dH)vby(13)andso P(I —dH) 'v = PI—dH) '(I—dH)v = Pv = 0.

2.1 Local Parametrization

LetT = {(01,62): 0 < 01,0, < 1,0 <61 + 6, < 1} be the reference triangle. Fix T' € 7j,
let xo be one of the vertices, and let x; and x5 be vectors in R3 representing two edges of T
(e.T ={xo+01x1+602x2:0<61,0, <1,0<614+6, <1}).Let X : T — T be given by
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X(01,0) = x0 + 601x1 + 6hx,. We also define Y : T Tt by Y (61, 62) = a(X (61, 62)).
Since VX = [x1, x2] we have (VX)'v;, = 0. From the definition of @ we have

Va(x) = P(x) —d(x)H (x),

and, hence
VY = (P —dH)VX. (16)

Therefore, using that P and H are symmetric and (13) we have (VY)’v = 0. Collecting the
two results we have
(VX)v, =0, (VY)»=0. a7

Given a function n € L'(T%) we define the pullback lift n, € LY(T) as
ne(x) = n(a(x)),
and for n € L'(T) we define the push-forward lift nt e LY(TY) as
n‘(ax) = nx), (18)
and associate 7) : T — R defined by
(01, 602) = (X (01.62)) = n" (Y (61, 62)).

Note that ()¢ = 5 for n € L'(T*) and (n*)¢ = n forn € L1(T).
Consider also the metric tensors

Gx(01,6,) = (VX(01,92))IVX(91,92), Gy (61,62) = (VY(91,92))tVY(91,92)-

From the definition of tangential derivative it is possible to show [33, Section 4.2.1] (see also
(2.2) in [17]) that for a function n : ', —> R,

Vi,0(X) = ViG' VX', Vrp'(Y) = ViGy' VY,

and multiplying by VX and VY we gather that

Vi =Vr,n(X)VX, Vi=Vr'(¥)VY. (19)

Hence,
Vi, n(X) = Ve (Y)VY G VX', (20)
Vin'(Y) = Vi, n(X)VXGy ' VY’ 1)

Note that we can also write
P =VYGy,'VY', P, =VXGy'VX'. (22)
To see that this is the case, note first from (17) that VYG;IVY’ v = 0. Next, consider for
€ > 0 an arbitrary differentiable curve s: (—¢,€) — T and «(t) = Y (s(¢)). Then
VYGy'VY'e = VYGy'VY'VYs =o' = Pa/,

since o’ is tangent to I'. The same arguments hold for the identity regarding Pj,.

The following identities have appeared in the literature under different forms; see for
example [12,13]. Again, we give a proof for completeness and to show the independence of
C with respect to I'.
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Lemma 1 Let ) : T, — R be differentiable, and define its forward lift n° as in (18). It then
holds that
Vrhn = (VF)’]E O(l) Q on Fh, (23)

where Q = (I —dH) Py, and
Vrntoa = (Vr,mMR onTy, (24)
where R = [1 — ("”_"3:’%](1 —dH)™LP. Moreover; there exists a constant C such that
1Qlles(ry + IRl Loory < C. (25)
Proof Using (20) and (16) we get
Vi, n(X) = VrnZ(Y)[I — d(X)H(X)]VXG}IVXt

where we used that V nZ v ® v = 0. Then (23) follows from (22).
To prove (24), we use (16) and (14) to get VY = P[I —d(X)H (X)]VX. Hence, we have

(VY)' = (VX)'[I — d(X)H(X)]P. (26)
Using (14) we get
(I —dH)P(I — dH)—l(l _® v)
vy -V
— P(I —dH)( —dH)’l(I - L®v> - P(I _ b ®").
vy - v vy - v
However,
P(I— Vh®v> I —vev— vy Qv n v@v)v, v __ oy
v,V v, -V v, -V v,V
This gives
(I—dH)P(I—dH)_1<I— M) _y_n®Y @7
v,V v, -V

So, from (27), (26) and (17) we have

(VY)Y (I — dH)—1<1 — M) = (VX) (1 _n® ") = (VX'
V-V V-V

Thus, using (21) and the above identity we gather that

v Qv
Ven'(Y) = Vrhn(X)<1 - T

; )(1 —dH)"'VYGy'vY!

