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Abstract

We present an approach to shape optimization problems that uses an unfitted finite
element method (FEM). The domain geometry is represented, and optimized, using a (dis-
crete) level set function and we consider objective functionals that are defined over bulk
domains. For a discrete objective functional, defined in the unfitted FEM framework, we
show that the ezract discrete shape derivative essentially matches the shape derivative at
the continuous level. In other words, our approach has the benefits of both optimize-then-
discretize and discretize-then-optimize approaches.

Specifically, we establish the shape Fréchet differentiability of discrete (unfitted)
bulk shape functionals using both the perturbation of the identity approach and direct
perturbation of the level set representation. The latter approach is especially convenient
for optimizing with respect to level set functions. Moreover, our Fréchet differentiability
results hold for any polynomial degree used for the discrete level set representation of the
domain. We illustrate our results with some numerical accuracy tests, a simple model (ge-
ometric) problem with known exact solution, as well as shape optimization of structural
designs.

We also present some analysis of the Landau-de Gennes model for liquid crystals
in an unfitted framework and derive a consistency estimate for a scalar-valued version of
this PDE. These results will (eventually) form the foundation of an unfitted method for

the Landau—de Gennes model.
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Chapter 1. Introduction

Considerable work has been done on shape optimization with the following refer-
ences giving a good overview [62, 38, 69, 39, 76, 66]. The main idea is to optimize (e.g.
minimize) an objective functional over an admissible set of shapes or domains. Typically,
the objective functional depends on the solution of a partial differential equation (PDE)
over the domain to be optimized [74, 42], which gives a PDE-constrained, shape optimiza-
tion problem. A classic example is finding the shape of a rigid body in a fluid flow that
has minimum drag (i.e. that minimizes the viscous dissipation in the fluid velocity field
around the body) [60, 61, 53, 34]. Other applications can be found in image processing
[41, 23], microswimmers and fluids [77, 78, 48], and optimal (elastic) structures [19, 17].

For practical applications, one usually uses gradient-based optimization to find op-
timal shapes; thus, one has to calculate shape derivatives to obtain effective descent di-
rections [38]. For the continuous problem, one can derive exact shape derivative formulas
provided the domain and PDE-data are sufficiently smooth [22]. But these formulas de-
pend on solutions of PDEs, which are almost never analytically tractable. Moreover, the
domain geometry must be represented in a way that can be easily varied for optimization
purposes. Hence, for real applications, numerical discretization of the PDE and geome-
try is necessary to make shape optimization problems tractable. A variety of numerical
methods may be used for shape optimization, though finite element methods (FEM) are
popular [43] because of their ability to handle complex geometry.

However, using FEMs with conforming meshes for the domain geometry introduces
an issue for gradient-based optimization methods. The discrete objective functional now
depends on the mesh vertex positions in a non-obvious way [5] and can be complicated
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to differentiate [29, 40] or requires automatic differentiation [46]. Essentially, the diffi-
culty comes from the fact that perturbing the mesh (geometry) also perturbs the finite
element space used for computing the PDE solution. The approach just described is called
the Discretize-then-Optimize approach.

The alternative approach is called Optimize-then-Discretize. In this case, one de-
rives the exact shape derivative formulas at the continuous level, then simply replaces all
quantities with their discrete approximation [1]. Thus, computing the derivative is more
straightforward than the other approach. Unfortunately, it suffers from inconsistent gradi-
ents, i.e. the discrete approximation of the shape derivative is not the exact derivative of
the discrete objective functional. Hence, a gradient-based optimization method that uses
these derivatives may get stuck and not reach a true optimum. In addition, one has to de-
form the mesh as the domain changes which introduces some challenges, such as avoiding
mesh degeneracies and general remeshing of the domain [1]. Despite this, some success is
enjoyed by this approach [45, 54], but the issues remain. See [33, 7] for a detailed discus-
sion on the Optimize-then-Discretize versus Discretize-then-Optimize approaches.

Therefore, we propose an unfitted approach for shape optimization that avoids the
above dichotomy. Our method uses discrete level set functions to represent the domain
and an unfitted FEM for solving the PDEs. We show that, for bulk shape functionals, the
exact, discrete shape derivative in terms of perturbing the domain’s discrete level set func-
tion can be easily computed and, essentially, matches the continuous formula. Effectively,
we take the discretize-then-optimize approach, but our formula is the same as that from
the optimize-then-discretize approach (c.f. Sec. 5.5). Ergo, we gain the benefits of both

approaches.



In [25], they consider shape optimization with extended FEM and level sets and
apply finite differences (with respect to the level set) to the finite element stiffness matrix
and load vector. However, this is a purely discretize-then-optimize approach and the com-
puted shape derivative is not easy to interpret. In [24], they consider shape optimization
with multi-meshes and they describe a method of mappings approach that yields a (seem-
ingly) simple discrete shape derivative formula that is discretely consistent. However, they
demonstrate that applying their formula to a Poisson problem results in a complicated
formula involving many jump terms and special extension terms that are not easy to im-
plement within their FEM framework. They then opt for a Hadamard formulation of the
shape derivative, which is the optimize-then-discretize approach and gives gradients that
are not consistent.

The closest reference to our work is [6], which derived similar level set shape deriva-
tive formulas to ours (c.f. our Theorem 5.16 to [6, Thm 5.1]). Nevertheless, there are two
main differences with our work: (i) we are able to prove Fréchet differentiability of our
formulas, whereas [6] only proves Gateaux differentiability; (ii) we allow for discrete level
set functions of arbitrary polynomial degree, but [6] only considers piecewise linear level
set functions. We also emphasize that [6] assumes that the zero level set does not pass
through any vertices of the mesh, which is related to our Assumption 4. It is notable that
[6] also considers boundary functionals, which we do not, however the resulting discrete
formulas are much more complicated than the continuous versions.

Some other related works are the following. In [18], they apply cutFEM techniques
and level sets to shape optimization of elastic structures, but their formulation is of the
optimize-then-discretize type only. In [14], they consider a Bernoulli free boundary prob-
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lem, which can be posed as a shape optimization problem, and its approximation by cut-
FEM. Moreover, they formally compute discrete shape derivatives in the Gateaux sense
under some smoothness assumptions, including a boundary value correction method, and
compare these to using continuous derivative formulas. Numerical experiments show that
the various derivative formulas perform similarly with some issues of getting stuck on local
minimizers.

Recently in [29], they computed the exact shape and topological derivative of dis-
crete shape functionals, but their analysis was limited to piecewise linear level set func-
tions. Our analysis allows for discrete level sets of arbitrary polynomial degree and yields
formulas that are easier to interpret than in [29]. Furthermore, [9, 8] presents theoretical
tools for shape optimization of sets defined via intersection.

The thesis is split into two main sections: (i) a section on shape optimization with
unfitted finite element methods (Chapters 2-8); (ii) development of an unfitted method for
simulating liquid crystals (Chapters 9-11).

The discussion on shape optimization is organized as follows. Chapter 2 presents a
model problem, shape optimization with linear elasticity as the PDE constraint, to illus-
trate our shape derivative technique. Next, in Chapter 3, the discretization of the linear
elasticity PDE is introduced along with an unfitted finite element framework. The anal-
ysis of the model problem: existence and uniqueness, well-conditioning, and consistency
estimates are addressed in Chapter 4. Chapter 5 discusses the shape derivative and es-
tablishes the shape Fréchet differentiability of discrete bulk shape functionals. Moreover,
the shape derivative is connected to the level set formulation and allows for direct per-
turbation of the level set function. In Chapter 6, the full shape optimization algorithm is
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described within a level set framework that allows for directly updating the level set func-
tion. Then, we give numerical results to demonstrate the method in Chapter 7 with con-
cluding remarks in Chapter 8.

Additionally, in Chapters 9 and 10, we address the Landau—de Gennes model for
liquid crystals in the unfitted finite element framework and discuss the analysis for a
scalar-valued version: a modified Allen-Cahn PDE. Some concluding remarks are given in

Chapter 11.



Chapter 2. Linear Elasticity PDE

We setup a classic example problem to illustrate our unfitted approach to shape
optimization. Let Q C R, for d = 2 or 3 with Lipschitz boundary 9€) := I'n UT'y such that
I'p NI'xy = 0. We also denote the outward normal of Q by v. We consider the following

linear elasticity equations with displacement field u(x):

—V.-o=f, o=2uVu)+ Mr(e(Vu))l, inQ
(2.1)
=0, onlp, ov =gy on Iy,

where €(Vu) := 2(Vu + Vu®), 1 and X are Lamé parameters, and o is the stress tensor.
Additionally, f and gy are body and surface force densities, respectively. The term V - o
denotes taking the row-wise divergence on o. An example of a 2-D elastic domain €2 is
given in Figure 2.1. The typical physical example we consider is a cantilever, with zero
Dirichlet boundary conditions indicating that the cantilever is anchored along I'p.

The weak formulation of (2.1) is as follows. First, define the linear and bilinear

forms:

X (% 0) = (f,v)g + (gn,v)p,, Yo e H(Q),

(2.2)
a(Qu,v) = 2u(e(Vu),e(Vo)), + A (V-u,V-v),, Yu,ve H(Q).
Then, we seek the unique solution u € V5(2) := {v € H'(Q) : v|r, = 0} such that
a(Qu,v)=x (o) VYo Vp(Q). (2.3)

We will sometimes denote the solution to (2.3) by w(2) to emphasize the dependence of

the solution on the domain §2.



I'n

Figure 2.1. Diagram of 2-D domain representing a cantilever. The cantilever is anchored
on the left and is hanging out freely to the right. Note that I' := 9Q =I'p U I'y.

2.1. Minimization Problem
For any v € Vp, let J (Q2;v) be a shape (cost) functional. Furthermore, let A be a
set of admissible domains that accounts for some boundary constraints, regularity proper-

ties, etc., and consider the following minimization problem

J(Qumin, w(Qmin)) = min - min_J (Q; ), subject to w uniquely solving (2.3) on Q. (2.4)
QEA uelp(Q)

If A has some compactness properties, such as enforcing a bounded Lipschitz constant on
the domains, see [1], then existence of a minimizer can be shown.

Proceeding formally, we rewrite the minimization problem using a Lagrangian to
free the PDE-constraint, i.e. for any 2 € A, define

L(Qv,q):=J(%v)—a(Qv,q) +x(q), Vv,qeH(Q), (2.5)

and note that by (2.3) the following property holds

J(u() = L(Q%u(),q), Yge Vp(). (2.6)

The Lagrangian framework allows us to characterize the minimizer in (2.4) as a saddle-
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point, 1.e.

7' T D = 1 1 N 27
L(%u,p) = min i - max L(2%0,q), (2.7)

for some Q € A, u € Vp,andp € Vp. Assuming L is Fréchet differentiable, with
dqL (;v,q) (+), 0,L (v, q) (+), and doL (Q2; v, q) () denoting the Fréchet derivatives with

respect to each argument, the following first order conditions must hold for w and p:

0oL (1w, p) (2) =0, Vz € Vp(Q),

(2.8)
5oL (Q;a, 15) (w) =0, Yw € Vp(Q),
which means that w and p solve the following variational problems
a (Q;ﬁ,'v) =X (Q;v) , Yo € Vp(Q),
(2.9)

Thus, Q = Quin, @ = U(Qmin) solves (2.3) on Qi and p = p(Qin) solves an adjoint

problem. In addition, we have the following first order condition for

doL (2w, p) (Y) = o] (%) (Y) = doa (4, ) (Y) + dox (%p) (Y) =0,  (2.10)

for all admissible shape perturbations Y .

Note that, ultimately, we are after the derivative of the reduced functional 7 (§2) :=
J (;u(Q2)), where u(2) solves (2.3). Indeed, we seek to compute the shape derivative of
J (), so that we can perform gradient based optimization (see Section 6.2). This is given

by the Correa-Seeger theorem [22, pg. 427]:

doT () (Y) = doL (2;u(2), p(Q)) (Y), (2.11)

for any admissible domain 2.



As an example shape functional, we are interested in the so-called compliance func-

tional y, plus a penalty term on the volume of the domain:

J (4 v) = x (Q;v) + ag|9Q|, (2.12)

where x is a sum of the work of the external forces acting on €2 (note: ag > 0). Neverthe-
less, our level set shape derivative formulas can be applied to other bulk shape functionals.

Note that by using (2.12), the problem is self-adjoint and p = w.



Chapter 3. Unfitted Discretization

Our shape derivative technique takes full advantage of the framework of unfitted
FEM, which uses level sets to represent the domain, as well as a Nitsche method and in-
terface stabilization to yield a well-posed problem [15, 36, 12, 16, 50]. This section de-
scribes our discretization of the forward problem (2.3) (see also [37]).
3.1. Domain Representation with Level Sets

Let ¢ : © — R be a C! level set function, with ¢! > |Vé| > ¢ > 0 on D, where
DCcRisa fixed, open, “hold-all,” polygonal domain (e.g. a box) that we call the design
domain. We represent the exact domain Q by Q = {x € D : ¢(x) < 0} (see Figure 3.1),

where the boundary of 2 partitions as

90 =TUTl, where T:=99NQ, and TI':={xecD:¢(x) =0} (3.1)

Essentially, I' is the free part of the domain that is being optimized. Note that ¢ # 0 on
T, except on TNT. This partitioning of the boundary will induce an analogous partitioning

of the Dirichlet and Neumann boundaries, i.e.

90 = (Tp UTp) U (TxUTx) = (Tp UTy) U(I'p UTY), (3.2)
— =T
=I

and similarly for the discrete boundaries (see below). The “hatted” boundaries will be in-
active, while “unhatted” are active.

The discrete domain is represented by a discrete version of ¢, denoted ¢;. To this
end, let T, = {T} be a conforming shape regular mesh of @, where all T' € T;, are treated

as open sets, and define the space

By, = {¢n € WD) : dp|r € W>>(T), VT € T;}, (3.3)

10
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Figure 3.1. Diagram of the design domain. The outer design domain boundary 0D is indi-
cated by the long and short dashed line, where the short dashed lines correspond to 2 N T
the solid boundaries indicate T'.

with norm given by

6nlls, = 0 lyne s + max [Vl oxcry. (3.4)

TeTh
Then, we let ¢, € B, and define the discrete domain ), = {x € D : on(x) < 0} with
8Qh = fh U Fh, fh = 835 ﬂm, and Fh = {a: € 35 : th(w) = 0} (35)

Again, we assume ¢! > |V¢y,| > ¢ > 0 a.e. to guarantee Q, is well-defined and 9, has

dimension d — 1. We also have an analogous partitioning of the discrete boundaries as in

(3.2), i.e.

OQh = (fh,D U Fh,D) U (f‘}%N U Fh,N) = (fh,D U fh,N) U (Fh,D U Fh,N) = fh U Fh. (36>
In practice, we take ¢, € B, C Bj to be a finite element function where By, is a

fixed, background (Lagrange) finite element space on D:

By = {v, € C'D) : vp|p € Pi(T), YT € Tp}, for some k > 1. (3.7)

Using level sets to represent geometries has a long history [57, 68], with some recent work
on level set functions defined on unstructured meshes [4].
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3.2. Subdomains and Meshes

For any given domain 2 (an open set with Lipschitz boundary), we approximate
it by € which will be determined from an approximated level set function (as noted in
(3.5)). Note that Q will be changing due to shape optimization iterations. Let § > 0 be a
layer thickness parameter (to be determined later) for extending domains, i.e. define the

open set

Q5 = E5(Q) := int{x € D : dist (z,Q) < d}, (3.8)

and Qs = E5(2,). Note that Qy = Q and Q¢ = 5. With this, we define the active mesh

and corresponding domain (see Figure 3.2):

T5 = Tns = Tns(Q) ={T €T : Qs T # 0},

(3.9)
Ds = @h’g = gh,é(Qh) = {.’B eT:Te ﬁz,é(Qh)},
where the discrete extended domains D5 are jagged versions of €2 5.
Next, we define the tubular (or shell region) that contains I', (the active part):
Sf =5, = 55(0) = {=z € D : dist (2, [,) < 5},
(3.10)

Sf =S, =550 ={x e D\ Q: dist (=,T}) < 0},
i.e. the shell regions always contain the zero level set. The corresponding meshes are (see

Figure 3.2)

Tor = Tox(Dh) = {T € T, : TN X5 # 0},
’ (3.11)
Tor = Ty (Tn) = {T € Ta : TN S} # 0}

For simplicity, we assume that I'p and 'y lie on disconnected parts of I' so that we

12



(a) The active mesh 75 depicted by the collec-  (b) In red, we have the shell region X3 that
tion of elements above. surrounds the active boundary.

LB
N iEEE
[
&

(c) The selection of elements, Ts+, around the  (d) The facet selection Fx+ is depicted above.
shell region Ef;t.

Figure 3.2. Illustrations of subdomains.

have a clear decomposition:

Zia(Fh) = Zié,D(Fh,D) U EiJ,N(Fh,N)7 S s(Ch) = X 5p(Thp) USE sn(Tan), (312)

Tor(n) = Tos UTee . Tor(D) = Top, UTor
We also have the set of shell facets (see Figure 3.2):
Fy+ = fzéi ={F €0T,s: F =T NTy, for some Ty € T s, Ty € T+, such that Ty # Ty},

(3.13)

where 07,5 := {01 : T € T), 5} denotes the set of all facets within the active mesh. Again
we have the following decomposition: Fy+ = }'EEED U Fy: . Note that the facets on the

boundary of ®;, s are not included in (3.13).
Remark 1. One does not have to assume that I'p and I'y lie on disconnected parts of I'.
In this case, we alternatively define 3y s «(Tnx) and S, 55 (Tap) as follows so that the two

13



sets are disjoint:

Sip = S sp(Thp) == {z € D : dist (z,[p) <},
(3.14)
Sin = Sisn(Thn) =5 \ Sip.
Similarly, the previous subdomain definitions can be redefined analogously for when I'np and
'y are not disconnected. This will be necessary later for the continuity and coercivity of
our bilinear form.
3.3. The Finite Element Scheme

The background finite element space is based on Bj, but with Dirichlet boundary

conditions on I'y, p built-in:

B, =Byn{veH(D): vl =0} (3.15)

With this, we have the restricted finite element space on Dy, 4:

Vi, =Vi(Q) = {v), € C'(D),5) : vy = Oplo, s, for some ), € éh}, (3.16)

ie. V, = éh|©h,5-

The unfitted approach [37] for (2.3) requires special facet stabilization terms to en-
sure that the method is stable and that the condition number of the corresponding (finite
dimensional) linear system does not depend on how elements are cut by the boundary.
Given a facet F' = T\ N Ty, with Ty # Ty, let wp = T} U T5 be the local facet “patch.”
For any w,v € By, define the local stabilization form, known as the “direct” version of the
ghost penalty method as in [50]

spr (u,v) = / (u; — us) - (v1 — vy)de, (3.17)

wWEg
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where u; = Ep (ulr,) (i = 1,2), and similarly for v;, where Ep : P(T) — Pr(R?) is the
obvious extension of a polynomial on an element T to all of R? using its analytic formula.
For the analysis, we also define (3.17) for arbitrary functions u,v € L3*(®). Set u; =
Ep (Ilr,ulr) (i = 1,2), where Iy, is the L*(T;) projection onto Py (7).

The global stabilization form, for a set of facets F, is given by

1
sp (Fiu,v) := 2 Z snr (U, v), (3.18)
FeF

where s, (F;u,v) < (sp (F;u,w))"? (s, (F;v,v))"? follows because s, (F;-,-) is an inner

product. Then, we introduce the following stabilized bilinear form:

ap (Qp;u,v) == a (Qp;u,v) + Ys50(For ju,v) + %hzsh(]-"E U, V), (3.19)

+ +
5,D 5N
where v > 0.

Next, we introduce the Nitsche stabilization technique for handling boundary con-

ditions in our unfitted method. For all u,v € By, define the following forms:

Ah (Qiﬁ u, ’U) = Qp (Qh; u, ’U) - (U(U)Vfw ’U)Fh,D - (u7 J(U)Vh)rh,D

+ph~tb (Q;u,v) + Wh(o(uw)vy, O'(’U)I/h)rh,N
(3.20)
b (i u,v) = 2pu(u, v)r, , + ANu-vy,v-vy)

Tn,p

Xn (5 v) = X (Qn;v) + Whign, o (V)vn)r,
where 7p > 0, yn > 0 are fixed coefficients. These forms are similarly defined on the exact
domain 2.