VR vy,
|7

= Vr,n(X) (1 - )(1 —dH)™'P,

from (22). Clearly we have (Vr,n) v,®v, = 0 = (Vr,n) v,®v,and P(I—dH) "'v@v =0
follows from (15). So we get

W =)@ (v —vp)
vy -V

Vient(Y) = Vrhn[l - }(1 —dH)"'P.

Here we used that (v, —vV) @ (W —v) = — v, Qv — vV + v, ® v + v ® vy. This
proves (24). Finally, (25) follows from (8), (10), (11) and (6). ]
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Next, we write an integration identity.

Lemma 2 Let ) € L'(T). Then, if dA is the surface measure in T* and d Ay, is the surface

measure in T it follows that

/ n@dAzfnrsTdAh,
Tt T

87 = ,/det (GyG}l).

Proof The result follows from the change of variables formulas [15]

where

¢ X N ——
n"dA = / nv/det Gy d6, do,, / N/ detGy dby db, = / ndAy.
/Tz 7 7 X T

Combining (28), (23) and (24), we have that

1
/Vrhﬂ'vrhwdAh=/ Vin' Q! Veytol—da,
T Tt r

/ Vint - Vrytda = / Vr,nR - Vr, ¥ RST dAy,.
Tt T
Next, we prove some bounds for 87.
Lemma 3 Assuming that (6) holds and defining 51 by (29) we have that
167 — Ulzoo(ry < Chw,
‘ 1

——1 < Chixx.
Proof From (16) and (17) we have

Loe(T)

St

Gy =VX'(I—-dH —v®v)VY
=VX'(I —dH)VY
=VX'(I —dH)’VX —VX'(I —dH)» ® vVX.
Using (13) we get
(VX)'(I —dH)» @ vwWX =VX'v®vVX.

By (17),

(VX)'v, @ VX = (VX)'v, ® WX = (VX)'v ® v, VX = 0.

Hence,
(VX)'v @ vVX = (VX) (v —vp) @ (v —vp)VX.

Therefore, we get

Gy = (VX)'[(I —dH)* — (v —vy) ® (v — v) VX,

(28)

29

(30)

3D

(32)

(33)

or Gy = (VX)'(I + B)VX where B = —2dH + d*H?* — (v — v},) ® (v — v,). Therefore,

GyGy' =1+M where M = VX'BVXGy'.
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It is clear that [|[VX||zec(7) < Chr. Also, not difficult to see that ||G} Loy < Ch_2
Moreover using (8) and (10) we gather that || B[ (1) < ChT/cT Hence, ||M||L00(T) <
C h2 7- Since M is symmetric, consider the spectral decomposition M = VAV ™ 1 where
A = diag(k 1, A2) and V is orthogonal. Denoting the ith column of V by v;, we have that
A= vvai and then [|A; ||z (7) < Ch%/c% (fori =1, 2). We also note that

GyGy' =1+ VAV =vI + AV
Therefore, we obtain

6} = det (GyGx') = det(V) det( + A)det(V™h) = (1 4+ 21)(1 +2),

which yields
|57 -

Using that 67 — 1 = (5% — 1)/(87 + 1), we obtain (32). The inequality (33) follows from
the previous inequality and the fact (57" — 1) = 87 (1 — 87). o

1||L°°(T) = ChTKT

Remark 4 An alternative way to prove Lemma 3 is to use [13, Proposition 2.1] given by
87(x) = v v (1 = d(@)k1 () (1 — d(x)ra(x))),
the identity 1 — v - v, = %|v — vh|2 and (3), (4), (7) and (8).

We can now state the following result which follows from Lemmas 1 and 3, and
Egs. (30), (31).

Lemma S Assuming the hypotheses of Lemmas 1 and 3, we have that

< CIVr ey < €| Vrn'|

” ra ‘LZ(T[ -

L2(T%

In the following, we use the notation D;u = (Vru);, and write V%u as the 3 x 3 matrix
with entries D; D i (also denoted by Ql-ju).

Lemma 6 Assuming that (6) holds, we have

l

I3, 2l airy = €| VR +C (hre} + Heryr) | V|

L2(TY) LY’

where Yr = max;; ||VH,']' ||L°C(T)~
Proof Letw = Vr,n. Using (23) we see that forx € T,
wi (x) = (Pp)ix (I — d(x)H(x)); D1 (a(x)),

where we use Einstein summation convention.
Using the product rule and the fact that Pj, is constant we have

Vrywi(x) = Ji1(x) + J2(x) + J3(x),

where
Ji ==PpiHy (D 0a) Vr,d,
Jo» =—(Ppud (Qﬂl‘Z 00) Vr, Hyj,

J3 = (P = dH);Vr, (D0 oa).
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We start with J3. Using (23) we have
Vi, (D' o) (¥) = VrD, ' @) 0

Hence, using (25), (28), (32) and (6) we get

=c|vety
L2(T) — rn

HVF" (an/Z oa)‘ 21t

If we combine this inequality with (10) and (6), we have

13l z2ry < C [ Vrint|

LT
Next, using (12) and the fact v} P, = 0, we obtain
Vr,d = (Vd)P, =v' Py = (v —vp)' Py.

Hence, using (8), (5), (28), (32) and (6) yields

11l z2r) < Chricd |[Ven'|

L2(T%) "

Similarly, (7), (28), (32) and (6) yield

< Chijkryr |[Ven'| ,
20l 2¢ry = Chypkryr | Vin Lt

Combining the above estimates gives the desired result. O

We note that a similar result, with the yr dependence, can also be found in [5, Lemma 2.1]

Remark 7 Note that the C3 regularity imposed on I' is needed in Lemma 6. That seems
unavoidable, at least under the choice of the local mapping (2) used in the analysis. The same
regularity is used in [13].

3 Finite Element Spaces and Local Approximations

We introduce the following finite dimensional approximation of (1). The finite element space
is given by

Sp = {vh € CO(F;,): v dAp =0, vp|r islinear forall T € Th}

Cp

Sﬁ = {vﬁ: vy € Sh].
For f), € LZ(Fh) with fl“h fndAp =0, letuy € Sy such that

/ Vr,un - Vr,vdAy = frondAy forall vy € §). (34)
Iy Ty

Existence and uniqueness of the finite-dimensional problem (34) follows from noting that if
uy, is a solution with f; = 0, then u;, must be constant with zero average. Thus uj; = 0.
We will need a Poincaré’s inequality, as follows [17].
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Lemma 8 Assuming T C R3 a C3 two-dimensional compact orientable surface without
boundary, there exists a constant c;, such that

16120y < ep Vel forallg € H(T). (35)
Then we can state a simple energy estimate.
Lemma 9 Let u solve (1), then
IVrullp2qy < epll fllp2ry- (36)

Before proving an a-priori estimate for uﬁ — u we will need to prove an important lemma
that measures the inconsistency in going from I" to I',. First, we need to develop notation to
use in the next proof. Since d7d A;, = d A with respect to a given triangle 7 and its lifting
T!, let us define

Sh(x) =687, ifxeT.

Lemma 10 Let vy, and zj belong to Sy,. Then the following holds

< Cy, vavﬁ‘

(37

Vv z[‘
P 2y

L2(IN) H

/ Vr,vn - Vr,zn dAy, —/ Vl"vf, . V]"Zf, dA
Iy r

5 (38)

d

vz dAp —/ vizt dA’ < CVYy, Hvé‘ ,
/r,, poh g 12(r)

L2(T) H
where V;, = maxreT; K2 h2
SN

Proof Using (28) we get

/ vhzhdAh—/v,fzfldA‘ =
T r

Hence, (38) follows from (33).
To prove (37) we use (30) to get

1
¢¢
v Z — —1)dA
/r”h<5;; )

1
f Vi vn - Ve, zn d A =f (vev0?)- (Ve 0!) 7 da.
ry, r 8h

Using that V() P = Vr(-) we have
/ Vr,vn - Vr,zndAy = / VrviM - Vrzf dA,
T, r

where
_i l AN
M=—(PO)HPQO).
8

On the other hand, again using that Vi (-) P = V() we get
/ Vrvy, - VrzpdA = / Vru, P - Vrzl dA.
r r

Hence,

/ Vrhvh~VrhzhdAh—/Vrvﬁ-Vrzf,dA‘ = V Vivh(M — P)-Vrzh dA|.
'y r r
(39)
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We now proceed to bound (M — P). We first use (14), to get on [y,
PQ‘ca=PQ =PI —dH)P,=(—dH)PP,.