Our unfitted numerical scheme is as follows. Find w;, € V},(€2),) such that

Ap (Q; up, vp) = Xn (Qp; vp) Yoy, € Vi (), (3.21)
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where the Dirichlet condition on I'j, pp is only penalized here. This scheme is a slight varia-
tion of the unfitted finite element method in [37] (see also [13]).

Let us (formally) verify the consistency of the scheme, though this is proved later
in Section 4.4. For simplicity, we replace 2, by €2 and take the exact data f and gn.

Next, we substitute the exact solution u of (2.3) for u; and integrate by parts

(=V o (u),vh)q, + (@(wv, vp)p, = (e(wv, o), | = (w, o)), |

+h b (Qp; w, vi) + wh (o(u)v, o (vp)v),  + (stabiliz. forms) (3.22)
= (f,vn)g, + (9n, /Uh)l"h’N + wh (g, U(’”h)”)rhYN )

for all v, € V,,(€2;,). Using the strong form (2.1) and rearranging, we get

—(u,o(vp)v)p, | + Yoh ™' (U w, vy)
’ (3.23)
+h (o (u)v — gy, o (vp)v)y, |+ (stabiliz. forms) = 0,
where the first three terms vanish by (2.1). The stabilization forms are not zero, but van-

ish as h — 0 (see Prop. 4.4). Note: vy is allowed to be zero, but it may be useful to have

in the case of other boundary conditions.
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Chapter 4. Error Analysis for the Linear Elasticity PDE
We give a brief overview of the error analysis for the approximation of (2.3) with

(3.21). To this end, we define some convenient norms:

[0ll2, = an (Qn;v,v),  [v]§ = b(Qu;v,),
(4.1)

o[l = 0ll3, + 2o (@)Zzw, ) +whllo@)vnlze, o + Rl

for all v € H*(D) U B,
4.1. Inverse Estimates

In order to obtain some of these inverse estimates and to ensure coercivity of our
bilinear form, we make a reasonable assumption, as in [50, Assumption 5.3|, for a bound
on the number facets that have been cut and a uniform bound (independent of k) on the
number of paths that end on any interior element.
Assumption 1. For every element T € Tx+ there exists a path from x € T to a point
within an interior element y € S € Ts\Ts+ and has the following properties: The number
of facets that are cut by the path from z to y has a uniform bound of K < (1 + %) and the
total number of paths that end in any interior element S € Ts\Ts+ has a uniform bound,
M, independent of h.

This is a reasonable assumption as long as the interface I' is smooth and sufficiently
resolved by the mesh. We have the following useful inverse estimates.
Proposition 4.1. Let T} € Ts+ and Ty € Ts be such that Ty # Ty and T,NTy=F + 0.

Then for w with u|r, € Pp(T;) fori= 1,2, we have that

wl|Zeiy S lwllZeimy) + shr (u,u), (4.2)
1
IVulZ2ry S IVUlliem, + 72 ShF (u,u). (4.3)
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The proofs of (4.2) and (4.3) are given in Lemma 3.1 of [63] and in Lemma 5.2 of [50] re-
spectively.
We also have the following extension estimates.

Proposition 4.2. The following estimates hold for v € By:

[0l Z200, S 1072, + Kh2sn (Fyziv,0),  (44)
Vol 220, S IVOl72(0,) + Ksn (J:zgc; v, ’U) : (4.5)
20[e(V0) [ 72(0,) + Alltr(e(Vo)) 2005 S IVl + Kon (Feziv,v),  (4.6)

where K < (1+ 2).

Proof. The proof uses (4.2) and (4.3) repeatedly. For every element T' € T+, we create a
path from 7" to an interior element 7" € T5\Ts+. The norm over T can be estimated by
the norm over 7" plus any facets that have been cut by our path. So, for (4.4), we have

the following:

!Ivlliz@&): > HUH%Q(T)—i_ > ”U”%Q(T)
VTG'E\TE-Q- VTeTs+

Sty + 22 Ivlzem,
VT€T2+

and now we use (4.2) repeatedly. Let us denote the path from any 7' € Tx+ to an element
T' € T;\Ts+ that has the desired properties in Assumption 1, by pr : [0,1] — D and
denote the collection of facets passed through by pr by F,, having at most K facets in

this collection. So then we get

Ivli2y S M+ Dlvllieq,y + > 3 swr(v,v)
VTETs+ VFEpr

5 ||’U||%2(Qh) + Kh28h(f2(:5t;vav)a

18



Figure 4.1. Example of a facet path, pr, in red with a neighborhood of this path in green.

and the last line follows due to fact that F,, C Fzéi and that any individual facet is
passed through order K < (1 + %) number of times from paths py for all T' € Tx+. To un-
derstand this, we first consider how many facets any path pr passes through. As shown in
Figure 4.1, given any path pr, we denote Oy (pr) to be a neighborhood of pr that has been
extended by a distance of h. This guarantees that Op(pr) will contain all elements that
pr passes through. And due to the shape regularity of the mesh and the quasi-uniform
mesh we can estimate K (the number of elements that intersect pr) by taking the area
of Oy (pr) and dividing by the area of the smallest element. The length of pr is at most
§, hence area of Oy (pr) is at most wh? + 2hd and the area of any element is of order h?.
Hence, K < w S(1+2).

As long as the mesh sufficiently resolves I', we should have the number of paths

that pass through any individual facet is also of order K. Hence (4.4) follows, and the
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proof for (4.5) follows analogously. Now we consider (4.6):

2| (V0)[Famgy + ME(E(T0)) g,y = 5l V0 + T0T e, + (A x(T0 + Vo)
< QNHV’U”%%Q;) + )\HU(V”)H%%@@
< 2+ N Vo2ao,)
S 2+ N[ Vollfzq,) + (26 + N Ky, (fzg:; v, ’U> :

where we have used the inverse inequality (4.5). O

Corollary 4.3.

030,50 S 0120 + K250 (Foz sv.0) . (4.7
||V'U||i2(©5\2(:stN) 5 ||V'U||%2(Qh) + KSh (JT"Z(:SF:D, v, 'U) s (48)
20)e(V0) 22 0w + MEre(TO) 05 ) S IV0 3200, + Ko (]—"Z v, v) . (4.9)

+
§,D
Proof. The proof is similar to the proof of Prop. 4.2.

211 e(V )17 0,55, ) + AMr(E(VO) 720052
@5\5 ) (D5\ZFx)
1 T2 1 (12
= i,uHVv + Vo HL2(©5\E§N) + ZAHU(V") + Vv )HL2(®5\2§%N)
< 21Vl a0, 55, + ATV
< (2p+ )\)||v”||i2(335\25i]v)

< @+ V0l + 21+ N Esi(Foz 0,0)

+
8,D
Indeed, if we use @5\E§N instead of ®;5 we only end up with the facet stabilization term
for facets belonging to ]:Z(:SK:D. [

Remark 2. Since we always assume that ]f‘D| > 0, we have the classic Korn’s inequality

[20, Thm. 6.15-4]. Let A C D be Lipschitz and assume that I C OA. Then, there exists a
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constant C' = C(A,T'p) such that
”'U”Hl(A) S CHE(V'U)HLz(A), fO’I“ all v E Bh. (410)

Thus, for instance, one can bound the left-hand-side of (4.6) below by 6||Vv||L2(95), for
some bounded constant C.

We will also need the following estimates for use in the a priori estimate.
Proposition 4.4. For allv € Hk(@) we have the following estimate for the stabilization

term:
Sh (‘FE?; v, ’U) 5 h2k||U||%{k+1(©5), (411)
and if Z(v) is the Lagrange (or Scott-Zhang) interpolant of v, we also have
sn (Feziv = Z(v),0 = () S W [ullfee oy (4.12)

Proof. The proof can be found in [50, Lem. 5.8]. O

The following lemma is a generalization of [36, Lem. 4.2] (see also [37, eqn. (64)]).

Lemma 4.5. Let A be a compact, OV domain in R%. Then, for any T € Tr, we have
Hw”i?(TmaA) <C {(1 + Kohr) h;leH%z(T) + hT”va%Q(T):I . forallwe HY(T), (4.13)

where the constant C' is independent of A and ko depends on |[V2ba| L(9a), where by is

the signed distance function of A.
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Proof. Set S =T NOA and note that S C 9T UJ(T N A) by the following argument:
S=TNOA=(OTUT)NIA= (0T NOA) U (T NIA)
C 0T U [T noA]
COTU TN (0ANA)]
COTU TN (ANA)] (4.14)

C OT'U (TN A)N (T U A7)

CoT U [(TNA N (TN A
=0T UI(TNA),
where we have used the fact that 9B = B N B¢. Define 7" = T' N A. We further decompose
S into two subsets S and Sy where S; = S N 9T lies along 0T and Sy, = (S NIT’) \ S lies
entirely within the interior of T. By construction, S; N Sy = () and by (4.14) we have
S1USy=SnN[0T uUoT’
= SN[OTUT N A)] (4.15)
=S.
Now we prove that [|w]|72 s, has the bound in (4.13) for i = 1,2. Let by : R” = R
be the signed distance function of A, with int(A) = {ba(x) < 0}. By [22, Ch. 5, Thm 4.3],
and the compactness of A, there exists an open neighborhood N of dA such that by €
CH(N). By the classic Stein extension theorem, let b : R? — R be a Ch! extension of
baly to RY.

Next, let F': T — T be an affine map from the unit diameter reference element T’

~

to T', and note that [VF| = O(hr). Define A = F~1(4), § = F~Y(S), T = F~Y(T"),
S, = F~1(S;), for i = 1,2, and note that S=5US, $iNS=0,8 cdT, and S, c 97".
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We also define & = w o F and b = h7'bo F, where [Vb| < O(1) everywhere, and note that
Vb|0A Yofa, where 0 < 79 = O(1) and 7o is the (outward) unit normal of A.

If Sy # 0, then let A be the outward normal vector of 9T and note that

A Vha?dS = 4 / @2dS + [ - Vbadds,
T\S,

oT
where the sign depends on the orientation of . Using the divergence theorem, we have

that

- VhadS = /v )daz—/(Ab) 2dw+2/ OV - Virde.

T

Combining, we get

10182 5,y S NAB ey 1002 gy + 0l oy V0 oy + 1011

L2(Sy) ~ S | L2(07)

(4.16)
< (U NAD e D122, + 1901 7

where we used a standard trace inequality. If S; = (), then (4.16) trivially holds. Moreover,

(4.16) holds with S replaced with S,. Summing the two inequalities, we get

[l

25 S (U 180 e 012, + (02, 7

Mapping back to T', we obtain

||w||%2(5) S+ hTHAbHL‘”(T))h%lHwH%%T) + hT”Vw”%Q(T)

where we note the scaling |Ab| & hy|Ab|, and that |Ab| depends on the curvature of AA.

O
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Proposition 4.6. Given a domain 2, with Lipschitz boundary, we have the following

standard trace and inverse estimates:

10112200, S l10ll2@ullvllmie,) Vv € H' (), (4.17)
ol 5 S b 20720, Vv € Vi (Ds), (4.18)
WVl o S IVl + Kon (Fop o) Yo eVa(®@s),  (419)
sp (Fet;v,v) S h_2||'v||%2(7—2i) Vo € Vi (9Ds). (4.20)

Proof. The proofs of (4.17), (4.18), and can be found in Theorems 1.6.6, 4.5.11 of [11]. For

(4.19), using Lemma 4.5 and inverse estimate (4.18) yields

V0l = 2 V0l S 5 A IV,

B TET, _ TET,
Tlﬁll—‘h,D;ﬁ@ TﬁFh7D7é®

Then, using (4.8), we get (4.19). We also note that the same argument also holds true for
p replaced with I'y and Fy= - replaced with Fy+ due to (4.13) and (4.5).
The proof of (4.20) follows by approximating the L? norm over T} by the L? norm

on an adjacent element T which is justified due to the shape regularity of elements:

1
sp (Fee;v,v) = = Z / v — vy)dx

E]:iw
1

1
> /w'vl—l—deQ:—h2 > {/‘A)vada:—i—/wpvgdm],

FeFgt FeFy+

D‘

where we now use the shape regularity of the mesh to estimate the L? norm over 7} and

bound it by the L? norm over T, and vice versa, i.e.

1 2 2
sp (Fet;v,v) S 7 > [/Tl(F) vidx + /TQ(F) v2da:]

FeFsg+

1 2 -2 2
L st ol
»+
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We first note the following estimates which can be found in [13, 37] and references
therein.

Proposition 4.7. The following inverse inequality and Poincaré estimate hold:

vl S 27 lvllze,) Yo € Vi), (4.21)
lollz@s S llvll, - Yo € Va(Sn). (4.22)
Proof. Recall that [[vll,, == [[v[lZ, + hllo (V)72 ) + while@)vallizr, o) + A7 v]E, so

we proceed term-by-term. First,
||’U||Zh = a (Qp;v,v) + YsSp (]:thD; v, ’U) + vsh?sp, (fEStN; v, v)
S (e(V),e(V))o, + (V- v,V - 0)q, + h7?|[v][120, + W07 v[[720,)

S ol + b2 vl720, S 20120,
where we used the inverse inequalities (4.18) and (4.20). Next, using Proposition 4.6, we

have
hllo()llixw, o) + while(@wnllizr, o) < ko @),
= h[2u(e(Vv)) + Mr(e(Vo)) I|[72(r,)
S hHVUH%Q(Fh)
S I90la0, + Ksn (Foz,i0.0)
S h_2”v|’%2(©5);
where we also used inequalities (4.18), (4.19), and (4.20). Next,
h=Hv||2 = b 2u(v, V)2, ) T ' A\v-v,v- V)L2(Dyp)
S I, ) S P 2@y vl o)
S h_2||"’||%2(©5),
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where we have used the trace inequality (4.17) and inverse inequality (4.18). Hence (4.21)
is true. To show (4.22), we start with (4.4):
||U||%2(©§) S ||’U||i2(§2h) + Kh?s), <f2(5i§ ’U,U)
S vllZe,) + Ksn (inD;v,v> + Kh?s, (]:2?,1\1;”’”) :

Since v = 0 on fhp # (), it follows from the Poincaré inequality that
||v||%2(@5) < ||V'U||%2(Qh) + Ksy, (J:EEE,D; v,v) + Kh2s, (FE(%N;U,’U>

< 20l e(V0) a0y + (V) [y + Kon (Fisyi0.0) + Kh2sy (Fs0,0)

< |lv||? < 2

S lollz, S vl -

ap ~

]

Proposition 4.8. The bilinear form Ay is continuous and, for sufficiently large vp, coer-

cive. Specifically, we have

A (iwv) S Jlully loll, . Vo € Vi), (4.23)

l[vllly < An (Qus0,0), Yo € Vi(). (4.24)

Proof. Note that A, defines an inner product on V},. The continuity of A, is trivial to
show, so only the positive definiteness of A, remains. So let v € V), with v # 0 and note

that we have the following:

(@)1, 0)r,] < (2T, + At (VoD ) 0]

1/2
S (2ulle(T0)IR, , + Aler(e(To)I, ) ol

Sh 1

< Q(Q;LHE(VU)H%W + A!ltr<e(w))ll%hp) + 557, 101l

~ oh 2 2 71 2
=% 2(2u\le(vv>\lph,DmK + AHtr<e(Vv)>Hrh,DmK) + 55l

KeT,
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Using the trace inequality from Lemma 4.5, we have

h(20l (V)R o + AT, i) S (2ulle(V0) e + Altr(e(Vo)) ).

Thus, we obtain:

o 1
(@0, o] S 5 (2Ol +Mer(e(To)I, ) + 550l
2 5D =50 20h

5 2 2 1 2
S 5 (2ulleV o), 5z, + Al (TN B, ) + 57101

And then using (4.9) we get the following:

o 1
(@10, | < CF (190l + Ksn (Foz, i0.0) |+ Co ol

Note that by definition of a; we have %HVvHiz(Qh) + YsSh (]—"E&iD; v, v) < ay (Qp;v,v).

Hence, by choosing § = min{ 5, ;2= } we get

1
(o (©)rn, )r, 5| < Jan (i v,0) + Ch o],

Therefore, upon choosing yp sufficiently large (independent of h), it follows that

1
A (i v,0) 2 Slvlla, + (o = VL [vlly + b (0 (0)vn, o (v)wn)

IS

(4.25)

— ~ 2
2 IwlIZ, + hllo @)z, o) + 27 ol +xhllo()nlliar, o = vl .

where we invoke the definition of || - [|,,, (4.19), and Korn’s inequality (4.10). This estab-

lishes the coercivity of Aj,. O

Theorem 4.9. There exists a unique wy, € Vi, () such that

Ap (s up, vr) = Xn (05 v1) Yoy € Vi(Qn). (4.26)

Proof. Due to the fact that Aj, is continuous and coercive from the previous lemma and
that x; is a bounded linear functional, the proof follows directly from the Lax-Milgram
Theorem. O
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4.2. Conditioning of the Mass and Stiffness Matrix
Let {¢;}Y | be the standard finite element basis of V},(€2;,) with N denoting the di-

N
mension of V},. So then for any v € V},(€2),) we can rewrite v as v = Y 0;¢;. We define the
i=1

form my(u,v) := (u,v)ar + su (]—"th; u, fv) and then define the mass and stiffness matrices

M and A as follows:
mi; ==mp (i, ©5) — my(v,w) = (M0, Ww)p~
Qjj =Ay (Qh; ©s, QOJ) = Ah (Qh; v, ’LU) = (A’QA), ’li))RN

For all v, w € V(). We also recall a standard equivalence of norms estimate

W10 |lg ~ 10]72c0,): (4.27)

We follow the proof of the theorem from [37] on the condition numbers of the mass
and stiffness matrices:
Theorem 4.10. The condition numbers of mass and stiffness matrices M and A satisfy

the following estimates:

k(M) ~ 1 k(A) < h72, (4.28)
where the hidden constants are independent of h and indepenent of the cut of the mesh.
Proof. Note that we have the following

(A0, W)ry = Aj (2 v, w)
S ol Ml
S h7wllr2ep [wllzzey)
S h72 0] e[| la,
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where we have used (4.23), (4.21), and (4.27). And so we have (AD, W)gy S h? 2|9 ||p~ || ||p~
and by taking a supremum over all W such that |[w|[gy = 1 we obtain the fact that
|AD ey < h92||0||gy which then implies |A gy < h9"2. Now to compute ||[A ™" ||g~x. Note

that we have the following:

W28y < Ivllz2op) < 0l

Recall that by coercivity of Ay, in (4.24) we have that ||v||> < A, (Q; v, v) which implies

Ah (Qh; v, 'l))
oll, £ —5
vl
< sup riv,w)
weVy, (Q1)\{0} \meh

(AD, W) [| ]|z~

= sup —
weVy, (Q1)\{0} ||| p |||’w|||h

< sup  poinAB®)
weV, (2p)\{0} (||| g

Now then, we have the following:

W lolly < |AD]ey VO € RY.

Hence, by choosing © = A~ 'w we get that

AT D gy S A Y|y = [[A gy SR

So then it follows that x(A) = [|A|lgny [[A ™ ||ey < A2
The proof regarding the mass matrix can be proved in the same way but is slightly
easier since we only need the equivalence of norms estimate (4.27) and continuity and co-

ercivity properties of my, O
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4.3. Pseudo-Galerkin Orthogonality

We recall that our bilinear form Ay, (Q,;u,v) can be defined for functions u,v €
H'(Q4,). Moreover, we can extend the exact solution w on  to an open neighborhood
D, that contains both © and j, using the following bounded extension operator (see [11,
Thm. 1.4.5]).
Theorem 4.11. Suppose that 2 has a Lipschitz boundary and let v € WH5P(Q). Then,
there is an extension mapping E : W*P(Q) — WEP(RY) such that for all integers k > 0

and all 1 < p < oo, that satisfies

S

E@)la=v  an IE)[lwrma < Cllollwes g,

where C' is independent of v.

Now let u € H'(Q), with w = 0 on I'p U I'p, solve (2.1) and assume u = E(u)
is extended to H' (@) using Theorem 4.11. Now we also suitably extend f and gy so that
—V-o(u) = fin Q, and o(u)v = gy on I', . We also assume that gy = 0 on f}hN.