Hence, we get

1
Moa=—(I—dH)S(I —dH),
h
where S = P P, P, and then the triangle inequality yields

M= Pl :Ha—‘ [ —dH)S(I — dH —PH
I oo (7t n ( )S( ) LT

< H(s;‘(l —dH)S(I —dH) — SHL 1S = Pl
(T)
Now using (10), (6) and (33) and the fact that S is bounded we obtain
Hah—l(l —dH)S(I —dH) — SHLOO < Ch2i2.
()
Since Pv;,  vP = Py ® vy, P = Pv ® vP = 0 we have that on I'j,,
S=PU —-v,@vp)P =P — (v, —v)Q (v, —v))P.
Finally using that P2 = P we have
S—P=—Pl, —v)® (v, —v)P.
Therefore, it follows from (8) that ||S — P|| =) < C h%x% Using the previous inequalities
we obtain
M = Pl ooy < Chixi,

and hence
IM — Pllroery < CWy,

and thus (37) follows from this inequality and (39). m]

Theorem 11 Letu € H'! (I") be the solution of (1) and let uy, € Sy, that solves (34). Assume
that f}f satisfies ||f,f||L2(1~) < Cll fll2(ry- Then there exists a constant C such that
< C min

Ve (u—uf) Vr («-9f)
” P e gresy I T\ O

+Ccp (‘Ijh||f||L2(r) + Hf - f;f‘ L2(r)> ,

LX(T)

where V), = maxreg, K%h%- is as in Lemma 10.
Proof For an arbitrary ¢, € Sy, set &, = uj; — ¢ and S,f = ufl — qbﬁ. By Lemma 5 we have

9

20 < ClIVr,un — o)l 2ry)-
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Then, we write for an arbitrary constant ¢

IV, (up — ¢h)||iz(rh) = f Vruun - Vr,§ndAp —/ Vr,én - Vr,éndAn
'y Cp
=/ Snén dAp —/ Vr,0n - Vr,6ndAy by (34)
Tp Tp
=/ fhEhdAh—/f-SfdA
I r

+/ Vru-VrélfdA—/ Vi, én - V& dAp, by (1)
r Ip

=N+ L+ 3+ U,
where after using that [ fdA =0 = th fndAy,

5= fh@h—c)dAh—fFf,f(s,f—c) dA, Jz=/r<f;f—f)($;f—c) dA,

Ty
Bi= [ Vr(u—af)-Vrsida, gy = L.VrE dA -
3= rl\u—@,) Vr§,dA, Jis= | Vre, Vr§, dA Vr,@n - Vr,6ndAy.
r r I
By applying (38) and the Poincaré’s inequality (35) we get

n=cew|f] L v

L2(T) L2’

where we chose ¢ = |1ﬁ Jr S,f d A. Using the Cauchy—Schwarz inequality and the Poincaré’s
inequality (35) we have

(R U P AL

2=Cp fh f L2(0) l“fh L2(1)
Using the Cauchy—Schwarz inequality we get

e [5ri], [50]

3= |Vr(u—¢,) 2 ré, 2
Using (37) gives

w=cwy|vegf| | | vréf

4 < n || Vroy, 2 ré, 2

Hence, combining the above results we get

HVré&f

<Cc, |V H -
o = cp< nllf 2y + || — f

L2<r>>
L2<r>> ’

where we used that ||fhl||L2(I“) < [If lz2(ry- If we use the triangle inequality and (36) we
obtain

+ W HVI‘¢;€

e (va(u -

LX)

¢ ¢
V00 oy = [0 (= 00) ]y 0 10220 -
The result now follows after taking the minimum over ¢, € Sy and use the fact that ¥, <1
which follows from (6). O

Let I, ¢ be the standard Lagrange interpolant in ', onto S, and define I,n* = (I 1) €
Sﬁ. We then have the following estimate.
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Lemma 12 Let u be the solution of (1). Then,
12

2
V@ = Il 2y < Cep(hn+ Ul Fliay + | D0 07 [ VR oy |
TeT,

where A, = maxre7, h‘?} yrkr and yr was defined in Lemma 6.

Proof Recall that u, is the pullback lift of #. Using Lemma 5, and approximation properties
of the Lagrange interpolant, we have

Ve — In)llp2rey < CI Vi, (we — Ineue)llp2¢ry < Chr HV%hquLz(T) .
We get from Lemma 6 that
1V = Biolarey < € (hr [ VRl ooy + (8363 + Bhwervr) 19rull 2o ) - (40)

The result follows easily by summing over T and applying (36). O

We can combine Theorem 11 and Lemma 12 to get the following theorem.
Theorem 13 Assume that the hypothesis of Theorem 11 holds. Then,
¢ ¢
e (=)0, = Cor ((Ah + Wl ey + | £ = 1 Lzm)
1/2

+C Zh%”V%u”iz(m . (41)
TeT,

4 Graded Meshes for Two Subdomains

In this section we consider the case where there is a high curvature region I'y C I', and
I, = I\Ij. We let 9 = |H | ;) and assume that kD > k@D We also let k =
|H | poory = . We use our above results from the previous sections and local regularity
results in order to grade a mesh so that the error is balanced.

We start by just stating the global regularity result which is found in [17]. We note that

this result does not fit our graded meshing strategy; instead, we establish Lemma 15.

Lemma 14 Assume that T is a C3 orientable compact surface without boundary, and that
u € HY(T) solves (1). Then u € H*(I"), and there exists a constant C that is independent of
the curvatures of T such that

[VEul oy < (14 CepOll £l 2y
Applying Theorem 13 and Lemma 14 it easily follows that

V7 (i)

Then, requiring A, + ¥, < h(1 + k) we get

G

= Cep | - i

e = )—i—C(h—l—cp(Ah—i—\IJh Fem) fll 2y (42)

L2

oy = Corllf = fillay + Ch(L+ ep (T4 0) I fllaey 43)
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Of course, this is not a very good estimate in the case ¥ = kD > «® since we would
have the mesh size far away from I'; still depending on « 1. Instead, we would like to have
the mesh size to only depend on @ a distance order one away from I';. In order to do this
we will need a local regularity result, as follows.

Lemma 15 (Weighted-H 2 regularity) Letu € H 2(T") be the solution of (1), and consider
the subset Ty C T. Let p € W1°°(I') be such that supp p C T's. Then there is an universal
constant C such that

[oVERu 2y = Cllpllwroery (1+ep(1+ D) fll 2y (44)
Proof Note that D; (pQQ‘/u) = Ziniju + pQQi‘/u, and
/ pZQiquiju dA :/ D;;uD, (,OZQ]'“) dA —2/ pD;;uD;pD ;u dA
I I I
< /F DyjuD; (p2Dju) dA + 20V rpllosy oDyl 2y |2l 2y
2
2 2 2 1 2
< | Dyub; (P*Dju) dA+20V ol ) IRl 2y, + 510Dl s r, -
I
Then

/pZQiquijudASZ/ DyjuD; (pDyu) dA +4Vrp oy IDuls
I I

From Lemma 19,

3

Z[ D,uD; (,022]14> dA
2

i,j=1YT
3
- Z/ AruD,; (ng,u) dA—f p*(tr(H)H — 2H?)Vru - ViudA
/2 ’ I
j=1

< / Aru (20Vrp - Vru+ p?Aru) dA+ Ck@)? | p*|Vrul*dA
I I

<C <||VFP||L°°(F) loArull 2o IVrull g2, + ||,0A1“14||i2(r2)

+ KO0y IVl )

Thus,
3
> / (pD;ju)* dA
ij=1"T2
< (Noarulagy, + (1Vrolla) +€@lpllze) IVrul?
= PAT L2(T,) T PIIL>(T) PIllILo(T) rUll2yy ) -
The result now follows after using the energy estimate (36). O

Lemma 15 holds with a generic function p, but we will apply the result with p(x) =
dist(x, I'1) which is a 1-Lipschitz function.
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4.1 The Graded Mesh

We start by defining dj = (1 + ¢, (1 + «®))/(1 + c,cV). We then define the region
D) = {x € I': dist(T'1, x) < d;}. We also let ihl ={T € Tj: T' N Dy # (0} and define
’]N'hz ={TeT):T¢ 7711}. We set h1 = hd;. Finally, we let p(x) = dist(x, I'1) and also set
oT = dist(T*t, Ty) forall T € 7, where p(+) is defined using the geodesic distance [25] and
IVollLee, < 1.