Then, u satisfies the following:

(f,v)q, = —(V-o(u),v)q,
= _(U(u>yh> U>3Qh + (0‘(’11,), vv)Qh
= —(o(wvp, v)r,, — (e(wWvn,v) 5, +(0(u), Vo),

’ ’ (4.29)
= —(O'(U,)Vh’ /U)Fh,D - (gN7 ,U)Fh,N +a (Qh; u, 1.7)
(fv ’U)Qh + (gN’ v)Fh,N =a (Qh; u, ’U) - (O'(U,)I/h, U)Fh,D
X (Q;v) = a (Qp; u,v) — (o(u)vy, v)

Inp

where v € éh and v =0 on th.
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Proposition 4.12. Let R(a,t) := a + tY (a), for allt in a bounded, open interval I, and
a.e. a € R, where Y € [WH(RI)]4. Assume that ||Y || is sufficiently small so that
forallt € I, VoR(a,t) is a matriz with positive determinant and |V,R(a,t)| = O(1), i.e.
R(-,t) : RY — RY is a differentiable homeomorphism for allt € I. Let g € L*(RY) and
define ¢ : R x I — R by q(a,t) = go R(a,t). Then, ¢ € L'(R? x I) and lallrraxry <

C|I1- gl L1 (ray for some bounded constant C.

Proof. Define § : RE x I — R by g(a,7) = g(a) for a.e. @ € R? and all 7 € I. Clearly,
g € LY(R? x I). Next, define ©(a,t) = (R(a,t),t) and note that @ € [IWL>(R? x )]d+,
Moreover, we have that det(V,.:0(a,t)) = det(V,R(a,t)) > 0 for all t € I. Thus, © :
R? x I — R? x [ is a differentiable homeomorphism.

Now, by change of variable, note that

00 > 1] - gl ey :/Rd/lyg(y,7>yd7dy:/Rd/lygo@(a,t)\det<va,t@(a,,t>)dtda
- / d / g o R(a,1)| det(VoR(a,))dtda,
Re JI
which means that |g o R|det(V,R) is in L'(R? x I). Since det(V,R) € L®(R? x I), then

g=goRe LNRY x I) and |||l przaxn < ClI| - 9]l go- O

Corollary 4.13. Let R(a,t) have the same function defined in Prop. 4.12. Now let g €
LP(RY), and define q : R* x I — R by q(a,t) = go R(a,t). Then, g € LP(R? x I) and
)l Loraxry < CHIVP\\gll oy for some bounded constant C.

Corollary 4.14. Let R(a,t) have the same function defined in Prop. 4.12. Now let g €
HY(RY) and let T C R? be the Lipschitz boundary of a bounded set Q, and define q : T' x
I = R byq(a,t) =goR(a,t). Then, g € L*(T x I) and || r2wxn < C1Y?|gll g ray for

some bounded constant C.
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Assumption 2. We assume that the exact domain Q is of class CT, with ¢ > 1, that
Qy, is the sub-zero level set of a discrete level set function ¢; having polynomial degree q,
and that Qp, approzimates Q to order q as described in (4.30), (4.31), and (4.32). We also
define our finite element space Vj, to contain piecewise polynomials of up to order q and
assume that gx € HY(D), f € HI (D).
Assumption 2 implies that we have solution regularity u € H91(Q), and by the extension
operator in Theorem 4.11, we consider u to be extended onto D with u € Hqﬂ(@).

To proceed with our analysis, we use the same approach as in [32] and [50] in which
we have an approximation of the discrete domain €2, with the discrete level set function

on, satisfying

dist(Q, Q) < A9, (4.30)

where ¢ > 1 is the order of the geometry approximation (i.e. ¢ is the polynomial degree of

¢p). In addition, we assume that there exists a mapping ® with the following properties:
®(Q) =, D (Q2s) = Qns
1@ —id|| =0y S AT VP — I[[Loe(05) S A (4.31)
| det(V®) — 1 (o) < A7,

where @ is a continuous well-defined map that is invertible for sufficiently small A, and

v =V¢/|IVo|on T, v, = Ve,/|Veoy| on I'y. Moreover, for surface elements, we note the

following estimates from [32]

aS(®(a) = jndS(a), ln — Uiy SH (v = vl S 0 (4.32)

Y

where dS}, (dS) represents the Lebesgue measure for I', (I'). We abuse notation and use
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dS for either I' or '}, depending on the context. The function py, is the Jacobian resulting
from the change of variables for the surface integral.

The following basic result is needed to deal with the boundary stabilization terms
coming from Nitsche’s method (see Prop. 4.16).
Proposition 4.15. Assume Q, Qy, satisfy the approximation properties (4.31), (4.32). Let
O C 90 and Oy, be its discrete approzimation. Suppose f € HYD) with f = 0 on O, and

gn s a piecewise polynomial function over Ty,. Then,

(f.90)e, S 2N fll i) - lonllzzen: (4.33)

(fr9n)e, S DTNV s, - lonllizen, i F € HAD), (4.34)
Proof. We start with

(f.90), = [, f@)ar(x)ds
= [(f o ®)(gn 0 ®)pnas
= [(fo® = F)lgi o ®)unds (4.35)
s [|e®-nignod)as

S fo®— fllzze - lgn © @|lr2e),
and note that [|gn o ®||12(6) ~ ||gnllr2(e,)- Next, we focus on the f term and use a refined

trace estimate:

[fo® — fllize) < If o ® = fllT2pa) S Ifo® — flle@lf o ® — fllaw,
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followed by

17 0@~ fllzan < | [ 90+ 1@ — i) - (@ — i)

L2(Q)

1
< ot / IV f(id + (@ — id))|dt
0

L2(Q)
SH Y flloga)
where we used Prop. 4.12 to view Vf(id + t(® — id)) as a function in L*(® x [0,1]) and
apply the norm bound. Combining everything, we get (4.33).
Now, assume additional regularity of f, namely f € H 2(ZA)), and reconsider the f

term in (4.35):

1 2
1fo®— 20 = H/O VS (@ —id) - (@ iyt
1 2
< ey / Vf(id + ¢(® — id))|dt
0 L2(6)

1
< h2(q+1)/ / IVf(d + t(® — id))|?dtdS
e Jo
~ WYV f o R 7xoxio) -
where R(a,t) =id(a) +t(®(a) —id(a)). Then, we apply the trace inequality in Cor. 4.14

to obtain

0@ — fllize) S W IV s,
and combine with (4.35) to get (4.34). O

Proposition 4.16. Let ¢ > 1 be the order of approzimation of Q, and assume € is CI+L,

Moreover, if ¢ = 1, assume the (extended) ezact solution w is in H2(D) and gx € H*(D);
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else, w € H3(D) and gx € HX(D). Then, for all v, € Vi (Q), we have

wh™'b (s w,vn) S Wl o) om0,

—(w, (), ) SB[l s, llonll),
wh (@ = gy, o (@ )vn)r, o S hY ] gz @) + 195 i @) 1081l -

(4.36)
Proof. To derive the first line of (4.36), we use (4.34) and a trace estimate:

Yoh o (s w,vp) = yph ™ [2/1(“7 VR)r,p + A(w - v, vy - Vh)Fh,D}
S ™ 2 gy - 08 © @l oy
FN ) o 22) © B2,

5vnthvhHm(rh,D)[QMHUHHQ F M [ull ez | S Al e lvnlla @

Next, we use (4.34) and the definition of |||, to obtain

—(w, o (o)), , S h g lo)llam,m) S A2 ullye g, Nl

For the last estimate, note that

(W — gx, o (@), |, = (@@ — gy, o (@), |+ (0(u) (v — v), (o)),
and estimating the second term with ||v — V|| pe(r,) S h? gives

W (o(u) (v, —v),o(vy)vy) < pa

ron S hlo (W)l 2, oo (On)vnl 2, 0

< WYVl gy sl -
Now, we focus on the other term and first assume ¢ > 2 and note that u € H 3(@) and
gxn € H2(D). Again, we use (4.34) and the definition of ]I, to get

W (oW — gy, oo, S oWy — gall e wllo(wn)vallaw, )

< 12 [Vl s, + gl s | loall
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On the other hand, if ¢ = 1, then we have the following estimate due to (4.33):
W(e(w)y — gy, o(vn)vn)r, | S bllo(wr — gxll s llo(on)vll e,
< W2 9l s + sl sy ] Mol -

Combining everything gives the last line of (4.36). O

4.4. A Priori Estimate

Since (4.29) is satisfied for all v € éh, it follows that we can choose v = v;, €
Vi(£2,) so that we have
Ap (3w, vp) = Xa (Qn;vn) — (u, O'(Uh)'/h) +'7Dh ' (Qn; w, )
+wh (o (W, o (v, = Wh(gn, o (o)), | (4.37)

+ VsSh (J:z;tD; u, Uh) + ’Yshzsh (‘FE?N; u, Uh) Vv, € Vh(Qh)'

Then, subtracting (3.21) we get the following pseudo Galerkin orthogonality property
Yoy, € Vi (Q):
Ap (s u, o) — Ap (s wn, )
— (u,o(vp)vp)r, o +9h ™' (s, vp) + wh (o (w)vn, o (vp)vp)r,
—h(gn, o (Uh)l/h) o T V%S ( E U ’Uh) + ks, (J:zi ;U ’Uh>
— (u, U(vh)l/h)pw +ph 70 (Q; u, v) + vk (o (w)y, U(”h)’/@rh,N (4.38)
— wh(gn, o (Vr)Vh)r,  + ¥sSh (fng; u, vh) +:h%sn (fng; u, Uh)
S YsSh <FE¢:$E,D; u, 'Uh> + ysh* s, <}—Z§N; u, 'Uh)

+ Rl a2 0@y 1IN iz &) | lTonlls
(@) (®)

where we have used (4.36) in the last line.
We first review a basic interpolation result [11]. Recall ©; from (3.9) and assume
§ > 0 is large enough so that ;s contains both Q and €. Let 7, 57 : H' (D5) — Vi ()
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be the Scott-Zhang interpolation operator and define 7, : H' () 3 v — ms7E(u) €

Vi(Q4), using the bounded extension operator from Theorem 4.11. For the remainder of
this section, we abuse notation and write u = E(u).

Proposition 4.17. For all integers m, s, such that 0 < m < s < g+ 1, where q is the

polynomial degree of Vi, and k < q, we have

[ =l gmi;) S B v

~Y

H3(Q)>

ll = mrll, S Bl s .

From this, one can derive the following error estimate.
Theorem 4.18. Let u € H*'Y(D) be the extended solution of (2.1) on Q to D, and let
up, € Vi(Q4) be the finite element approximation defined in (3.21) with ¢ = k. Then, the

following a priori estimates hold

llew = wall, S B [llell o) + gl e )

(4.39)

lw — | p20) S B [HUHH’“H(Q) + HgNHHmin{kﬂ}(f;S)} ’
where by some standard a priori PDE estimates we also have ||| gr1q) S || f|[mr-10) +

HQN”Hk(Q) /25/

Proof. By the triangle inequality and our interpolation estimate, we have

= wunll, < llw — mpall, + lmnw — wnll, S A*llwllgen g + o — ], . (4-40)
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Now we deal with the second term above using the coercivity of Ay:
H’ﬂ'h’u, — uh’”i ,S Ah (Qh; ThU — Up, TRU — uh)
= Ah (Qh;ﬂ'hu —u, Tpau — 'u,h) -+ Ah (Qh;u — Up, TLU — uh)
S lMmnw —wll, - llmaw — wnlll), + An (Qn; w — wn, Thu — up)
1 2 € 2

S o llmnw = wllly, + 5 limnwe = wnlly, + A (0w — wn, Thte — un)
where we used a weighted Young’s inequality. Then, by choosing € appropriately and re-
ordering terms, we obtain [|mw — wp|; < [lmaw — w|l; + An (s w — wp, THU — up).

Next, we use the pseudo-Galerkin orthogonality property (4.38) and note the geom-

etry approximation of €2 is order ¢ = k. Thus, we get the following:

llmne = wnlly S llmne — wlly + A (0w — wn, mhw — uy,)

S M = wllf + sn (Fog s v — ) + s (P mow — )

+ BFC lmaw — |,

S Mlrnw — wll + 85 (Forsw, myw — wy ) + W5 [lmw — wll,,

where C}, := ||u||Hmm{k72}+1(5) + HgN||Hmi,,{k,2}(5) comes from (4.38) and 3, (]—'th; . )
includes the h? weighting on ngN. Applying another weighted Young’s inequality on the
last term with a well-chosen weight, we get
i =l < e =l + 8 (Fogs o mow — ) + B
< hzkHuH%{kH(m + (§h (Fzéi; u,u>)1/2 (§h (]__Eéi;vh’vh»m + B2
where, for brevity, we denote v, := m,u — uy,, and we used Prop. 4.17. Again, we use a

weighted Young’s inequality to obtain
€ 1
|||7rhu — ’U,h|||i SJ h2k (||u||%[k+1(g) + 013) + §Sh (”FE?;:; u, 'u,) + %Sh (,FE(:S{:; Vh, ’Uh)
€ 1 )
S0 (14 5) Nl + C2) + o5 llme = wally
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where we used (4.11), the properties of the bounded extension operator, and the definition
of ||-|ll,- By choosing € appropriately, we combine the far right term with the left-hand-

side to get

2
e —wnll, S B |l ) + 1981 minge 3

Combining this result with (4.40) gives the first line of (4.39). The second line follows by

a classic duality argument [37]. O
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Chapter 5. Unfitted Shape Derivatives

We start with a review of basic shape differentiability results [22, 39] based on vec-
tor displacements of the domain. Next, we extend these shape derivatives to allow for per-
turbation of the domain by perturbing its level set description. Then, we develop these
results further to allow for shape functionals over domains that intersect a fixed Lipschitz
subset (i.e. an element of a finite element mesh).
5.1. Fréchet Differentiability of Shape Functionals

We review the Fréchet differentiability of shape functionals following [39, 1]. A
classic approach to shape differentiation uses a perturbation of the identity. Let U €

(WL (R%)]? be a vector field and define the deformation mapping as follows

®y(a) :=id(a) + U(a), forall a € R%. (5.1)

This mapping induces a deformed domain Qp := ®y(2). For |U ||y~ sufficiently small,
if Q is Lipschitz, then Qg will also be Lipschitz and homeomorphic to 2 [22]. We have the
following definition [1, Defn. 4.1].

Definition 5.1. Let Q be Lipschitz. A shape functional J(2) is said to be shape differen-
tiable at Q if the mapping U — J(Qu) from [WH*(RY)]? into R, where Qy = ®y(Q)
using (5.1), is Fréchet differentiable at U = 0. The Fréchet derivative of J at € is an op-

erator in L([WH*(RY)]4 R), denoted J'()(+), and the following limit holds

()~ () - JQ)U)
U [y 1,00 =0 U ||y

—0. (5.2)

We note a classic expansion of the determinant from [76, Lem. B.2].
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Lemma 5.2. For any n X n matriz B, such that |B| < 1, we have
1
det(I + B) =1+ tr(B) + 5 (tr (B))? —tr (B%)] + O(1BP*), (5.3)

The next two lemmas are applications of results in [22, 39]. We include the proofs
of both Lemmas since we build on it later when computing shape derivatives on “cut” ele-
ments.

Lemma 5.3. Given f € LY(R?) and U € [W*°(R9)]? we have that

Jolf(®u(a)) — f(a)]G(VaU(a))da

=0, (5.4)
||U||W1,oo_>0 HU”Wl,oo

where G 1 R4 — R is continuous and |G(M)| < C|M]| for all M € R¥>?, for some

bounded constant C > 0.

Proof. We have that

o lf(®u(a)) — f(@)] G(VaU(a))da
1U [0

<0 [ 1f(®s(a) - falda T < ¢ [ | (@(a)) - fla)lda

Next, let {fi} be a sequence in C*(R?) such that f; — f in L' as k — oo. Then, for any

]Q(U) =

k > 1, we have
0) < |1 = f)(@ula) — (f = fi)(@)lda+ [ |fi(®u(a)) - fila)lda
< [ 1 = fo@u(@)lda+ | = filles + [ |fu(@ula) - fila)lda
= Jyori |~ @I AtV 1] = illasy + [ 1l ®0(a)) = fula)lda

< (Co+ DIf =~ il + [ [ V(@ wl@)l|U(@)dsda,

where Cyy > 0 is a bounded constant for all U such that |[U||y1. is sufficiently small, and

we used the fundamental theorem of calculus for line integrals:

fi(@u(a)) — fr(a) = /01 Vfi(a+ sU(a))-U(a)ds.
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Letting C) := maxqeqo<s<1 |V fe(Psv(a))], we get

I(U) < C(Cu +D|f = fellbrwey + CCLQ - [|[U || -

Hence,

I(U) < C(Cu +D|If = fellprway,

im
1Ully1,00—0

for all £ > 1. Since the left-side is independent of k, we have that limy , .0 lo(U) = 0,

thus proving the assertion. O]

Lemma 5.4. Given f € WYHR?) and U € [WH(RY)]? we have that

Jo f(®u(a)) = fla)da — [,V f(a)-Ula)da

U ly1.00 0 [Tl - >
Proof. By the fundamental theorem of calculus, we have
f(®ula)) - f(a) = [ Via+sUla) Ula)ds (5:6)
and so
() = | f(®v(@) - f(a)da - [ V() Ula)da
- /Q/O1 Vf(a+sU(a)) Ula)dsda — /QVf(a) .Ula)da (5.7)

1
= ,/Q/O [Vf<@sU<a)> — Vf(a)] . U<a/)d8da,
and note that by Prop. 4.12, Vf o ®,,(a) can be viewed as function in L'(R? x [0,1]),

provided ||U ||y is sufficiently small. Indeed, the entire integrand in the last integral of
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(5.7) is in LY(R? x [0,1]). Therefore, we can apply Fubini’s theorem:

LUy 1
[0l 07w

g/01/Q|Vf(<195U(a))—Vf(a)|dads

/01 /Q [Vf(®w(a) —Vf(a) Ua)dads

(5.8)
< [ [9¢ - fo@w(@)ldads + [ [ 1V(f - fi)(a)| dads

1

+ [ [ Vh(@.w(a) - Viila)| dads,
where we introduced a sequence {f} in C*°(R?) such that f; — f in W' as k — oo. We
apply a change of variables to the first term:

[ 190 = @at@idads = [ [ 190~ fo)(@) der (T8 x)dds

< llf = frllwrr(way,
where 7 is a bounded constant when ||U |10 (ga) is sufficiently small. The last term in

(5.8) is estimated with the mean value theorem to give

/01/Q|ka(<I>SU(a)) — Vfi(a)|dads < Ci| U gz,

where C}, depends on [|VV fi||z~. Thus,

[Lo(U))]
(i, +DIf = Ay + Cpl|U || oo
U000 [[U |l wice — |\U|\W1,Oo—>o(70 IS = fellwiagey + CellUl| e ey
< (o + VIS = fellwraga
which holds for every k£ > 1. Taking k& — oo proves (5.5). O

The following result is an application of the results in [22, 39, 1].
Theorem 5.5. For the shape functional J(Q) := [ f(x)dx with f € WI(RY) we have
that J(Q2) is shape differentiable at Q) (in the sense of Definition 5.1) with Fréchet deriva-

tive J'(Q)(U) = [y f(@)U(a) - v(a)da for all U € [W1>°(R)]4.
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Proof. Using (5.3), we begin with
JOw) = J@) = [ J@)dz— [ [(a)da
::A}ﬂQUuwﬁhdl+Y%Lma»da—léfanda
= [ f(@u(a) - fla)da+ [ f(Pu(a)tx(V.U(a))da
+ [ F(@0(a)0(VaU(@)])da
= | f(@u(@)) - fla)da + [ V- [f(@)U(a)lda~ [ Vaf(a) Ula)da

Q
+ [ 1f(@u(@) - f(@) Va-Ula)da+ [ f(@u(@)O(VaU (@) da.
By Gauss’ divergence theorem, we have
J@U) = [ fl@Ula)-v(a)a
= [ Va- (@)U (a))da
So then, by Lemmas 5.3, 5.4, we find that

) - I - I
IUlly1,00—0 WU [|yy1.00

=0,

meaning that J(2) is Fréchet differentiable with J'(Q)(U) = [;q f(a)U(a) - v(a)da
being the Fréchet derivative. Note that, by Sobolev embedding, f € W1(Q) implies

f e L'(0Q). O

5.2. Connecting the Domain Perturbation with the Level Set Perturbation
Our goal is to obtain a shape differentiation formula in terms of perturbations of
the level set representation ¢ of € (see Section 3.1), since this is more convenient for the
optimization algorithm. See also [58, 47].
5.2.1. The Speed Method
We first review the velocity (speed) method for domain perturbations. Let V' (z,t)
be a d-dimensional, vector field that is Lipschitz in @, for each ¢, and continuously differ-
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entiable in ¢ for each . For any given a € R?, consider the following ODE:

& =V(xt), Vt>0, x0)=acR? (5.9)
with unique solution (see [35]) @(t) being the trajectory of a (material) point @ moving

with velocity V' (x(t),t). Indeed, V' induces a deformation mapping through (5.9) in the

following way. Let x(t; @) be the unique solution of (5.9) (for a given a). Then,

®,(a) = x(t;a), forallacR?, (5.10)

is the corresponding deformation mapping. Moreover, a Taylor expansion in ¢ yields

®,(a) =a+tV(a,0)+ W(a,t), forallacR? (5.11)
where |[W(a,t)| = O(t*). With this, one can establish the Gateaux shape differentiablity
of our shape functional J(Q) = [, f(z) dz, for f € WH(R?), with respect to V (2(0),0)

using classic techniques. In other words, setting ), = ®,(€2), we have

e T (V) = Tim L) =T

t—0t t

= | f(@)V(a,0) v(a)da, (5.12)
which, of course, agrees with the result in Theorem 5.5 if U(a) = V(a,0). The same re-
sult holds if the remainder term in (5.11) is dropped.
5.2.2. Level Set Gateaux Derivative

Now, we consider € to be defined by a level set function, ¢, i.e. Q(¢) := {x € R? :
¢(x) < 0} (sub-zero level set), where ¢ satisfies Definition 5.6 for some positive constants
co and dp.
Definition 5.6. Let ¢ € C%'(R%R) and assume that T'(¢) = {x € R? : ¢(x) = 0}
is non-empty. We say that ¢ is non-degenerate, with constants ¢g > 0 and 6o > 0, if
IVé(x)| > ¢ for a.e. € R such that dist(x, ['(4)) < do.
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In addition, we take ¢ to be C*(R?). By [22, Ch. 2, Thm. 4.2], Q(¢) is a C?, open
set, and 0Q(¢) = ['(¢), so Q(¢) is well-defined. For the shape functional, J(2), we seek to

compute the Gateaux shape derivative with respect to ¢, i.e.