Our graded mesh will then satisfy:

M) Ap+¥, <h(1 -|—Ic(2))~
M2) hy < hy forevery T € ’Z;ll
(M3) hy < min{pr, 1}h forevery T € 72

We recall that W, and Ay were respectively defined in Theorem 11 and Lemma 12.

A few comments are in order. First, note that condition (M1) is completely local, and in
the case O (k) = 0 (xk?), condition (M1) would be necessary to get an estimate of the
form (43), as the argument above (43) shows.

Note that if O0(k") = 0« @) then O(hy) = O(h). The mesh size for triangles that
are unit distance from I'y (i.e. pr = O(1)) can be chosen so that O(hr) = O(h). In the
intermediate region a grading giving by (M3) needs to be satisfied. Finally, note that there
is a smooth transition for triangles in the border of D;. Indeed, if pr = d; then by (M3),
ht <dih = hy

We now state and prove our main result.

Theorem 16 Suppose that u € H! (") solves (1) and uy, € Sy, solves (34). Assume that the
mesh satisfies (M1-M3). Then we have

7o)

Before proving the result let us state a few comments. Note that the right hand side of (45)
looks like the right hand side of (43) with x® instead of «. Therefore, with the available
information, (45) is essentially the best result we can hope for. So, we found a graded mesh
where one has a fine mesh in the region where the curvature is high to get the best error
estimate.

(45)

< C(1+cp(1+ )l Fll 2y + Cep Hf — 1t

L2(I) 2’

Proof (of Theorem 16) By (41) and our assumption (M1) we have
Ve (u=ui)

2
+C Z h HVI%“HLZ(TZ)
TeT,

© ¢
i = € (RO Ny + | 7= 1

1/2

Lz(l"))

Next, we estimate

2 2 2
Z hzT ” V12“”||L2(Tf) = Z hzT ” V%””U(Tl) + Z hZT ”Vl%””LZ(Tf)'
TeT, TeT,! TeT?

h

By our (M2) we get

2 2
Z h% ” V1%“” 27t = Ch% ” V1%"” L2(T)*
TeT)]
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and we gather from Lemma 14 that
2 2 2
> 13 VRl acrey = € (14 D) 113y = CH2(14ep (4D 11y -
TeT)]
The other term we bound in the following way by using (M3):
h3 | V3 2 < hzT V2 2 < h?|pV2 2
Z 7| Fu”LQ(W) = Z 2 | F”“LZ(TK) =h*|p Fu||L2(F2)'
Tel? Teir T
Now using (44), we have
2 o2, 112 2 272 2
Z hy HVF”HLQ(T’Z) < CR(1+cp(1 +4@)) 1Ay -
Tel?
The result now follows. O

4.2 An L?(T) Estimate

We now derive an error estimate in the L2(I") norm, based on the usual duality argument.
We note that the conditions (M1-M3) are no longer enough to guarantee a 42 convergence
that is independent of (1. Actually, (M1) is reinforced by imposing that

(M4) W), < h2(1+«?)

Theorem 17 Suppose that u € IfIl(F) solves (1) and uy, € Sy, solves (34). Assume that f,f
satisfies ”th”LZ(F) < C\ fllL2(ry, and that the mesh satisfies (M1-M4). Then we have

e
e =i

< CPY (Y +cp +h(1+ kD) (e, + D) fll 2

L)
+Ceplcp +hT) Hf — 1t

L2y
Here Y =1+c,(1+ k@),
Proof First, letv € H! (I") be the weak solution of

¢

—Arv=u—u;, onl

where

Then

2
:/Vrv~Vr<u—ftfl) dA
veay Jr

=/er(v—1,,v)-vp (u—ﬁf;) dA

~{
|« -,

—/Vrlhu-vraﬁdA+/ flyvdA,
r r
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where we used (1). Then, using (34), the fact that derivatives of constants are zero, and that
JrfdA=0= fl"h fndAy, we can show that

2
¢
o~ 3]