J(QUep + 1)) — J(Qe)) (5.13)

Y

dgJ($2(¢))(n) = lim

t—0+ t
for any n € C?(RY). We will derive an explicit formula for (5.13) using (5.12). Define a

perturbed level set function

o(@,t) = p(x) +tn(x), = 0o =n, (5.14)

where t is the perturbation parameter; one can think of q; as a time-dependent level set
function. Set Q; = Q(¢(-,1)) = {x € R : ¢(x,t) < 0} and Ty := 9 = {x € R? :
d(x,t) = 0}. Note that |[Vo(z,t)| > co/2 > 0 for all & in a neighborhood of T if # is
sufficiently small. This ensures that I'; is (locally) a C? surface by the implicit function

theorem. Next, define a velocity field

L Vo(x,t) -
V(x,t) = 7|ng~5(ac,t)|2n( ), (5.15)

which satisfies the same conditions for V' in (5.9), and let x(t) be the corresponding solu-

tion of (5.9). If (0) = a € Ty, we have that ¢(z(t),t) = 0 for all ¢ because

)-mw
z=x(t)

= (@ (1)) + Vo(a(t).1) - V(w(t).t) = 0.

d -~ ~ -
Dng(mvt) = at¢(m7t)
dt z=x(t)

-
—
8
Y
~
S—
~
N—
Il

T (Vé(w,t)

Thus, V evolves the zero level set of ¢. Moreover, if ®,(a) is the induced map from V,

then the sub-zero level set €2, satisfies Q; = ®,(£2). With this, one can compute (5.13) by
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using (5.12), i.e.

deJ(Qe))(n) = lim J(Q(o + tn)) — J(2(e))

t—0t t
t—0+ t

= /asz f(@)V(a,0) - v(a)da

= _7V<5(a,0) a)| - -v(a)da
= [ 1@ (- oD @) vla

= f 1@ (- i)

where we used the fact that v = V¢/|Vé| on 9Q and é(a,0) = $(a). All of the above

extends to having ¢, n in W**°(R?); in this case, Q(¢) is a C1'! domain [22, Ch. 5, Thm
4.3].
5.2.3. Level Set Fréchet Derivative

Our goal now is to extend this to computing the Fréchet shape derivative of
J(2(¢)) with respect to ¢, which is defined as follows.
Definition 5.7. Let Q = Q(¢) be the sub-zero level set of ¢ € X that satisfies Definition
5.6 for some positive constants co and 6y. A shape functional J(¢) = J(Q(p)) is said to be
level set shape Fréchet differentiable at ¢ if the mapping n — J(Q¢p +n)) from X into R
is Fréchet differentiable at n = 0. The Fréchet derivative of J(§2(+)), at ¢, is an operator in

L(X,R), denoted J'(Qp))(+), and the following limit holds

(¢ + 1)) — J(2¢)) — J'(2(¢)) (n)]

11m
Inll x—0 17 x

= 0. (5.16)

In this section, we use Definition 5.7 with X = W2>(R%). Moreover, we shall prove
that J(Q) = [ f(x) dx is level set shape Fréchet differentiable by using Theorem 5.5. To

do this, we have to reconcile two different, but similar, notions of domain perturbation.
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The first is the perturbed domain (¢ + 7) and the second is through a perturbation of

the identity approach given by

®,(a) =a+Vy(a), forallacR? V,(a):= —Mn(a). (5.17)

Vo(a)?
Note the similarity with ®, from (5.11) and (5.15), but ®; is not the same as ®,,. Recall
®, satisfies (5.9) with V' given by (5.15), and note that V,®,(a) uniquely satisfies the

matrix valued ODE [22, Ch. §]:

CCZZtM(a,t) VL V(®,(a), )] M(at), Vi >0, M(a,0)=1, VacRl  (518)

which follows by the theory in [35]. Furthermore, we have an explicit formula for

Va.®:(a):

V.®:(a) = exp {/Ot V.V (x(s;a),s) ds} =: A(t), (5.19)

where exp {-} is the matrix exponential.
Theorem 5.8. Let {¢y}i>1 be a sequence of smooth functions such that || — ¢||wzec — 0
as k — 0o. Assume |[Vo| > co > 0 and |Vn| < /2, so that |V(¢+n)| > co/2. In addition,

assume ||n|lw2 < ¢ for some fived constant ¢,. Set ® = ®,|,—y. Then,

1@, — @ oo may < O (|1l Lo [[nllwree)
(5.20)

IV®, — V|| ey < O (IInllf2e ) + arlldrllwsslnlFw + a2llér — llwase [nllz,

for all k > 1, for some bounded constants qi, qs.

Proof. Recall that ®, is defined in Section 5.2.1 and is different from ®,,. For now, take
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a € R? fixed and note that the solution of (5.9) satisfies:

@@—M:KV@@@ﬁ

| Yola(s) £ sVatels)

0 [Vo(z(s ))+8V77( (s)I?

IN

/rw +5V77 @) ™

< 2l 0t <1,
Co

(5.21)

for some constant C' depending on co. We first estimate ||®, — ®| Loo(rd) and we start with

it V0@ Vibla(s) tsfa(s)]
Y@ =V = 9o Wiotw(s) + (o))
T4 T+ T,
where
1
T = ey (1@)V6(a) ~ 1(e(s) Tola(s),
T = — o n(a(s) V(e (),

V()P [VIg(x(s)) + sn(a(s))]]?

Next, we note the following basic estimates:

Ty = n(a(s))V6(2(s) + sn(a(s)) (

Vo(x(s)) — Vola)| = [Vi(x(S)) - (x(s) — a)| < C[ VS| < [Inl] =,

n(x(s)) —n(a)| = [Vi(x(S)) - (x(s) = a)| < Cl[Vnllre|nlz=,
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VIg((5)) + sn(@(s))]* = [Véla )|2>.

(5.22)

(5.23)



for some bounded constant C'. Using these estimates, we obtain the following:

1
Ty| = Vo(a)l n(@)Vo(a) —n(x(s))Vo(z(s))l

1
S|V¢@np{WUUVWﬁ)—n@wV¢@%$N+¢Maﬂw%w@»—wﬂm@»v¢@x@n}

S Inllzee + 1Vallzelinl 2~

s
T —
2= Fota)?

S IVallzes [l

[n(2(s)) Vi (a(s))]

e ‘I +SV77 (@(s)]* = [Vo(a)l*
ch | Vo (a(s)) + sVn(x(s))?

\w )+ sVl ()] - V()| [[V((s)) + sVa(a(s) + [Vo(a)]
Voa)Vo(e(s) + Vel

S Il - | [Vo(@(s) + sVa(a(s)| - [Vé(a)]

ITs = [n(z(s)) Vig(x(s)) + sn(z

< lInllze -

< [Vl eIl
Hence, we have that
T0l, [To], T3] < Clinllpeelnllwe, (5.24)
which gives a bound for (5.22). Since (1) = <i>( ) = a+ fol V(x(s),s)ds, and a was

arbitrary, we get

_ 1
By = Bl = | [ Val@) = Vi@ls),9)ds| < Cllllilinln. (529

Next, using that V;(a) = V(a,0), we estimate
VV (2(s), ) A(s) — VV(a,0) = Ty + T
= [VV(2(s),s) = VV,(a)] A(s), (5.26)
Ty = VV,(a) [A(s) — I].
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Estimating 7} is similar to estimating (5.23). We first note that |Vn(xz(s)) — Vn(a)| <

ClIV?n||s<||n]| £, for some bounded constant C'. Furthermore,

[V29(x(s)) — VEg(a)| < [V*(0 — di)(z(s)) — V(¢ — ¢r)(a)] + [VZor(z(s)) — V()|
<2[1¢ = drllwaee + [VPi(2(E)) - ((s) — a)
<216 — drllwae + CIVrl L 1]l
(5.27)

for every k > 1. Next, by the properties of the matrix exponential, we have

A() = 11 < [ 19V (@ a).o] dalAl(s), 1AI) =exp{ [ 1VaV (@(isa). o) du}
(5.28)
Note that |A(s)| is uniformly bounded for all 0 < s < 1, and |[V,V(x(y;a),n)| <
C||nllw.e for sufficiently small n. Combining these estimates, and the usual arguments,

we have

VV (2(s), 5)A(s) = VV(a,0)| < C (Inll}yze + |6 — @rllwace lnllze + [V xllz 1]l )
(5.29)

for all 0 < s < 1. From this, we obtain the bound on ||[V®, — V®||;~ given in (5.20). [

Corollary 5.9. Assume the hypothesis of Thm. 5.8 holds. Then,

| det(V®,) — det(V®)|| gy < O ([Inllfyace ) + aill Sallwsce nll7 + goll ok — Sllwzoe 0] o,
(5.30)

for all k > 1, for some bounded constants qi, qs.

Theorem 5.10. Assume ¢ € W2(RY) and that it satisfies Definition 5.6 for some pos-

itive constants cg, dg. Let Q(¢p + n) be the sub-zero level set of ¢ + n. For the shape func-
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tional J(Q) := [ f(x)dx with f € WLHRY) we have that J(Q) is level set shape differ-

entiable at Q0 (in the sense of Definition 5.7 with X = W2 (R?)) with Fréchet derivative
T () () = Joo f(@) (=n(a)|Vé(a)| ") da for all n € W(RT).

Proof. First note that Q(¢ 4+ 1) = Q1 = ®,(Q) = &(Q) and Q(¢) = Q = Q. In addition,

J(QUe)m) = [

oQ(e

__nla) a= a)V,(a) -vda=J
@) (< Y da = [ (@ Vifa)-vda= TV,

where V,, is given by (5.17). Now, note that

JQe+m) = [ (Q)f( vz — [ f@)de+ [ fla)de

24 (2) 24(2)

_ / z)da — / o /@) + ()

= [ f(®(a) det(Vo(a))da— | f(®,(a) det(Vo,(a))da+7(Qy,).
=Tk

(5.31)

By the fundamental theorem of calculus, we have
[(B(a) — f(®,(@) = [ Tf (sB(a) + (1 - 9, (a)) - (B(a) - @,(a) ds, (32
and so

Tl < [ |£(@(@)) — (@, (a))] - | det(Vo(a))|da

+/Q\f(<1>7,(a))\ |det(Va®(a)) — det(V®,(a))| da

(5.33)
< Ol fllw@ay 1l
+ C flleey (Inllfvese + ldrllwsos [nlF< + 65 = dllwaee 0l )
where we used Theorem 5.8 and Corollary 5.9. Therefore,
J(Q¢ +n)) = J(Qe)) = J (o)) (n) = Ts + J(Q,) — J(Q) = J(2)(V,), (5.34)
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and since ||V, ||w1.~ < CylInllwi., for all £ > 1, we obtain

/(¢ +n)) — J((¢)) = J' () ()]

71lyy2,00 0 7] w200

/() = J(Q) = J'(Q)(V,)]

< C|pr — oo + C im (5.35)
> Hgbk ¢||W2 n Vil 1,00 —0 ||‘/77||W1°°
< Cllgr — dllwae,

where we used Theorem 5.5. Taking k — oo proves the result. O]

5.3. Shape Differentiability on a Cut Subdomain
We now extend the above results to computing shape derivatives when €2 is “cut”

by another fixed domain. In other words, consider the shape functional:

Jr(Q) = /Trm f(z) dz, (5.36)

where, again, f € WL(R?) and T is a fixed, bounded Lipschitz domain with piecewise
smooth boundary. We seck to prove that (5.36) is Fréchet differentiable with respect to €
keeping T fixed. In Section 5.4, T will correspond to an element in the mesh.

We start by introducing a smooth regularization p. of the characteristic function yr

with € > 0, that satisfies the following properties:

p(x) = xr(x), forall ¢ adT, |p.—xrllpi@sy —0, ase— 0. (5.37)

With this, we define

5@ = [ pl@)f@)de, = limJQ) = [ xr@)f(@)de = Jr(@). (639

li
e—0
The following assumption is crucial.

Assumption 3. Assume that 9Q N OT has vanishing R™' Lebesque measure.
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Under Assumption 3, we have that

Xoa(T)p(x) = xoanr(x), forae x€ I, ase— 0, (5.39)

and also
i — 1 5.40
11_{% - pe(x)g(x) dS(x) /(9ng(zc) dS(x), forall g€ L (09). (5.40)

5.3.1. Fréchet Differentiability on a Cut Subdomain
Throughout this section, we will assume that €2 is Lipschitz.. We first show the
Fréchet differentiability of the shape functional for standard domain perturbations (analo-

gous to Section 5.1). We start with the following lemmas.

Lemma 5.11. Given f € L*(RY) and U € [W1*°(R9)]¢ we have that

Jo[/(®u(a))xr(Pu(a)) — f(a)xr(a) G(VeUl(a))da _ (5.41)
Tl y31,00 =0 U [lwr.o ’

where G : R4 — R is continuous and |G(M)| < C|M]| for all M € R4, for some

bounded constant C > 0.

Proof. Since yr € L®(RY), then f - xp € L'(R?). Thus, the result follows from Lemma

5.3. [l

Lemma 5.12. Given f € WH(RY) and U € [WH*(R%)]? we have that

L T f(®u(@)pd®u(a) — fla)pda)da — [, VIf(a)pa)]  Ula)da
U lhyoe 0 20 10w

provided Assumption 3 holds.
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Proof. Let € > 0 be fixed and start by expanding the numerator in (5.42), i.e.
/ H(@ula))p(@ula)) = fla)p(a)da — /Q Vif(a)pc(a)]-U(a)da
— /Q/O Vif(@w(a))p(Psw(a))ds Ula)da — /Q V[f(a)p.(a)] - U(a)da (5.43)
- /Q /01 IV [f(®w(a)p(@.w(a)] — V(f(a)p(a)] - Ula)dsda,

where we used (5.6). Expanding further, we get

-/ /1v (®.07(a))pe(@or(a))] — VI (@.(a))pe(a)] - Ula)dsda

+// p(a a)) —Vf(a))] Ula)dsda
+// V- lpe(a) (f(®w(a)) — f(a) Ula)] dsda (5.44)
[ [ 0@ (@) - (@) Ula)] dsda

S Al A AP AY
Next, estimate A%. By the Lebesgue dominated convergence theorem and Fubini’s Thm.

(using Prop. 4.12),

LA
11m
=0 ||U||W1°° Ui o

1 1
= HUHWOO/ | 1Vf(@w(@) - V()| dads [U]] 1~ (5.45)

(@) [ (V(®.(a)) - Vi(a) - Ula)dsda

< /01/Q|Vf(‘I>SU(a))—Vf(a)|dads.
We then have

| AZ]
lim im
[Ulyy1,00 0 €=0 [[U || pyr1,00

— 0, (5.46)

by using the same method from (5.8) in the proof of Lemma 5.4. For A%, we apply the

divergence theorem:

lim A2 = lim / [ p@) (f(@w(a) - f(a) Ula) - v(a)dS(a)ds

(5.47)
= [ ia / () - f(a) Ula) - v(a)dsdS(a).
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Then,

Al / /
m a)|dS(a)ds =0, 5.48
U] yp1,00 0 e—>0 HUHW1 o ||U||w1 o0 f( )| ( ) ( )

by a similar argument as for A? and using a trace theorem. As for A we have
lim A4 = / xr(a / v (@) — f(a)) U(a)] dsda, (5.49)

e—0

and so

lim A
Ul y1.00—0 €50 || U [ pyr1.oc

N e 17 Iy /0 V- l(f(®w(a) - f(a) Ula)] dads

SHU”}Viﬁiﬁo/ol/Q'V(f@s’f(“)) —f(a))ldader/Ol/Q\f((I)sU(a)) ~ f(a)| dads

<nf = fellwrr ey,

(5.50)

for all k£ > 1 by using the same method from (5.8) in the proof of Lemma 5.4. Thus,

A4
lim | A

— =0.
U lyy1,00 =0 =0 [|[U || 1,00

Now, we expand A':
= /01 /Q V- [f(®w(a)) (p(®s(a) — p(a)) U(a)] dads
- /o1 /Q f(@sw(a)) (p(Psv(a)) — pe(a)) V - Ula)dads (5.51)

—: B! — B2

By the Lebesgue dominated convergence theorem,

lim o < / [ 17(@.0(@)l [xr(®.0(a) - xr(a)] dads. (5.52)

0 ||U||w1oo

For each fixed U and s € [0,1], let B, = {a € R? : |xp(®(a)) — xr(a)| = 1}, and note
that |xr(®.v(a)) — xr(a)| = 0 on R?\ E;. Also, note that x7 o &,y = x5, i.e. is the
characteristic function of T = ®H(T).
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A simple argument gives that E, C E := (T\T)U(T\T). Set § = s||U||~. Clearly,
dist(z,0T) < 6 for all z € T\ T. Moreover, let & € T \ T, so it has a pre-image a ¢ T
with & = ®(a). Since |z — a| < J, and the line segment with endpoints @, a intersects
AT, then dist(a, dT) < &, which holds for all € T'\ T. Therefore, dist(ax, dT) < § for all
x ek

Let wr be the signed distance function to 97 that is negative inside 7. Since 0T

is Lipschitz and piecewise smooth, the level sets {wr = ¢} are Lipschitz and piecewise

smooth for all |c| sufficiently small. Clearly,
E C Ss:={wr > =6} N{wr <6} = {wr > =0} \ {wr > 0}

Since the level sets are Lipschitz and piecewise smooth, one can show that |§5| < 0Cy,
where Cy is a bounded constant depending on the perimeter of 9T. Indeed, by the mono-
tone convergence theorem, xz — Xor as [|U|[w1e — 0.