=N+ DL+ T3+ Js,
L2(I)
where

I = / frpw — c)dA — / Su(Inv = ©)ed Ay,
r 'y
12:/ (f—f,f)(lhv—c)dA
r
J3 = / Vi —Ipv) - Vr (u —uﬁ) dA,
r
J4:/ Vrh((lhv)g)-VphuhdAh—/Vrlhv-Vruf,dA.
'y r

Here we choose ¢ = ﬁ fr InvdA. Using (38), the Poincaré’s inequality (35), and that
1l 2y < CUSfll2qrys

Ji = Cep Ul Fllp2my IV Tnv) 22y

Using the Poincaré’s inequality (35) we get

Jr < Ccp Hf - f,f‘ o Ve Unv)llL2ry-

L2

Using (37) we get
Js = €Wy | Vruf]

2 IVrUnv)ll 21y

Using the triangle inequality and the energy estimate (36) we have

Js = CU, (Hvr (= )] oy, F e ||f||Lz(r>> 1V Rl 2 -

L2(

To bound J3 we use the Cauchy—Schwarz inequality

752 e (v - u)

L2r) IVr(Ipv — U)”LZ(F) .

Using Lemma 12 we get the estimate

2

2 2 2 ~¢ 2 |92, 2
IV = )y <Cf A+ 9 fu—if |, -+ > 1 [¥Evl o,
TeTy,

As we did in the proof of Theorem 16 [using (M1-M3)] we can show that

2 o2, 12 2~2 o [?
> 13| VEo5a e, < CHPY Hu—uh’Lz .
TeT, )
Hence, using (M1) we have
0
IVr@ = Ll < Ch Y u— i . (46)
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Therefore, we get the bound

Js = ChY |V (uf - u)|

~{
|« -,

L2 L2r)

Using (46), the triangle inequality and a energy estimate we have

IVEUn) 2y = Clep + T |u— i

L2r)’
It follows then that

Ji+J2+Jy = Clcp +h7Y)

(co Wil sz 4 | = 5

o [5r(o5)|

LZ(F))

LX(T)

~{
x |u —af]

L2r)

Therefore,

LzU"))

2’

Jue - af] )sa%+hn(%%mmnm+QWf—ﬁ\

L2(T

+C((ep + hW + T | Vr (uf — u)

We gather from (M4) and (45) that

H” - uﬁ‘ | = Clep +RORT N fll 2y + Ceplep +hT) Hf i

L2(T L2(I)

+C((ep +h OV + k0> +h )R £l 2y (47)

The triangle inequality yields

Hu—d

We now use that fl“h up dAy = 0 and (38) to get

1
¢ ¢
u; dA| = /u dA—f updAp
/1: h ’ INEEAT r,

Using the triangle inequality, (35) and (36) we gather that

/uf’dA
r

Finally, from (48), (6), and (M4) we have
R e

The result follows from this inequality and (47). O

¢
< llu—u
L2 ~ H h

1 4
_ Al 4
BASRANE /ruhd ‘ (49)

<Cy, Hu,‘;

1
|T|1/2 L2r)’

1 4 2
W <C (‘ph Huh - ’4‘ 2@ + lIthp ||f||L2(F)> .

o + Ceph® Y| fll 2r)-

<
L) — L2(

Remark 18 Although we only proved results for domains without boundaries, we anticipate
that our analysis will carry over to surfaces with boundary. In fact, in the next section we will
provide numerical experiments for a surface I' with a boundary.
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Surface View

0.8

N 0.6 -

04

0.2~

07

Fig. 2 Visualization of the surface I'

5 Numerical Experiments

We consider a simple example of a surface with a high curvature “ridge,” and show our
adapted mesh as well as properties of the solution.

5.1 Surface Parameterization

Let I be the surface parameterized by

X(x,y) = (x, v, 1— \/xz +5-1072y2 425 10—5> , for(x,y)eU, (49)
where U = {(x, y) € RZ: x2 —i—y2 < 1} (see Fig. 2). The curvature regions 'y, I'; are defined
by

2 2
U1={(x,y)eR2:<ﬁ) +(%) 51}, Ty =X®U), Th=T\T;. (50)

This leads to the following maximum curvatures on I', ['2:

(e))

kD = maxk =199.970, «@ = maxk =8.701, ~—— =22.984.
T T, k@

5.2 “Exact” Solution
We use zero boundary conditions on dI" and choose the right-hand-side f : I' — R to be

50.0 exXp (m) s if (.X — 02)2 + y2 < 02,

0, else.

fGx,y,2) = { (51
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Solution of Laplace-Beltrami

0.014

0.012

-0.008

- 0.006

0
X 0.5

Fig. 3 Plot of the “exact” solution u on "

Note that f is similar to a “bump” function [24] and is C°°(I") and has compact support on
r.