Returning to (5.52), we find that

B2
lim 5]

1
Hom < Yallf = feller + onglsagxl | fx o ‘I’sUHLW/O /Es ldads

(5.53)
1
<llf = fello + L | [ 1dads < yllf = fills + LiColl Ul
$

As before, we get

BQ

m--——————-"= O
[1Ulyp1.00 0 €=0 [|[U || ppr1.00

For B!, we have by the Divergence theorem and the Lebesgue dominated conver-

gence theorem,

i P < [N (@ (0] (@(@) ~ vr(a) dS(@)ds (554)

0 [Ulwr~
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Similar to (5.53), we get

l32
lim 5]

1
i s <900 Jeln + g IV o @aolo |1 [ 1dS(a)ds

MO

(5.55)
1
<llf = fllwa +Le [ [ 14S(a)ds,

5MOSY

and note that, by the monotone convergence theorem, xg o — Xornoq as U |1 — 0,

which yields

2
lim 5]

[1T1ly1.00 =0 =0 [|U [ ypr1.00

< vllf = fullwrr + Li|0T 0 0941, (5.56)

where |07 N9Q|4_1 is the R Lebesgue measure of 97 N AN. Invoking Assumption 3, and

taking the limit in k£, we obtain

132
lim  lim g =0.
U lyyr1,00 =0 =0 [|[U || 1,00

The proof of (5.42) is complete. O
Theorem 5.13. Given the shape functional Jp(Q) := [onr f(x)dz with f € WLHR?) we
have that Jp () is shape differentiable at Q0 (in the sense of Definition 5.1) with Fréchet
derivative Jp(Q)(U) = [yoq7 f(@)U(a) - v(a)dS(a) for allU € [WH*(RY)]?, provided

Assumption 3 holds.

Proof. Set Ar(U) := JH(Q2)(U), let € > 0 be fixed, and define

4:0) = [ pla)f(@)U(a) - v(a)dS(a).
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where A%(U) — Ar(U) by (5.40). Using (5.3), we have

Q) = 5@ = [ pl@)f(@)de— | pla)f(a)da

:/Qpe(‘I’U(a))f(‘I’U(a))det(f+VaU(a))da—/Qpe(a)f(a)da

N /szpe@’f(“))f(‘l’v(a)) — p(a)f(a)da (5.57)

Continuing, we get

T Q) = J5(Q) = | p@u(a)f(@u(a) - pela)f(a)da
+ | p(@u(@)f(@u(a) = p(@)f(@)] Vo Ula)da  (5:58)
+ [ @) f(@)Va - Ula) + Va (p(a)f(@) - Ula) da
+ | P @u(@)f(@0(@)O(VoU (@) ) da.
By Gauss’ divergence theorem, we arrive at
T Q) = Ji(Q) = A (U) = [ p(@u(@)f(@u(a)) - pila)f(a)da
- | Va(pla)f(a)) - Ula)da
@ (5.59)
+ | lo(®@u(@)(@u(@)) - p(a)f(a)] Va- Ula)da
+ [ p(@0(@)f(@0(2))0(VaU (@) ) da.
Then, by Lemmas 5.11, 5.12, we find that
Jr(Qu) = Jo() = JH(Q)(U) i PH(00) — Ji(@) = 45U)

= lim im
U] yy1,00 =0 €0 U ||

lim
HUle,oo‘}O HUHWl,oo
(5.60)

which proves the assertion. O
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5.3.2. Level Set Fréchet Differentiability on a Cut Subdomain

In this section, we will assume that the level set function ¢ for € is in W2 (R?),
hence € is better than Lipschitz and is in fact C*!. We now prove the cut version of The-
orem 5.10.
Theorem 5.14. Adopt the hypothesis of Theorem 5.13. Assume ¢ € W (R?) and that
it satisfies Definition 5.6 for some positive constants cy, d. Let Q(¢ + n) be the sub-zero
level set of ¢ + n. Then, Jr(Q2) is level set shape differentiable at Q) (in the sense of Def-
inition 5.7) with Fréchet derivative Jn(Q)(n) = [s0n7 f(@) (—n(a)|V(a)|™) da for all

€ [W2>=(R)]4.

Proof. Recall that ®, in (5.10) is different from ®,, in (5.17). We first note that Q(¢+n)

Q1 = ®,(Q) = () and Q(¢) = Qy = Q. In addition,

Jr () (n

~—

= oo 7@ (‘ |vn<ff<lc)z>|) da= [ fla)Vila) vda=Jp(@)(V,),

where V,, is given by (5.17). Now, note that

Jr(§¢ + 1))

B / mT @)dz — /<I>7,(Q)ﬂT f(@)daw + /lI>77(Q)mT f(@)dw

~ lim /5 o J@pd@yiz = [ f@)pdw)de -+ Tr(Oy,)

—tiny [ /(@ (@) det(Vo(a))da - [ f(®,(a))p.(@,(a)) det(Va®,(a))da
+ J(Qy,).
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Next, we split the Z, term:
Ze = Qe + Q7
- /Q F(@,(a))p(@,(a)) (det(Vo®(a)) — det(V,(a))) da (5.61)
Q2 = [ (1(@(a)p(B(2)) — F(®,(@))p.(B,())) det(Vo(a))da.

Estimating Q! is similar to (5.33), i.e. we have

lim Q] < Clfllzr ey (Inllfvame + N@sllwsosllnll + éx = dllwase nllie ) - (5.62)

As for Q?, we have the following:

Q@ = [ (1(@(@)p(B(a) — F(B,(@))p.(®,())) det(Va(a))da
-/ / (Fpo) o (1B + (1 - 1)®,) - (B — @) det(Va®(a))dtda
Q2 < / / V(fp)o (1@ +(1-1)®,) (@~ ,) dida (5.63)
< / / (Fpo) 0 (t® + (1~ 1)®,)(® — @,)]| dtda
+/0 /Q (fpo) o (t@ + (1= 1)®,)| [V - (B — @,)| dtda,
where we have used the fundamental theorem for line integrals. Note that we have the

following estimate as a consequence of Theorem 5.8

lg%/ol/gl(fpﬁ)o(t<f+(1—t)<1>n)"V-(@—@n)‘dtda

(5.64)
Sy (1l + lkllwsse 7= + 16 = @llweenllzs)

Now we use the divergence theorem and Theorem 5.8 on the remaining term to get the

following estimate.

nm/1 LIV [Fp)o (18 + (1~ )®,)(® - @,)]|drda

e—0 /o

< lim/l /m (fp) o (1B + (1 - )@,)(® — @,)| dtda (5.65)

~e=0Jp

S llwra ey 171 F2.00-
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Hence,

i [Ze] S [ fllwrr @) (Inlvace + ldellwose Inlz + liéx = dllwecelInl o< ) - (5.66)

Therefore,

Tr(Q¢ +m) = Jr(Q$)) = Tp(2A(e)(n) = lim Ze + Jo(Q,) = Jo(Q) = Jp(Q)(V;), (5-67)

and since ||V, |lwi= < Cyl|nllwi, for all & > 1, we obtain

I (2 + 1) = Jr(@)) — Jr(2(¢)) (n)]

lim
I9lly2.00 0 7l
| Jr(Q,) — Jr(©2) — Jp(2)(V,)]
< Cllér — dllwae + C m " (5.68)
>~ ”¢k (b“W n [Villy1,00 =0 HV;yHWLw
< Clldx — ollweee,
where we used Theorem 5.13. Taking £ — oo proves the result. ]

5.4. Shape Fréchet Differentiability over a Mesh

We now consider piecewise defined functions over the mesh 7. In particular, on 7y,

define:
Wi = {wy, € LND) : wy|p € WHH(T), VT € T, }, (5.69)
with norm given by
lwnllw, = lwnll o zy + D VWl + 32 I Twa] o). (5.70)
TET, FeF?

By using the previous results, we can generalize Theorem 5.5 to allow for functions in W,.
To this end, we need a global mesh version of Assumption 3.
Assumption 4. Assume that 0Q N OT has vanishing R Lebesque measure for all T €

Th-
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Theorem 5.15. For the shape functional J(2) := [, fn(x)dx with f, € W), we have that
J(Q) is shape differentiable at ) (in the sense of Definition 5.1) with Fréchet derivative

J'(Q(U) = [ fu(a)U(a) v(a)da for all U € [WH>(RY)]¢, provided Assumption 4 holds.

Proof. First, note that fu|r € WHY(T) for all T € Ty,. Let fr : R? — R be a bounded

extension of fi|r to WHH(R), for all T € Ty,. Then,

J(Qu) = J(Q) = J(QU) = > Jr(Q) = Jr(Q) = Jp(Q)(U),

TET,
where
Jr(Q) = /Q fr(@)da, JHOU) = /8 _ hr(@U(a)-v(a)da. (5.71)

For each term in the sum, one can apply Theorem 5.13. Since the sum is finite, we easily

obtain the Fréchet shape differentiability of J(£2). O

Next, we consider domains defined using the space Bj given in Section 3.1. Thus,
let Q(¢n) be the sub-zero level set of ¢, where ¢, € B, and satisfies Definition 5.6 for
some positive constants cg, dp. We will show that J(€2(¢y,)) is level set shape Fréchet dif-
ferentiable in the sense of Definition 5.7 with X = B,,.

Theorem 5.16. Assume ¢, € By, satisfies Definition 5.6 for some positive constants
co, 0o For the shape functional J(QA¢n)) = [o, fa(@)de with fr € Wi, we have
that J(2(¢n)) is level set shape differentiable at Q(¢p) (in the sense of Definition 5.7 with
X = By,) with Fréchet derivative J'(Q(én))(0n) = Jaas,) fn(@) (—=nn(a)[Von(a)| ™) da for

all n, € By, provided Assumption 4 holds.

Proof. We proceed similarly to the proof of Theorem 5.15. Let fr : R? — R be a bounded
extension of fi|r to WHH(R?), for all T € Ty,. Moreover, let ¢ : R? — R be a bounded
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extension of ¢y|r to W2 (RY), for all T € 7y; similarly, do a piecewise extension for 7 to

{nr} € W2>(R?). See [71, Sec. VI.3.1] for details of the extension. Then,

J( U +1m)) — J(QUen)) — J'(n)) (1n)
= Y Jr(Qor +nr)) — Ir(QUer)) — Jp(QUer)) (nr),

TeT,

where

Jr(Qor)) = /Q(¢T)HT fr(a)da, Jp(Qér))(nr) = /zm(w)mT fr(a) <_|V(;7TT(G)|> da.
(5.72)

For each term in the sum, one can apply Theorem 5.14. Since the sum is finite, we easily

obtain the Fréchet shape differentiability of J(Q2(¢y)). O

5.5. When the Boundary Intersects a Facet

We now consider the case where Assumption 4 is violated. Suppose the violation
happens on a single facet F = T, N T_ where F := 9Q N JT C F with |E|;1 > 0. On
E, v - n| = 1 where n is the outer normal of 97",. Then, one can obtain the following

modification of Theorem 5.15:

J(QU) =AQ\thU-uds+/]th,+ (1 _Sgnz(U'")) U-nds

1+sgn(U - n)
+[th7_< 2 )U-nds,

(5.73)

where fj, 4 is the restriction of fj, from T%y. Note that (5.73) is not a Fréchet derivative,
or even a Gateaux derivative, because (5.73) is not linear in U; hence, we refer to (5.73)
as the first variation of J(§2). If f, is continuous across the mesh, then (5.73) reduces the

Fréchet derivative in Thm. 5.15.
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The corresponding modification of Theorem 5.16 is given by

/ _ U Jog (14 sgn(mn(Vor - n))
TOO) == [ SaitS ] o ( 2 ) s

fo— (1 —sgn(mu(Ven - n))
+/E\v¢h,\< 2 )”hds’

(5.74)

where we have assumed that sgn(Vey, 1 - n) = sgn(Vep, - - n) on E with ¢, 1 denoting
the restriction of ¢, from T1. If f;, and V¢, are continuous across the mesh, then (5.74)
reduces the Fréchet derivative in Thm. 5.16.

In Section 7.3, we illustrate the effect of the discontinuous derivative at facets with

a numerical example.
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Chapter 6. Unfitted Shape Optimization

We consider a discrete form of the optimization problem discussed in Section 2.1
using the unfitted formulation in (3.21). Furthermore, we develop a gradient descent opti-
mization method to find discrete minimizers using the level set shape derivative formulas
derived earlier.
6.1. Admissible Set

The domain €2, is parameterized by a level set function ¢, € Bj,. Thus, in princi-

ple, we seek to minimize a shape functional J(2},) over the set of admissible shapes

An={en€Br: ¢ > V| > ¢}, (6.1)

for some suitable constant ¢ > 0, where the inequality constraints are needed to ensure the
domain does not degenerate. Unfortunately, Ay, is not a convex set.

Therefore, we define a localized admissible set, that is convex, in order to pose a
well-defined minimization problem. Suppose we have a given domain €2, that is repre-

sented through the level set function ¢, € A,. Next, define:
C(X) = {on € Bu: |[Von| < ¢/2, puls = 0}, (6.2)

where ¥ C 855, which may be empty, is used to impose additional design constraints in

Figure 6.1. Example of the level set constraint set > C 9D that is denoted by the solid
lines.
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our optimization (see Figure 6.1). We now verify that C is a convex set. Let ¢p, ¢, € C

and A € [0,1]. Then,

IV [Aon + (1= N]| = [AVon + (1 = M)V
< AVen| + (1 = A) [V

< Ae/2+ (1 —X)e/2 =¢/2,

ie. App+(1=N)y, € C for all g, ¢, € C and all A € [0, 1]. Now, define the local admissible
set Ap(on, X) = {on}+C(X), where ¢y, is a given reference level set function, and note that

any ¥y, € Ap(on, ) satisfies ¢y, = ¢y + pp, for some @), € C(3) and

IVon +Von| > [|Vou| — [Vou|| = [Véu| — [Vr]

>c—c/2>¢/2>0.

Ergo, any ¢, € Ap(¢n, X) parameterizes a well-defined domain as its sub-zero level set.
In our computations, we iteratively update the convex set Aj(-, %) in our gradient descent
procedure (see Section 6.4).

In practice, we do not allow |V¢p| to become close to 0 during the optimization. In
fact, we strive to maintain [V¢,| ~ 1 or at least [V¢,| > 5. Then, the constraint in (6.2)
corresponds to |Vy| < 1/4. During the optimization, we periodically reinitialize ¢y, so
that it is close to a signed distance function having the same zero level set as before (see
Section 6.4).
6.2. Discrete Optimization Problem

For any vy, € Vi,(Qu(on)), let J (dn;vr) = J (Q(én); vi) be the shape (cost) func-
tional in (2.12). For a given reference domain € (¢y,), with reference level set function ¢y,
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consider the following minimization problem

J min; U min)) = min min J (on;uy) ,
((bh’ h((bh’ )) PhEAR (D) Un€VA(n(dn)) (¢h h> (6 3)

subject to wy, solving (3.21) on Qy(¢p),
where w,(¢r) = un(Qu(dn)). Since By is finite dimensional, Ay (¢p, 2) effectively enforces
a bounded Lipschitz constant on the domains it contains; thus, Ah(quSh, ¥)) has enough com-
pactness to ensure existence of a minimizer (see [1]).
We rewrite the minimization problem using a Lagrangian to free the PDE-

constraint, i.e. for any ¢, € Ay (dp, X), define

L (¢n;0n, qn) = J (dn; vn) — A (0 (0n); 0n, @n) + X ((n); @n), You,qu € By, (6:4)

and note that by (3.21) the following property holds

J (n;un(dn)) = L (on;un(én), qn) , Yan € Va(Qu(én)), (6.5)

for any ¢, € Ay, The Lagrangian framework allows us to characterize the minimizer in

(6.3) as a saddle-point, i.e.

L(én;un,pr) = min min max L (on; wp, , 6.6
(9w 0, 1) on ey (0.5 UREVA(@n(61)) anEV(Qn(n)) (91; un, gn) (6.6)

for some ¢, = ngSh + @, with g, € C(2), uy, € Va(Q), and py, € Vi (), where Q, = Qn(én).
Since L is Fréchet differentiable, with 6,L (2; v, q) (-) denoting the Fréchet derivative with

respect to the argument a, the following first order conditions must hold for u; and py:

Og, L (G;h; ﬁhaﬁh) (zn) = 0, Vz5 € Vi(),
(6.7)

0w, L (&h? ﬁh,ﬁh) (wy) =0, Ywy, € Vi(Qn),
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which implies that u; and p; solve the following variational problems

Ay, (Qh(¢h); Up, ’Uh) = Xh (Qh(ﬁgh>§ ’Uh) , Yop, € Vi(Qn),

(6.8)
Ay (Qh((gh% whaﬁh) = Oy, J (&h; ﬁh) (wy), Ywy, € Vi ().
Thus, ¢n = Ghmin, U = Qhmins U = Up(Phmin) s0lves (3.21) on Qp min, and pj, =
DPn(¢nmin) solves an adjoint problem. In addition, we have the following first order con-
dition for ¢y:
L' (Gnsun, pr) (rn — @) 20, Vry € C(E). (6.9)

6.3. Reduced Gradient
Note that, ultimately, we are after the derivative of the reduced functional
J (o) == J(én;un(on)) in (6.5), i.e. we seek to compute the level set shape deriva-
tive J' (én) (nn) = J' (¢n; u(dr)) (nr), so that we can perform gradient based optimization.

This is given by the Correa-Seeger theorem [22, pg. 427]:

T (¢n) () = L' (dn; wn(dn), Pr(dn)) (), V1u € By, (6.10)

for any ¢, € Aj,. In our case, because of (2.12), the problem is self-adjoint and pj, = .
We now apply our results from Section 5.4 to compute (6.10). However, our formu-
las only consider bulk functionals (not boundary functionals). Thus, we restrict our prob-
lem by taking yw = 0, I'p = ), and gx # 0 only within ¥ C 9. This allows us to avoid
differentiating any boundary integrals. In addition, for convenience, we take f = 0, which

implies that x;, (2,;vy,) is independent of any shape perturbations in C(X).
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Evaluating the Fréchet derivatives, we obtain for all ¢;, € A, that

/ v _ / ) () = —ag Mh -
X (non)on) (m) =0, T ((on);on) () = —ao [ S dS (@),
Al (Q(dn); un, vn) () = — /Fh(¢>h) (2ne(Vuy) : (Vop) + AV - up)(V - v4)) |V77;h’d5(ac),

(6.11)
for all up, v, € Vi(Qu(or)), and all n, € By, where ag is the penalty parameter in (2.12).
Note that the facet stabilization terms in (3.19) do not contribute anything because we
take the facet patch selections to be fixed and independent of the perturbation 7,. Hence,

since py, = uy, (6.10) reduces to

T (6n) (n) = L' (0 un(dn), Pr(én)) (1n)
(6.12)

- 2le(Vay) 2 + MV - @y,)? — 48 ().
rh<¢h><u|< @l £ AV ) — ) |V énl @)

Implementing (6.12) is straightforward within an unfitted finite element software,
e.g. ngsolve [67], ngsxfem [49], provided Assumption 4 holds. Otherwise, we need to
compute (5.74), which can be tedious. Fortunately, since ¢y, is a piecewise polynomial,
the set £ in (5.74) must equal the entire facet F', which delivers some simplification. But
(5.74) is still non-linear in the perturbation 7. In our computations, we simply choose a
side of F', either T, or 1", which is automatically done by ngsxfem because the domain
boundary is never allowed to fall exactly on a mesh facet.
6.4. Shape Optimization Algorithm

Our algorithm is essentially gradient descent. Let B (wp,n,) be a bilinear form de-
fined for all wy, n, in By; for example, we may take B (wp,nn) = (wp, Uh)H1(5)- Moreover,

we introduce the following restricted finite element space @, = {¢n € By : onls = 0}.
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Then, given a current domain €2, (), we find a descent direction d¢;, € @), that satisfies

B (6¢n,mn) = —T' (¢n) (),  ¥nu € Q. (6.13)

We then update ¢, by ¢, < ¢ + adgp, where a > 0 is a step-size determined through a
back-tracking line search. Note that the choice of the facet patches for stabilization stays
fixed during the line search.

As mentioned earlier in Section 6.1, we want the level set function ¢, to satisfy
V| ~ 1 or at least |Vop| > % To satisfy this requirement, we start with an initial level
set function which is the signed distance function for our initial shape, hence |V¢,| =1 al-
most everywhere. The shape optimization algorithm however does not preserve this prop-
erty and over many iterations we may no longer have |V¢p| =~ 1. To remedy this, we reini-
tialize ¢, to that of a signed distance function after a set number of iterations.

Several methods for level set reinitialization on unstructured grids exist, such as
the DRLSE algorithm [51], in which the reinitialization involves solving a fully explicit
difference scheme. Other methods include [59], which use local projections and [3], which
uses a fixed-point method.

In our algorithm, we compute the signed distance function directly by over sam-
pling the boundary, computing the signed distance to the boundary from every node on
the mesh, and then interpolating to a function in the background finite element space.

One can also use the method in [65].

71



Chapter 7. Numerical Results for Shape Optimization

We include some numerical experiments of the full PDE minimization problem as
well as some numerical tests to confirm the validity of the shape derivative formulation.

In each of the following simulations we use a level set formulation, with a fixed
background mesh, to define the boundary of 2. We start by checking the validity of our
shape derivative formula in the elasticity PDE framework by performing two tests using a
finite difference approximation of the shape derivative.
7.1. Shape Derivative Test

First, we fixed an initial shape, and then compare our shape derivative formula
with an increasingly better finite difference approximation. I.e., we approximate the shape

derivative by

Jen (@n) (M) = T+ em) — J(¢h)7

€

and then compare Jf, to our shape derivative formula for decreasing e. The exact shape
derivative J!_, . (¢n)(nn) is given by (6.12).
We use degree k = 1 for By and set ¢, = I,¢ and n, = In, where [}, is the stan-

dard nodal interpolant for Bj,. In doing the comparison, we compute the following

Jéxac — Jy
C(G) — | t FD|'

€
For this simulation, we fix the design domain © := (0.0,2.0) x (0.0,1.0) and choose

the initial shape (Figure 7.1) Q := ® \ B,(a), where r = 0.2 and @, = (0.3,0.3) and

B,.(zg) is the ball of radius r centered at xy. We use a continuous piecewise linear finite

element space and choose an arbitrary direction to compute the shape derivative, and then
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(a) Initial shape

(b) Perturbed shape

Figure 7.1. We have an example of an initial shape and an arbitrary perturbation of that

shape.

compare our shape derivative formula (6.12) to an increasingly better finite difference ap-

proximation of the shape derivative.

Here are the results:

Table 7.1. Shape Derivative Test

eps J(¢h) J(¢h + 677}1) Jéxact Jlé‘D IJéxact — JIIJ‘D| C(E)
1.00E-01 | 0.75860 0.95387 0.38283 | 1.95275 | 1.56992¢+4-00 | 15.69922
1.00E-02 | 0.75860 0.76296 0.38283 | 0.43641 | 5.35852e-02 5.35852
1.00E-03 | 0.75860 0.75899 0.38283 | 0.38804 | 5.21949e-03 5.21949
1.00E-04 | 0.75860 0.75864 0.38283 | 0.38332 | 4.93417e-04 4.93417
1.00E-05 | 0.75860 0.75860 0.38283 | 0.38287 | 4.94585e-05 4.94585
1.00E-06 | 0.75860 0.75860 0.38283 | 0.38283 | 4.90236e-06 4.90236
1.00E-07 | 0.75860 0.75860 0.38283 | 0.38283 | 6.47544e-07 6.47544
1.00E-08 | 0.75860 0.75860 0.38283 | 0.38283 | 3.88828e-06 | 388.82848

The last entry in Table 7.1 is expected due to the roundoff and truncation error

from the finite difference approximation for small €.

7.2. Shape Derivative Translation Test

Second, we test the formula by choosing different initial shapes and computing the

shape derivative in arbitrary directions. In practice, we chose a shape consisting of the

entire design domain © minus a hole and then translate the hole to get different inital
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shapes.

For this simulation, we fix ¢ = 1.00E'—07 and choose initial shape like that depicted
in Figure 7.1 for the first iteration (Q := © \ B, (), where r = 0.2 and 2y = (0.3,0.3)
and B, (xo) is the ball of radius r centered at xy) and compare it with Jf,. Then for sub-
sequent iterations, we translate the hole by v = (0.1,0.05) after every iteration. We use a

continuous piecewise linear finite elements for every iteration.

Table 7.2. Shape Derivative Translation Test

it | J(@n(1) | J(@n(:8) +em) | Jowaee | Jep | [Jeac = Jrnl ¢

0 | 0.75860 0.75860 0.38283 | 0.38283 | 6.47544e-07 | 6.47544
1| 0.74186 0.74186 0.13959 | 0.13959 | 1.25195e-06 | 12.51948
2| 0.73253 0.73253 0.03503 | 0.03503 | 3.21555e-07 | 3.21555
3| 0.72807 0.72807 0.02159 | 0.02159 | 4.34587e-07 | 4.34587
4 | 0.72670 0.72670 0.05205 | 0.05205 | 3.60208¢-09 | 0.03602
5 | 0.72722 0.72722 0.08675 | 0.08675 | 8.78340e-08 | 0.87834
6 | 0.72883 0.72883 0.10066 | 0.10066 | 2.01567e-08 | 0.20157
7| 0.73113 0.73113 0.08418 | 0.08418 | 4.94938e-07 | 4.94938

7.3. Simple Example
This is a simple geometric shape optimization problem for testing purposes. Let

u = u(x,y) be a given function defined by

1/1 1
u(z,y) = — 93”+y”>,
(.1) p(a :

1 1 2P\ yP 1\
— | =1 —,p—1 2 _
Vu <ax ,ﬁy ) = |Vu| < - ) +< 5 ) ,

given o, § > 0. Next, let A > 0 and Ag > 0 be given, and define the following shape

(7.1)

functional:

J(Q):/Q]VuFdA—)\(\Q\—AO), (7.2)
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and note that u does not depend on 2. Applying standard shape differentiation formulas,

we get

5T V) :/ (IVul> = \) V- wds, (7.3)
o0
for all smooth V. For any critical point Q* of (7.2), we must have 6.J(Q*; V) = 0 for all

smooth V', which means the integrand must vanish. In other words,

(Vul? =\, for all (x,y) € 09,

= (i) - (5) -

which is the equation for a superellipse, i.e. 02* is a superellipse. If we take A, to be the

(7.4)

desired area of the superellipse, then we must have

(P (142
4(am>pl(r((1++pl i) A, (7.5)

where I' represents the Gamma function, and so A is uniquely determined by Aj.

In our numerical test, we take o = 1,8 = 2, A = 0.18, and p = 4. The
design domain is ® := (—=1.0,1.0) x (—1.1,1.1) and the initial guess for the opti-
mal shape is a disk of radius 0.5 centered at the origin. We use £k = 1,2, 3 for By, in
the level set approximation of ¢,. The stopping criteria for each simulation was when
the difference in .J between successive iterations was less than 1078, See Table 7.3 for
a list of converged J and J’ values for different mesh sizes. The computed values of
J' are the vector 2-norm of the coefficients of the basis representation of the linear
form: J'(¢n) () = ((IVul* = NIVEr| ™ m0) 0, (4, Since p = 4, the superellipse can
be represented exactly by a discrete level set function using degree 6 piecewise poly-
nomials. Thus, we computed the exact value of the cost at the minimizer, which is

Joxact = —0.3702425373188486 and we confirmed that |J/_, .| = 3.3 - 10715

xact
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The ngsxfem add-on package to NGSolve uses an isoparametric mapping for im-

plementing higher order unfitted schemes. But this is technically outside of our theory

because we assume exact integration on the higher order interface without invoking an

isoparametric map. On the other hand, ngsxfem provides an alternative method for inte-
grating with higher order interfaces that uses subdivision of the underlying mesh. Essen-

tially, with enough subdivision levels, one can get a sufficiently accurate approximation of

the various integrals, which is the approach we use in this superellipse experiment.

Table 7.3. Ellipse Shape Derivative Test

maxh k=1 k=2 k=3
|J_<]exact’ ‘J/‘ ‘J_t]exact’ ’J/| |t]_<]exact‘ ’J/’

0.1 1.1700e-03  1.7223e-02 | 3.6038e-05 1.5115e-06 | 1.9625e-07 9.0576e-08
0.05 | 7.3293e-04 5.0726e-03 | 4.8018e-06 3.7531e-07 | 9.5482e-09 4.3523e-08
0.025 | 1.7098e-04 2.2085e-03 | 2.0907e-07 1.2123e-07 | 1.9605e-10 1.6617e-08

0.0125 | 5.7855e-05 7.8292e-04 | 9.4514e-08 7.6382e-08 | 5.7451e-11  1.5158e-08

Figure 7.2 shows plots of the numerical minimizers compared against the exact
minimizer. We now discuss the practical issue of when the discrete boundary, 0€2,, lies
along a mesh facet (recall Section 5.5). First, note that if 9, has a non-trivial intersec-
tion with a facet F', then it must lie along the entire facet, because 0f), is represented by
piecewise polynomials. Moreover, the ngsxfem package avoids these ambiguous situations
by adding a small number, e.g. 107, to the nodal values of the level set function ¢, that
lie along the facet. In effect, this forces the derivative formula (5.74) to “choose a side.”

Nevertheless, when the boundary does lie along a facet, the derivative of the cost is
discontinuous at that facet. The practical effect on the optimization is that the numerical
interface, 0, can be “faceted.” In Figure 7.2(a), aside from the rounded corners where
the numerical minimizer (red) deviates from the exact minimizer (blue), we see that the
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(a) Polynomial degree k =1  (b) Polynomial degree k =2  (c) Polynomial degree k = 3

Figure 7.2. The exact interface is in blue, the approximate interface is in red.

red interface (mostly) follows the mesh facets along the nearly straight portions of the in-

terface. The exact interface, for the most part, does not lie along any mesh facets. This is

particularly noticeable at the bottom left of Figure 7.2(a)

Figure 7.3. Expanded view of Figure 7.2 (a).
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It is not surprising that the exact discrete minimizer has some mesh dependence.
In these experiments, and others we have run, this effect is fairly mild. Moreover, this
faceting effect is significantly reduced when using higher order methods, as Figure 7.2(b,c)
indicates.
7.4. Shape Optimization Elasticity

We introduce a numerical simulation of the PDE constrained minimization problem

(2.4), with the compliance shape functional (2.12)

J () = x (2 v) + a0l

In this instance, the area penalization parameter is ag = 0.3 and we choose mate-
rial parameters A = 0 u = 5 in the linear elasticity PDE. Additionally, we choose facet
stabilization parameter v = 2 with layer thickness parameter 6 = h, and choose Nitsche

stabilization parameters yp = 10 and vy = 0.

Figure 7.4. Left: Initial shape. Right: level set function constraint set 3 C D.

We mimic the setup of [17] in order to corroborate our results. We choose
the initial shape as depicted in Figure 7.4 (left). We define the design domain to be
D := (0.0,2.0) x (0.0,1.0) and choose an initial shape of © with 12 holes: 10 of which have
radius 0.1 and are evenly spaced, and the remaining two are centered at the top right and
bottom right corners having radius 0.25. Additionally, I'p = 0 as we previously assumed
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and I'p consists of the line segment between (0.0,0.0) and (0.0,0.15) and a second line
segment between (0.0,1.0) and (0.0,0.85). Also, gn = (0.0, —1.0) on the line segment
between (2.0,0.4) and (2.0,0.6) (i.e. on I'y).

Note that the level set function is constrained to not change along > C 9D as de-
picted in Figure 7.4 (right). This is to ensure the feasibility of the resulting shape.

Here are some of the results:

1.4e+00 § 1.4e+00 §

1 § [1 %

: :

—05 g —05 g

l 0.0e+00 é l 0.0e+00 ig

(s} (s}

(a) The initial guess and an exaggerated (b) We have the same initial shape as above

displacement of the cantilever is shown now with the mesh being shown.

Figure 7.5. Initial shape

ttude

1.4e+00
L
=1
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l 0.0e+00
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°
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3
?
8

(a) Piecewise linear finite elements with an (b) Piecewise quadratic finite elements with an
exaggerated displacement. exaggerated displacement.

Figure 7.6. Resulting shapes for piecewise linear and quadratic finite elements

The resulting optimal shapes for both piecewise linear and piecewise quadratic By,
are nearly identical (see Figure 7.6). The optimization history is given in Figure 7.7. The

optimization for degree k& = 2 used the isoparametric mapping approach in ngsxfem be-
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cause the subdivision method would have been prohibitively expensive. Since the mesh
size was h = 0.02, the isoparametric mapping was only a small perturbation from a lin-
ear triangle element. Nevertheless, this does induce a small error in our shape derivative,
which introduces a small error when computing a descent direction. This is evidenced by

the red curve in Figure 7.7(a) stopping at iteration index ~ 340.

0.75 I \ )
—— Degree 1 102 8 —— Degree 1 |3
—— Degree 2 § —— Degree 2 ||
0.7 101 g —E
0.65 S * 7
i i 107! : |
- = 107§ E
0.6 1 - ]
1072 ¢ E
0.55 | _ 1 10-2] |
0.5 4 | | | | 10—4 ; | | | |
0 100 200 300 400 500 0 100 200 300 400 500
iterations iterations
(a) Cost vs. iteration number for piecewise lin-  (b) Norm of 6./ vs. iteration number for piece-
ear (blue) and piecewise quadratic (red) finite wise linear (blue) and piecewise quadratic (red)
element methods. finite element methods.

Figure 7.7. Cost and Norm of d.J vs. iteration number

We also plot the step size vs iteration number in Figure 7.8.
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Figure 7.8. Step size vs.
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Chapter 8. Remarks on Unfitted Shape Optimization

We presented a numerical shape optimization technique that takes advantage of un-
fitted finite element methods. We showed how to compute the exact discrete shape deriva-
tive of bulk shape functionals, under mild assumptions, and established the Fréchet differ-
entiability of discrete bulk shape functionals. This is done using both the perturbation of
the identity approach, as well as direct perturbation of the level set representation of the
domain. Our formulation allows for including a discrete PDE constraint and our discrete
derivative mimics the shape derivative formula from the continuous problem. In other
words, our method enjoys advantages of both the discretize-then-optimize and optimize-
then-discretize philosophies.

We illustrated our method by considering the shape optimization of an elastic
body. Specifically, we used a Lagrangian approach to deal with the linear elasticity PDE
constraint. Furthermore, our level set based shape derivative approach allowed for directly
optimizing the level set representation of the domain. No ad-hoc extension velocities
were needed to update the level set function. Our numerical results demonstrated the
effectiveness of our approach. For instance, the step sizes chosen by our gradient descent
method are not excessively small, which can happen with some optimize-then-discretize
approaches.

Our method can be easily applied to a two-phase material problem, such as an elas-
tic body with a fixed shape but with two different material regions, €2; and €25, inside. In
this case, the level set function marks one of the phases, say 21, and the weak formulation
involves a sum over the two sub-domains. As long as there is no boundary integral over
01 N 05 in the weak form, our methodology can be applied.
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A point of future work is to extend our method to handle boundary functionals.
Most likely, this will require some kind of regularization of the cost functional. Another
area to investigate is the connection of our method to time-dependent problems, i.e. to
extend our approach to solving PDEs in time-dependent geometries, as well as shape opti-

mization with time-varying shape constraints.
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Chapter 9. Landau—de Gennes Model

Modeling liquid crystals in three dimensions at the continuum level involves the use

of a tensor order parameter () that is symmetric and traceless, i.e. it belongs to

Sy ={QeR¥*3 | Q" =Q, tr(Q) =0}. (9.1)

Since (@ is based on a probability distribution of LC molecules, the eigenvalues of (), de-

noted \;, satisfy

1

—- < NQ) <

. , fori=1,2,3, (9.2)

[GVRI )

and, since @) is traceless, A\3 = —(A; + A2). When all eigenvalues are equal, then they are
0 and ) = 0, which represents the isotropic state. If all eigenvalues are distinct, then )
is in a biazial state. However, usually () has a single largest eigenvalue with the other two

eigenvalues equal; this is called a uniazial state and () may be expressed as

Q:s(n@)n—;I), (9.3)

where n, which has unit length |n| = 1, is the eigenvector of the largest eigenvalue. The
scalar order parameter s is called the degree-of-orientation and is a measure of the orien-
tational order of the LC molecules, and n is called the director that represents the average

direction in which the molecules are pointing. Note that —5 < s < 1.

1
2
For L.Cs in a physical domain 2, we model the LC state through a tensor-valued

function @ : 2 — Sy. We assume () has Lipschitz boundary I" with outward pointing unit

normal vector v. The free energy of the LdG model is defined as [55, 56, 64]:

EQ)= [ FQVQ)dx+ [ ¥(Q)dx o

+A9(Q) dS(X)+/F¢(Q) dS(x) _/QX(Q) dx,
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with the elastic energy (with twist component as in [73, 64]) given by

1(Q.9Q) = 5 (LIVQP + &IV - QF + 6(VQ)T: VQ o
9.5

ALTVQ (e - Q)),

where {£;}>_, (units of J - m~") and 7, (units of m~!) are material dependent elastic con-

stants, and v is a “bulk” potential, ¢ is the Levi-Civita symbol, and

WQP = Qz’j,k@ij,k; |V : Q|2 = Qij,jQik,ka
(9.6)

(VQ)":VQ = QijkQirj, VQ:i(e-Q):=jmQin Qi

where we use the convention of summation over repeated indices and ¢y is the Levi-
Civita tensor. The transpose in the third term indicates to swap one of the () indices with
the derivative index. The elastic constants in the LdG model can be related to the elastic
constants in the Oseen—Frank model (see [55, 56]). Note that taking ¢; = 0, for i = 2,3,
and 79 = 0 gives the often used one constant LdG model. More complicated models can
also be considered [56, 31, 70].

Next, the bulk potential ¢ is a double-well type of function that is given by

a2

U(Q) = a0 — (@) — Fu(QY) + 5 (n(QY) . (67)
Above, as, asz, a, are material parameters (units of J - m™3) such that a,, a3, a4 are posi-
tive; ag is a convenient constant to ensure ¢» > 0. Stationary points of ¢ are either uniax-
ial or isotropic @-tensors [52].

The surface energy, composed of the quadratic ¢(Q)) and higher-order boundary

potential ¢(Q), accounts for weak anchoring of the LC (i.e. penalization of boundary con-

ditions). For example, a Rapini-Papoular type anchoring energy [2] can be considered:

9(Q) = 1@ - Qe+ Q- QP Q) = “2(1Q” - )" (9.8)
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where wy, w1, and ws are positive constants (units of J - m™2), Qr(x) € Sy for all x € T,
and sq is the scalar order parameter of the uniaxial ) that minimizes the double well. We
set Q = Q + 21, and define the standard projection onto the plane orthogonal to v, that

is, Q* := IIQII where Il = I — v ® v. We define Qr to be uniaxial of the form
Q@
1
Qr = so (V®V—31>. (9.9)

The wy term in (9.8) models homeotropic (normal) anchoring, while w; and wy model pla-
nar degenerate anchoring.

For the analysis, we modify the "boundary" potential to have quadratic growth. Let
p:[0,00) = Ry be a smooth cut-off function, i.e.
p(r) =1 if r < by,
p(r) = monotone if by <1 < by,

p(r)=0 if > by,

where 1 < by < by are fixed constants. We then modify the boundary potential

$(Q) = d(Q)p(1QP) +w3QP (1 - p(1QI%), (9.10)

which then implies the following estimates

UJQSé

9(Q)] < +aolQF, QI <alQl,  16"(Q) < ¢ (9-11)

Where ¢q, ¢1, and ¢y are constant.

The function x(-) models external forcing on the LC system. Usually, x(Q) is taken
to be linear in Q, i.e. x(Q) = Uq : @, where Uy : Q — R3<3 is a given function. For
instance, the energy density of a dielectric LC with fixed boundary potential is given by
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—1/2D - E [75], where the electric displacement D is related to the electric field E by the

linear constitutive law [27, 31, 10]:
D=cE=¢E+c,QE, e(Q)==:l+c,0Q, (9.12)

where € is the LC material’s dielectric tensor and &, €, are constitutive dielectric permit-

tivities. Thus, we may rewrite the dielectric energy density as

—;D E = —;5|E|2 +x(@), x(Q) = —;gaE -QE = —;saE QE:Q=Uq:Q, (913
where x(Q) has units of J/m?® and Uy = —(1/2)e,E ® E. We do not include the term
(€/2)|E|? in (9.4) because it is independent of Q.

9.1. Basic Theory

The function space for posing the weak formulation of the time-dependent LdG
problem is given by Q := H'(Q;Sy). Note that Sy can be uniquely identified with a five
dimensional vector space [30], i.e. there exists 3 x 3, symmetric traceless basis matrices
{Ei}?zl such that any Q € Sy can be uniquely expressed as Q = ¢; E?, for some coefficients
q1,---,qs. Therefore, Q is isomorphic to H'(Q;R5).