In lieu of an exact analytic solution, we compute a reference “exact” solution (denoted u)
on a mesh consisting of 3,679,489 vertices and 7,356,928 triangles obtained from refining
an initial coarse mesh. The number of free degrees-of-freedom of the reference solution is
3,677,441 (after eliminating boundary degrees-of-freedom). See Fig. 3 for a plot of u.

We also plot an approximation of |V1%u| to illustrate how the hessian is influenced by the
high curvature of the domain, which is concentrated at the high curvature ridge of the surface
(see Fig. 4).

5.3 Adapted Mesh and Solution

Our adapted mesh is generated by first starting with a coarse mesh that satisfies (10), (6), (11).
We then iteratively check the criteria in (M 1), (M2), (M3) in Sect. 4.1. At each iteration, if
any triangle does not satisfy the criteria, then it is marked for refinement. We then refine all
marked triangles using standard longest-edge bisection. Figure 5 shows a plot of our final
adapted mesh.

Figure 6 shows the “pointwise” error |Vr(u — uyp)|, where uj, is the numerical solution
on the adapted mesh. Note that the graded mesh, essentially, eliminates the error in the high
curvature region. However, the grading strategy does not specifically account for f, so the
error is larger where f is large.
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surface hessian of solution (Frobenius norm)

Fig. 4 Plot of the hessian of u (viewed from the top). Note that it peaks in the high curvature region

Adapted Mesh

0.8 —

06—

Fig. 5 Visualization of the adapted mesh of I" using our grading criteria
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surface gradient of error (magnitude) x10°3

| -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
X

Fig. 6 Plot of |V (u — uy)| (viewed from the top). The adapted mesh essentially eliminates the error in the
high curvature region

Appendix A: One Technical Result

Lemma 19 Assume that T is a C3 two-dimensional compact orientable surface without
boundary, and that u € H 2(T"). Then

3
Z/ Ql-,»uQi (pZqu) dA
e e

- Z/ AruD; (p qu) dA —/ p2(tr(HYH — 2H?)Vru - ViudA.
I

Proof In what follows, we use the two identities [17]

/QiuvdA:—/ uindA—f—/ uvtr(H)v; dA, (52)
r r r

and
D;ju=Dju+ (HVru)jvi — (HVru),vj, (53)

for all C3(I") functions u, v. Also we will use that of course
Vru-v=0. (54)

We assume for the proof that u € C3(I'), and the general result follows from density
arguments. Following [17, Lemma 3.2], and using the Einstein summation convention,
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_ f ( ) dA +/ up” D tr(H)v; d A by (52)
=— | Dy u(0?Dju) da by (54)
= D[Dju+ (HVru)jv; — (HVru)v;]p*DjudA by (53)

D,[D;;u+ HjpDyuv; — Hika”Vj]PzQ./“dA

||
|
—,\—J\—,\—J\\

(Djj;u + HjiHii Dyu — Hig Hij Dyu) p° D jud A by (54)
(DljlupzD w4 pX(w(HYH — HY) Vi - Vru) dA.

To handle the first term on the right hand side, we use (53) and the fact that D;;u = Aru
to write:

/Dl]lupzD udA = —/[QjAru+(HVrQiu)jvi — (HVrDu)iv;]p*DjudA
r

_/FQJ‘AFMPZQJ'M+ijQkiuviPZQj“dA7

where we used (54) in the last equation. But D;;uv; = D, (D;uv;) — D;uHy; = —D;uHj;,
and then

/Dlﬂup D udA = /—QjArupZqu—i—ijQl-qu,-ngiudA
- :
:/AFMQJ- (pZqu>+p2H2Vru-VrudA.
r

In the last equation we used (52) and (54). This completes the proof. O
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