We now summarize some basic results that are needed in the well-posedness of the
weak formulation. The following theorem [21, Lem. 4.1] establishes this result for the ¢,

Uy, U3 terms in the elastic energy.

Theorem 9.1. Let a.(-,-) : Q x Q — R be the symmetric bilinear form defined by

ae (Q, P) =l (Qij, Pijk) g + l2 (Qijjr Pikk) g + U3 (Qijike, Pikj) - (9.14)
Then a. (-, -) is bounded. If {1, Uy, 3 satisfy

3 1
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then there is a constant ¢ > 0 such that a. (P, P) > ¢|VP|[§ g for all P € Q.
Proposition 9.2 (Coercivity). Let s(-,-) : Q x Q — R be the symmetric bilinear form

defined by

s(Q,P) = wy (Q, P)p+wi (Q— Q" P) . (9.16)

There exists a constant a; > 0 such that
ac (P, P)+s(P,P) > ai||P|} g, VP € Q. (9.17)

We also have the bilinear form a; (-, ) : Q x Q — R, which is not coercive, account-

ing for the twist term:

at (Q> P) = 2079 [5ikl (ij,la Pij)Q + Eikl (ij,l> Qij)g} ) <9'18>

and satisfies the bound

a, (Q, P) < 2070V27 [|Qluall Plloc + [PhelQllos] - (9.19)

For later use, we define one bilinear form to contain (9.14), (9.16), and (9.18):

b'(Q,P) = ac(Q,P) +a: (Q, P) +5(Q,P), (9.20)

which satisfies the following continuity result.

Proposition 9.3 (Continuity). There holds

Qe (Q,P) < Ce|Q|1,Q|P|1,Q> Qy (Q,P) < Ct”Q”l,QHP”l,Q»

(9.21)
s(Q, P) < c[|lQllor[IPllor, b (Q,P) < coll Qllvell Pl
for all Q, P € Q, where
Ce = £1 + 362 + 63, Cy = 2\/2_761’7'0, Cs = Wq + 3U)1, Co = Ce + ¢ + /83087 (922>

where B3 > 0 is a trace embedding constant depending on ().
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Next, we define a convenient right-hand-side function I,y:

Lns(P) = (X(P), 1)g + wo (Qr, P)p + w1 (_5301/ R, P)F . (9.23)

Using (9.20) and (9.23), we can now write £[Q)] in the form

Q] = (1/2)"(Q,Q) + (1/n*) (¥(Q), 1)g + (1/w) (6(Q), Dr — (@), (9.24)

which gives the first variation of £ as:

0QE[Q; Pl =" (Q, P) + (1/n*) (¥'(Q), P)g + (1/w) (¢'(Q), P)r — lns(P). (9.25)

9.2. Time-dependent Flow
We consider an evolution equation for () that is motivated from the Beris-Edwards
system [79]. Let v be the velocity of the liquid crystal fluid domain and assume that v is

divergence free. We introduce the strain and vorticity tensor, respectively,

W =W(Vv) = VV_Q(VV)T (9.26)

Vv (V)T

S =5(Vv): 5 ,

Then, @ evolves by the following parabolic system
1 6€
) -V ———=B(V
tQ+(V )Q+TQCSQ ( VaQ)a
2
B(Vv.Q) = WQ— QW +py (QS + 5Q) + =5 = 2p0(S : Q) (Q + 1/3).

(9.27)

where 79 is the relaxation time, py € [—1, 1] is a material parameter, - is the traceless part,

and the boundary conditions come from the weak anchoring conditions. The full strong

form is given by

8,0+ (v-V)Q — B(Vv,Q) + Tlo (—div/(,ﬁcz) + 771217@> - joﬁg in 0,
(9.28)

—

D@+ wo(Q — Qr) +wi(Q — Q) + iqb’(@) =0, onT,

89



where A is a 6-tensor such that

ae(Q7P)+at(Q7P):<AVQ7VP)Q

In this case, Q(z,t) satisfies a parabolic PDE (in strong form), and by the standard theory
of parabolic PDEs [28, 44], it has a unique solution. The next chapter considers a simpli-

fied version of this system for numerical analysis purposes.

90



Chapter 10. The Modified Allen—Cahn Problem

Before we consider unfitted methods for the Landau—de Gennes model, we first con-
sider the Allen—Cahn equation with some additional nonlinear terms that have properties

as the double well terms in (9.28):

Oy(+,t) + div (vy) — div (AVy) + ¢'(y) = f, in Q(t), for t > 0,
(10.1)

Ovy +wo(y —yr) + ¢'(y) = g, on I'(t), for ¢ >0,

where f and ¢ are given functions of time and space, A € R3*3 is a symmetric, positive
definite matrix, and the material velocity v is divergence free, i.e. V- v = 0. We note that
the analysis for this modified Allen-Cahn equation can be generalized to the analysis for
the Landau-de Gennes model.

Additionally, ¥ and ¢ are double well functions for the scalar variable y(x,t) that
have the same form as in the Landau—de Gennes model and note that ¢ satisfies a scalar
version of (9.10) and (9.11) as well. We also assume that ¢'(0) = ¢'(0) = 0.

In the following analysis, we consider a convex splitting technique of the double

well potentials ¢ and ¢.

Y= — P,
(10.2)

¢::¢c_¢e

where ., V., ¢., and ¢, are all chosen so that each is convex but 1), and ¢, are quadratic.
Le.

¢e = ﬁwy2
(10.3)

¢e = 6¢>y2

where 3y, 4 > 0. Furthermore, due to our specific ¢ and ¢, the convex splitting can be
performed so that ¢» > 0 and ¢ > 0. We also note that v is quartic and has a similar form

91



as (9.7) and that ¢ has quadratic growth like (9.10) and satisfies inequalities (9.11). This
will be useful in many of the following proofs in this section.
10.1. Domain Mappings and Extension Operator

Given u(x,t) : Q(t) — R we assume that there exists an extension operator, say €

such that

Eu(x,t) : Os(Q1)) — R, (10.4)
and & has the following properties: For w € L>([0,T]; H™(Q(t))) N W*>°(Q) we have
1Eull e o500 < allullmrey, k=0,1,...,m+1
[V (Eu)|| L2050 < 2l Vull L2y, (10.5)

[Eullw2000500)) < esllullw2e(g)-

For u € L®([0, T]; H™1(Q(t))) with dyu € L2([0, T]; H™(9(t))) we have

10:(Ew) || rm (o5 t))) < ca (||u||Hm+1(Q(t)) + ||8tu||Hm(Q(t))> , (10.6)

See [50] for a proof of the existence of an operator that satisfies these estimates.

Let Q" denote the exact domain of (10.1) at a particular time ¢, and that QF is
a high order approximation of 2". To proceed with our analysis, we use assume that Q"
satisfies Assumption 2 so that we have a geometry approximation (2; that is of order ¢ > 1
(i.e. ¢ is the polynomial degree of our level set function) for each n. And we similarly have
the same geometry approximation estimate (4.30). Moreover, for each n we assume that
there exists a mapping ® : Os(Q") — Os(2}) that satisfies (4.31) and (4.32) where ® is
a continuous well-defined map that is invertible for sufficiently small hA. Note that we have
adopted much of the same notation as in Section 4.3.
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For any u : 2 — R in the background finite element space B, define u® := uo &1

and note the following estimates:

||U€||%2(05(Qn)) = ||U||%2(05(Q;;)) ||UZ||%2(m) = ||U||%2(Q;;)

(10.7)
||VU€||%2(05(Qn)) = ||VU||%2(05(Q;;)) ||VU€H%2(QTL) = ||VU||%2(Q;;)

10.2. Semi-discrete Method

We first introduce a time-discretization of the forward problem (10.1). We consider
a uniform time step given by 0t := T/N, where T is the final time and N is the number
of time steps to be taken. Also, let t,, := ndt and denote y" := y(¢,) with analogous def-
initions for Q", I'™, f", ¢", etc. We also use implicit Euler for the time discretization and
obtain the following semi-discrete formulation.

yn _ yn—l

5 + (v V)y" —div (AVy") +¢'(y") = f*, in Q", for n =1,2,...N,

Ay + woly" — yP) + ¢'(y") = g", on T, forn=1,2,..N, (10.8)

y® = h, in Q°.

10.2.1. Variational Formulation in Space

The variational formulation for the semi-discrete problem is as follows. Find y" &€

H'(Q") such that for all 2 € H'(Q") we have

f”zd:z:—l—/ g"zdS
Qn rn

n __ ,n—1 1 1
= Y7U e+ - (v-Vy")z — (v-Vz)y'de + f/ (v-v)y"zdS (10.9)
Qn 5t 2 Qn 2 "

+ | (AVy")-Vzdx +/ V' (y)zde +/ wo(y" —yr)z + ¢'(y")zdS,
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for each n = 1,2,...N. Next, we define our linear and bilinear forms as follows:

a"(y,z) = ;/Qn (v-Vy)z — (v-Vz)ydx + /QR(AVy) -Vzdx

1
+ B) (v - v)yzdS —i—/ woyzdS, (10.10)
r» In

X" (2) = f”zdw—l—/ g”zdS—l—/ woyrzdsS.
on rn rn
Hence, we have the following weak formulation. Find y" € H'(2") such that for all z €

H'Y(Q"):

1 1 n—1

o 527 "zdx + a" (y" z+/ zdw—i—/ "zdS = x" )+/Qn§y zdex,
(10.11)

for eachn =1,2,...N.

10.2.2. Stability of the Semi-discrete Method

Let us now consider an equivalent problem from the perspective of energy mini-

mization: find y" € H'(Q") such that

y" = argmin J"(y)

yeH (") (10.12)
n 1 n—
T (y) = 54" (y,9) +/ y)dx +/ y)dS + ﬁﬂy — y" T2 am)-

Lemma 10.1. The function J" in (10.12) is convex, and hence (10.11) and (10.12) admit

a unique solution, for sufficiently small dt. In particular,

1 1 /BCE o\ 1 [(CR(By—Cy/A)?  a\ !
< - - - -
5t_m1n{4ﬁw,4< o —|—4 ¥ 5 +4 ;

where By, By > 0 are terms that come from the convex splitting of 1 and ¢ in (10.3) and

Cy = ming (2w — |v]).
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Proof.

1
T (y) = 54" (y,9) +/ dw+/ d5+@lly y" Iz
1 . 1 _ 2 - 270 _ n 10.13
=3 /H(AVy) Vydx + /n(u v)y=dS + / woy“dS — x" () ( )

ydz + [ 0)dS + 5= lly =y e
+ | vlde + T N T
We now use convex splitting of ¥ and ¢ and rearrange all the above terms to get the fol-

lowing;:

T = F) B~y @)+ [ v+ [ oS+ o [ o e

25t
=~ [ Buydw+ 4—& yida
J3(y) = §/Qn(AVy)-Vydm+ 4/Fn(V-V)y2dS+;/anoy2dS+ 4&/ y dw—/ Boy*ds,
(10.14)
where all the terms above are trivially convex except for Jj'(y) and J§(y). We show that

for sufficiently small 6¢, both are convex. Hence, J" then is also convex. For J'(y), we

note that we have the following:

_/QnﬁwyzdeFm/ y*d / (4& m) y2dz, (10.15)

which is convex as long as 0t < =—. For J3'(y), we have

1 1 1 1
5 | (AVy) - Vyde+ /F (wevypas+ 5 [ woytds+ o | ytdw— [ Batds
o 1
> IVl + + [ un— )25 + = [ e — BConllyllizian 9l
a 9 Cyvy 12 1 B3C%.
> IV + Sl + | g5~ 2 = 5| Il

(10.16)
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where we have used a trace estimate and a weighted Young’s inequality. We also notice

that if Cy := ming (2wy — |v|) > 0 then (10.16) is convex as long as

B2C% o\
< — .
st 4( Gy &

Otherwise, analogous arguments show that we need the restriction

C3.(By — Cv/4)? ™'
5t<4< o +4> .

Lemma 10.2. We have the following estimate for controlling the double well potentials.
Additionally, if 8t is chosen sufficiently small we have coercivity in (10.11). Hence, Vy €
HY(Q") we have,

"Wy + [ V@de+ [ 9 @dS =TIVl — (Il (1010

where (' =

Q"C + 3+ Qﬁw] and ¢ = 284 + 5|V - V||Lec(rny where By and By come from

convez splitting in (10.3).

Proof.
"(y,y +/ ydcc+/ y)ydS
1
:i/(u V) 2dS+/ (AVy) - Vydw+/ ydw+/ woy® + &' (y)ydS
" (10.18)
>oz||Vy||L2 Qn) 2/ v-v) 2dS+/ yda:+/ woy® + &' (y)ydS
> ol Vyllisan — v Viiewan s + [ ¢ dz+ [ 9w

where we have used the fact that the matrix A is symmetric positive definite and hence we

find that it is strongly elliptic (v/ Av > a||v]|* and @ > 0). We will also recall one of the
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convexity properties to find that 0 < [¢/.(y) — ¢.(0)](y — 0) with analogous property for ¢..

So now we have the following:

"(y,y +/ ydw+/ y)ydS

> all ol — v Vil s + [ 6ty = iudz + [ o)y — o.()uds

> al|Fyl3aam = [266 + 510 Ve lolBan + /Q ) = vl 0]y = 0) — 28,%dw
+ [ 16y = 60y — 0)as

1
> ol Vyllizon — [25¢ + 5”'/ : V||L°°(F”)] 1yl Z20m) — /Qn 2Byy°de

> o[Vl Zaany — CanCllyllLzim [yl @n) — 284 [yllZ2@n)

C2 HCZ o
> o||VyllZ2gny — Q 1yll720n) — §||y||§11(m) — 281y ll72m)
o C nC2
AT~ [T+ % 426 ol
(10.19)
where ¢ = 20, + 1|V - V|| =) and we have what we wanted to show. O

Lemma 10.3. Let y" solve (10.11) for n =1,2,...N. Then, we have the following stability

estimate:

k
Q n
||?/k||%2(m) + 5575 Z Vy H%Q(Qn) <2 (D + Cl”?/OH%?(QO)) exp((Ca + C”)th), (10.20)
n=1

N
where D = §t n2=:1 {Hf"H%Q(Qn) + |lg" + woZ/FH%?(Fn)]

Proof. Recall (10.11)

1 1
/Qn &y”zdm +a" (y", 2) + /Qn ") zdx +/ ")zdS = x" (2) + /Qn &y”_lzdm,

(10.21)
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and choose z = 20ty™ so that we get

2||y" ||L2 ony + 25ta” (y",y" —1—2525/ y" ”d:n—|—25t/ y")y"dS

(10.22)
= 20tx" (y") + /Qn 2y Ly da.
And now, rearranging terms and applying Lemma 10.2, we obtain the following:
(1 = 20t¢) " I72(@m) + @Ot VY" 72 (ny < 268X" (™) + [[y" 220y, (10.23)
where we estimate " (y") as follows:
X" (y") = /Q [yt + /F (9" +woyp)y"dS
< " ez 1y lz2@ny + 19" 4+ woyrl Lzem [[y" | 2oy
< in H%Z(Q”) + §Hy H%Z(m) + 5”9 + woyrﬂiz(rn) + 5”9 H%?(rn)
1 n 1 n 1 n n CQ" n n
< §||f H%?(Qn) + 5”?4 ”%2(9”) + 5”9 +w0yr||%2(rn) + THIU 2@ |y" | 1.y
1 .. 1. . " C3. 1 « n
< S B+ " + o + | B+ 4 3] I + G190
(10.24)
So then, by combining (10.23) and the above estimate, we get
a
(1= 3tC") ly" 1 22(am) + 50t VY 22 < O f"[[22(n)
(10.25)

+ 6t g™ + woyl|Z2 ey + 1" 72 0m)

where (" = |2¢' + C;‘Z” + § + 1|. Now using Lemmas 3.4 and 3.5 from [50], we get the

following estimates for [|y"~![|72(gn):

19°1 72y < 192112205000 < Cilly’ 12200,
n— n— n— o n—
1y 2 ny < 9" 12205001y < (14 C20t) " HI72(qn-1y + Z&HVZJ HIZ2gn1y-
(10.26)
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Now, by summing up (10.25) over n = 1, ..., k, we get the following:

k k
n a n
(1= 86¢") Y- 5" e + 50t X 199" [Ea(am
n=1

n=1

. ) (10.27)
<oty [an||%2(m) +lg" + woy?”%%rn)] + > " 2 an-
n=1 n=1
k
We now apply (10.26) to each term in 3 [|y"~"[|72qn) and reorder to get
n=1
" k|2 o d 2
(1= 3tC") N1y* I z20ny + 76t D IVY"llz2(m)
:j (10.28)
< D+ Cilly’ 720y + D_ 0t(Co + ¢ [y" 1 Z20m),
n=0

N
where D = 6t 3 [||f”]|%g(m) + |lg™ + woy{iHQLQ(Fn)} is the initial data. By choosing dt suffi-
n=1

ciently small so that (1 — 6t¢") > 3 we get
Lk a. & 2 02 = 2
§||y 1720 + 1575 D IVY 72 ny < D+ Cilly 1720y + D 0t(Co+ ) ly" (1 22(0m) -
n=1 n=0

(10.29)

And by the discrete Gronwall inequality stated in Lemma 1 of the appendix, we get the

assertion:

k
(6%
||?/k||%2(m) + 5575 > ||Vyn“%2(m) <2 (D + CIH?JOH%%QO)) exp((Cy + ¢")2t). (10.30)

n=1
O
10.3. Discretization in Time and Space
The Unfitted Finite Element Scheme
We define the background finite element space Bj and the restricted finite element

space V}, in the same way as (3.7) and (3.16) but state it again.

B, ={vy € C°(D) : vp|p € Pe(T), VT € T}, for some k > 1.
(10.31)

Vi, EVh(Qh) = {’Uh S CO(Q}Z’@ TV, = ’lA)h|©h75, for some v;, € Bh},

99



i.e. Vi = Bplo, ;- We recall from Section 3.3 that the unfitted approach requires a special
facet stabilization term which we previously defined in (3.17) and (3.18)
We use an implicit Euler method to approximate the time derivative and we derive

the variational formulation of the Allen-Cahn PDE in (10.1) to obtain:

/ f,?zhdw—i—/ gp2ndS
o Iy

n _ ,n—1 1 1
B o %Z}de 3 /Qn (V- Vyp)zn = (v - Van)ypda + 2 /Fn(’/ $ Y)Yy zdS

+/ (AVyp) - Vzpde +/ (yp)zndx +/ wo(yn — yrn)zn + &' (yy ) zndS,
(10.32)
where yr,, fj), and g are the interpolants of yp, f", and g" respectively that have been

suitably extended such that the following estimates hold:

117 = Sl o@ny) = b

g = 9"l oy = B (10.33)

n.oo_.n ~ h4
[E4n yr||H1(F;;) ~ h,
on some extended region O(£2") that contains ). Also, v is a suitable extension on
O(Q") and for simplicity we assume that v is defined on the entire design domain.

Next, we define the following linear and bilinear forms
1
ap (y,z) = f/ (v-Vy)z — (v-Vz)yde +/ (AVy) - Vzdx
2 Jay Qp

1
+ - (v-v)yzdS +/ woyzdS
2 Jry ry

(10.34)
AZ (y7 Z) = (ZZ (y7 Z) + PYsSh(F;?; Y, Z)

X7 (2) :/ f,’fzda:—l—/ gszS—l—/ Woyp ,2dS
Q ry L ’
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where 7 > 0. And so the unfitted finite element scheme is as follows: Find y! € V,(Q})

such that for all zj, € V,(Q}) we have

-1

/n Zzpdx + Ay (Y, 2n) +/ yh)zhdw+/ (yp)zndS = x7 (2 +/ In zhdw

(10.35)

foreachn =1,2,..., N.

10.3.1. Coercivity of the Fully Discrete Method
Lemma 10.4. Assume that 1'(0) = ¢'(0) = 0 and that the convez splitting in (10.2) was
done so that ¢, > 0 and . > 0. Then we have the following estimate for controlling the

double well potentials. Additionally, if ot is chosen sufficiently small we have coercivity in

(10.35). Hence, Vyy € H () we have,

ay (Yn- Yi) +/ (Y ?/hdw+/ (Y )ypdS = - ||V?/Z||%2(Qg) - C},zHyZH%Q(QZ) (10.36)

2 2

Cn¢
where ¢}, = [ Z]& " 5+ 257/,] and ¢, = 2034 + 3||v - V| zoo(rny where By and By come from

convez splitting in (10.3).
Proof. This is the same proof from Lemma 10.2. O

10.4. Error Analysis for the Fully Discrete Method
We give a brief overview of the error analysis for the approximation of the weak
form. We make the same assumption as earlier (Assumption 1) and recall the previous

inverse estimates from Proposition 4.2.
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10.4.1. Stability of the Fully Discrete Method
Theorem 10.5. Let y™ solve (10.35) for n =1,2,...N. Then, we have the following stabil-

ity estimate:

Hy HL2 k) + 5t2 HvthH r)

< expl(Ca+ Gt) (D + Cully" g, + Crk s (Fis o))
where D = Cot ]Xj:l [||f"|]%2(92) + ||g™ + woyFH%Q(FM and Cy, Cy are constants that de-
pend on the estimates of the extension operator and Cy is a constant that depends on the
interpolation of the initial data.

Proof. Recall (10.35):

7’L

zhdar:—l—A” (yn, zn) —i—/ (yp zhdac—l—/ (yp)zndS = x7 (2 +/ In zhdw

o Ot
(10.38)
and choose z, = 20ty so that we get
2\lyi N2y + 20t AL (i vi) + 25t/ "(yn)yn dae +- 25t/ (i )ypdS
(10.39)

= 20tx;, (yn) + /Q 2yplypda.
h

Next, by rearranging terms and using Lemma 10.4, we get the following:

(1 = 26tG) il Z2ap) + @Ot Vi1 Zgp) + 20t7ssn(Fies vh i) < 20t (03) + lwh ™ 1 Z20p)-

(10.40)
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Now notice that we can estimate xJ (y}!) as follows:

) = [ fivida + [ (g5 +woytJyidS
h h
< [ frllzmllyn 2@y + llgr + woyr pll 2@ lyk [ 2oy

< §Hfh H%Z(Q;;) + §HthQL2(Qg) + §th + woyr,hH%?(r;;) + 5“%“%2@;;)

< ?Hf ”%2((2;;) + 5”%“%2(9;;) + 7”9 + waFH%?(F;;) + 72%0 w2 lyg 11 2 o)
CI n|(|2 CI n ni|2 CS%R «Q 1 n||2 «Q n|(|2
< 7||f ||L2(Q;;) + 7”9 + wO?JFHL?(r;;) + TOéh + 1 + 5 ||?/h||L2(Q;;) + Z”VthL?(QZ)?

(10.41)
where (7 is the constant corresponding to the interpolation estimate of the initial data.

So, then by combining (10.23) and the above estimate, we get

n a n n n
(1= 663 i 2oy + 5 IV Y T2y + 28008 (Fzs i i) (10.42)

< Cf5t||fn||%2(§z;;) + Crot[|g" + wo?/?”%%r;;) + ||ZJZ_1||%2(Q;;)

2

Con
where (' = |2¢}, + % + 5§ +1|. And now using Lemmas 5.5 and 5.7 from [50], we get the
following estimates for Hyﬁ_lH%Q(Qz) that hold for all 1 < n < N for constants C, Cy, Cs

that do not depend on n:

HZ/?LH%?(Q}L) < ||y2Hi2(oé(Qg) < ClHngi?(Qg) + C1Kh28h(-7:§§;y273/2)
lyn " I72(p) < Hyﬁflﬂig(oa(%_l)
n— o n— -1.,n—1 ,n—
< (14 Codt)||yy 1!@2(92_1) + 70tV 1\@2(92_1) +035thh(f§6i1;yh Ly h.
(10.43)

Now, choosing 75 > C3K and by summing up (10.42) over n = 1, ..., k, we get the follow-
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ing:

k k
(1 —atg) Z ||yh||L2 @ T 5t Z ||V?Jh||L2 an) T 2017 > su (fgéi;ylf?y;?)
S =l (10.44)
ot Z [||fn||%2(9;;) + [lg" + wo?J?H%(rg)} + Z ||y;?_1||%2(9;;)-
n=1 n=1

k
We now apply (10.43) to each term in Y ||y,?_1||%2(97) and reorder to get
n=1 v

k K

o n n n
(1= ot¢y) Hyk”%z(gﬁ) + Z& > ||Vyh||%2(§22) + 0ty ) sn(F523Yns Un)
n=1

n=1

k
<6ty [(02 o] [ ] + D+ Cilly o) + CrE s (Fle: vl ),

n=2

(10.45)
N
where D = C;6t nz:jl [anH%Q(QZ) + ||g™ + waFH%Q(Fz)} is the initial data. And by choosing

ot sufficiently small so that (1 — §t¢}) > 1 we have

§|‘Z/k‘|i2(9§) + Z& Z Hvth%%Qg) + 0t Z Sh(]:géi; Yh» Y )
n=1

n=1

k
<0t Y [(Cot Gl gy + D+ Cully” ey + CLR2sn(FLss 1)
n=2

(10.46)

And by the discrete Gronwall inequality stated in Lemma 1 of the appendix, we get the

assertion:
. k k
2 ) n o,n
I gy + 32 |59y + 9 3 sn(Fsi )|
n=1 n=1 (10.47)
2(D+ CulyPluiay) + CoR s (Fyinf 18) ) expl(Ca + G)2te).
O
10.4.2. Consistency Estimate
Taking (10.11) before the approximation of the time derivative we get:
/ [Owy"]zdx + a™ (y", 2) +/ zda:—l—/ MzdS = X" (2) Vze€ HY(Q"),
n Qn
(10.48)
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and we choose z = 2 = z, o ®! for arbitrary z, € V,(2%). Now also recall the fully

discrete formulation:

n—1

- %z dz + A} (y)!, z1) +/ (yp zhdaz—l—/ ¢ (Y zndS = X7 (z,) . (10.49)
h

Now, taking the difference between (10.48) and the fully discretized problem (10.49), we

get the following:

Er — n—1
/n —5endm ot ag (B 2n) + (P B )

h
o(zn +/ (yp)zndx —/ zhda:+/ (yp)zndS — / y")21dS,
(10.50)

where we have the following definitions
E" :=y" -y, Vn,
go(Zh) = 51 (Zh> + gg(Zh) + 53(Zh) + 54(Zh),

n__ ,n—1
Ei(zn) = u,zhda: —/ [&ty"]zfldw,
or ot Qn

gQ(Zh) = G’Z (yn7 Zh) —a" <yn7 Zfel,) y
(10.51)
53(2%) = 7s5h(f§6i§ y", Zh),

Exlzn) = X" (24) = X5 (2n) .

Eulan) = [ W ande = | ¥/(y")zpda,

h

Eo(2n) = /rn &' (yy)zndS — / y") 21 dS.

h
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We further split (10.50) using the lagrange interpolant of y™ denoted by y7 € V},(2}}) given

that y™ is sufficiently smooth. Next, define

E*:=y" —yr+yr —wun Vn. (10.52)
en BZEV]—L(QZ)

Then, we get the following

1

en — el
/Qn “h “h 5t h zhd:c + CLZ (62, Zh) + ’Vssh(f;(:SH 62, Zh) = g[(Zh) -+ 50<Zh) + 5¢(Zh> -+ 5¢(zh),
h

(10.53)

where
e — en—l

Er(zn) = —/ 5

Q zpdx — OJZ (6n> Zh) - Vssh(f'géi; €n7 Zh)' (1054>

"
Lemma 10.6. Given f € LI(Q}), g € LY(T}), w € WHP(O(Q})), and u € W2P(O(Q})),

where % + % =1, there holds:

| lwo@)f —wfldz S 1 [Vullo|l Lo
h (10.55)

/[‘n ‘(U 9] @)g — 'U/g‘ dS 5 th“UHWQvP(O(QZ))Hg”Lq(F;})

h

Proof. We have
1
[ lwo®)f—wflde= | 'f/ Vu(i® + (1 — t)id) - (® — id)| de
o ar 1" Jo
< ||® —id|| ) | VWl Loo@ey | fll Lo

< WVl oo 1 | oy,

/Fn|(uo<1>)g—ug|dw=/ g/Oqu(tq)—i—(l—t)id)-((I)—id) dx

n
h Fh

< |[|® —id|| Lo om [Vullwrro@m 19l Loy

S W ullwzeo@pllgllzary)-
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Lemma 10.7. Given f € L*(Q}) and g € L*(T'}), there holds:

l;f@dV@%1Mw

SECVA AT

(10.56)
|/1“n gpn — gdz| S h|gl ey
h
Proof. This proof follows from the basic properties of ®. First, note
|, Fldet(Ve®) — 1)da| < || det(VR) = 1 o I 130y
h
SRl
where we have used (4.31). Moreover, we have the following:
’/r gl = Nda| < [lpn = Ul lgllzrep)
h
S hq||g||L1(Q;;)a
where we have used (4.32). O
Lemma 10.8. Given v € [LP(Q)]?, then we have the following:

Proof. Note that (V®T)™' = (VT — [+ 1) =T+ (VST — 1)+ O(h*?) =~ [+ (VST —1).

Thus, we get

1(VOT) 0 = vy = [ (V)" = 1o da

Qp

<

~

(Vel — ])v’p dx
o

SNV = I o) 10110 )

S hqp”””ip(ﬂ;;)-

Hence, it follows that

1(Ve") v — vl oy S hvlleey)-
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Lemma 10.9. Assume the following regularity of the exact solution:
yr e WER(C)NL2([0, T H™H(Q(1))), 9™ € L¥([0, T]; H™(Q(1))),

where C := |J Q(t) x {t} is the space-time cylinder. Then, we have the following esti-
te(0,T)
)

mate for E(zp

[Er(zn)] S R K i (Nl ey + Nl im o) - [thHHl(Qz) t+ sn(Fies 2n, 2n)?
telo,
Proof. The proof follows from Lemma 5.12 in [50]. O

Lemma 10.10. Assume y" € W2><(C) N L>([0,T); H™1(2(t))). Then, we have the

following estimate for Ey(zp):

N
Eo(zn)| S 108+ h? + h™] [Hy w2 e) + S[up [yl zm+1(000)) Z [anHHl(Qg) + ||9"||H2(Q;;)H :

. |:”ZhHH1(QZ) + Sh(fgézt; Zh, zh)l/Q] .

(10.58)

Proof. For &(z,) we use Taylor’s Theorem using the integral form of the remainder:

tn—1
Y@, tn1) = y(@, 1) + Yo (@, ) (Enor — ) + /t Yer(@, 1) (ot — 1)L,

Then, we get the following:

yn _ yn—l
E1(zn) = - Tzhda: - /Qn yrzr da
h
tn ¢
:/ Ye(x,tn)zn + yu(, )(tn_l —t)zpdtde _/ Y2 de
n tn—1 5t Qn

tn t
= /"/t ytt z, th—1 — t)dtzpdx + /Qn yi(x, t,)znde — /ﬂn Yzt da
h

_ Yy xvt) n
= / / (tn—1 — t)dtzpde +/ yi(x, t,)zpde — / (yy o @)z, det(VP)de,
SN ) Qr Qp

h

(10.59)
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where in the last line we performed a change of variables. And now we split the above into

two parts:

t t
n Yy, ) 1 /n /
th—1 — t)dtzpde| < — oo th_1 — t|dt zp|dx
/Z/tn_1 5i (o1~ Ddtzndz) < cllyullixo@) ), lna =1 92' |

1 1 10.60
= g||yttHL°°(O(Q))§5t2||Zh||L1(Q;;) (10.60)
S Otllyllwzee e llznllz2apy,
where we have used Holder’s inequality and some standard techniques. Next,
|/ yi(x, ty)zpdx — / (yy o @)z, det(VP®)dx
Qn QF
<|[ vien = (o ®)zuda] + 10 [ (57 0 ®)z/da
Qr o (10.61)

ShIVY? | e ocapy) 120l rop) + AIYE L ocop 2nll @)
Shlyllweee ey 1znll z2cap)
where we have used the fundamental theorem of calculus for line integrals, Corollary 4.13,
the geometry approximation between the discrete and exact domains, and some other
standard estimates.

Now we handle & (zy):

Ex(2n)| = |af (0", 1) — a" (", =1) (10.62)

Y

and we recall the definitions of a} (-,-) and a" (-, -).

1
an (Y", 2n) = 5 /Qn(v -NVy" )z — (v - Vazp)yde + /Qn(AVy’”) -V dx
h h

1
+= | (W-v)y'zdS —I—/ woy" zpdS,
2 Jrn ry

1
a” (y”, zz) =3 /Qn (v-Vy")z — (v - Vzp)y de + /Qn(AVy”) -Vzde
1

+- | (v-v)y"zdS +/ woy" 21,dS.
2 Jpn rn
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Next, we split (10.62) using the triangle inequality:

Ea(zp)| < Iy + 1o+ I3+ 1y + I,

[112/
Q

I = /Q (v-Vz)y"dx — /Q (v-Vzp)y"dx

h
I3II/
Q
[412/
r

I5 = / woynzhdS—/ woy"zf;dS',
ry rn

Y

(v-Vy")zpde — /Q (v-Vy")zidx

n
h

)

(AVY") - Vzpda — /Q (AVy") - Vzida

Y

n
h

Y

(v -v)y"zpdS — /Fn(u V)Y 2hdS

n
h

and we deal with the terms one by one. First,

11:/
Q

- /Q (V- Vy")zn — [(v - Vy") 0 B]z, det(VD)da

n
h

(v-Vy")zpde — /Q (v-Vy")zdz

n
h

S /Q (v-Vy")z, — [(v-Vy") o ®lzdx

n
h

+hI[(v - Vy") o @z L1

S WV - V") =@y lanllzi@g) + BV I L@ [ VY| @o 20 ] 1)
S hH(VV)VY" + (V™) oo lznll 2 apy + BV Lo @m [y llw2.oe o120l 22 0n)
S W |v]lwre o 19wz o | 2nll 2 @py + PV Lo @m [y lw2e o)1z | 2200y

S W yllwsollznllz2@p),
(10.63)

where we have used a basic change of variables and Lemmas 10.6 and 10.7. Next,
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I, = /Q (v-Vaz)y"de — /Q (v-Vz)y"de

h

- /Q (y"v - V) — (v - VL) o @] det(V)da

n
h

S / (W"v - Vzn) = [(y'V) 0 @] - (Vf 0 ®)da| + b ||(y"v - V2f) 0 @| |
Q5 LY(Qp)

S /Qn(y”v - Vzp) = [(y"v) 0 ®] - (V@) ' Vazpdar| + h|[v| oo o) [y || oo () [V 2, © @] 20
h

S| [0V = V) 0 ) Vada| + 11 [ [(5"V) 0 @] Vaplda
h h

+ thVHLoo(Qn) yHW2,oo(c)H(V‘I’)ilvzhHLQ(Qz)
SRV (Y V) || oo 0@ IV 2l Loy + IV oo 157 | Lo @) [V 2|21 ey
+ WVl @ llyllwze @) IV znll L2y + B2V Looam [y lw2.o0 ()l V 2 | 220y

S hIVY () +y" YV ol znlla @ny + Byl o)l 2nl 1 @p)
N hq”y“W?m(C)||Zh||H1(Q;;),
(10.64)
where, again we have used a basic change of variables and Lemmas 10.6, 10.7, and 10.8.

For I3, we have
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Iy = /Q (AVy") - Vzpda — /Q (AVy") - Vzhda

n
h

_ /Q (AVY") - Vz, — (A(Vy" o ®)) - (V) 0 @ det(VP)dx

n
h

N

/Q (AVY™) - Vz, — (A(Vy" o ®)) - (Vz}) o ®dx

n
h

+ hY|(A(Vy" o @)) - (V23) 0 |11

S /Q (AVY") - Vzn = (A(Vy" 0 @)) - (V@)™ Vapd| + h?|| Alloo | Vy" | L (@) [|(VR) ™ Vanl 110y

n
h

< /Q (AVY") -V — (A(Vy" 0 ®)) - Vapde

n
h

+ W Allcol[yllwezee ey |20 ]| 210
< M IVAVY) 0@ IV 2nll oy + Al lyllwezeee) 2l g
S thHA”oo||v2ynHLoo(Q;)HZhHHl(Q;LL) + M| Alloo[lyllwezee eyl 20l 51 0

S thy“WQvOO(C)||Zh||H1(QZ)a
(10.65)

where we, again used a basic change of variables and Lemmas 10.6, 10.7, and 10.8. Then,

el
3l
</

S V()| 2o 12nll 2 opy + RV oo ooy 19" | 2o 0y | 20| 21 oy

(v-v)y"z,dS — / (v- v)y”zidS‘
Fn

n
h

(v -v)y'z,—v-((y"v)o tI))zh,uhdS‘

n
h

(V5w (V) o) 4 (0 (v )" 0 By
h

S BHIVY T+ 3" V| e gap ll2n 1) + RV oo om) [y llwze ) | 20l )
S hlyllwees ey 1zl )

The term I = | frn woy"zdS — Jyn woy" 24 dS| S h|lyllw2os o)l 2]l (qy) is handled

in the same way as the previous term except it is a little simpler since there is no need to
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deal with the material velocity. And now putting everything together we get the following:

1Ea(2n)| S thyHWQvOO(C)thHHl(Q;:)-
Now, we handle £;(z;,) using a Cauchy-Schwarz inequality and Proposition (4.4):

E3(zn)| = |’Ys$h(7‘§§i;y"72h)’

< %Sh(}—g;; y", y")l/QSh(fgéi; 2y 2) '
(10.66)

S D |yl o5 @pysn(Fss; 2n, )2

Next, we estimate & (z):

[Ea(zn)] = [x" () — Xk (20)]

= /Q [repda + /F (9" + woy),dS — /Q Tienda — /F (9h + woyrt ) zdS ‘
h

n
h

— /n(f” o @)z, det(V®) — fi'zpdx + /Fn((g” + woypt) o @) zpun — (g + woyﬁh)zhd5|
h

h

VAN

/Q (f" o @)z, det(V®) — filzpdx

n
h
.

h

+

((¢" +woyr) © ) zppn — (gi + woyr ) 2ndS ‘ :

(10.67)

where all we have done so far is use a change of variables. Then, we deal with the two
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terms separately:

S

S

(0" + ) o B = (" + wusf)ns| + 1

/Q (f" 0 )z, det(VP) — fizda

<

~Y

/Q (f"o®)z, — f2zpdx

n
h

+hq/m|(f”o<1>)zh]da:

h

SEIV ™ Lezoep sl ezap) + BN 0 @llziap ll2nl 2
§hq+1||fn||H1(O(QZ)) 12l L2y + R " | 22@m 120 )l L2y

f,hq”fn”Hl(O(Qg)) HZh||L2(Q;;),

<W+mﬁw®%%—m+mwwwﬂ

T

o Vg"(t@ + (1 — t)ld) . ((I) — Zd)ZhdS‘ + thgn ¢} Q)”Hl(ﬁﬁ)”zhHHl(Qz)
h

SE g 2ot 2 e oy + W™ e 12l

SthgnHH?(O(Q;;)) ||Zh||H1(Q;;)-

Hence, it follows that

Ea(zn)| S RN [ o@py 20l 2oy + B 200 120l 0

Combining the estimates for &;(z,) with i = 1,2, 3, 4, the proof is finished.
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Lemma 10.11. Assume y™ € H™(Q) for m > 1. Then, we have the following estimate:

ol = | [ vttmyade — [, olom)sie

n

h

S (R0 D [y s gy + C] lznlli o)

+ {”ymﬁﬂ(gg) + ||yn||%11(9;;) + C} ekl L2l znll 2 an).

Eute) + [, vieeida] = | [ otlyade — [ vitr)de + [ vitegte
on o on ap

(10.70)

This results in the following estimate:

Este) + [ vilenerda| S [0+ h] [y lmor ) + €] ekl
h

+ I3 e gy + 19" Vs ey + C) ek llzopy llebllap)
(10.71)

Proof. Using a change of variables, we have the following;:

n

h

/Qn CAUBETCES /Q Uo(y" o @)z, det(V®)dex.

Now using the fundamental theorem of calculus for line integrals and some standard tech-
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niques we get

€y, (2n)]

| vlpyade — [ vly)zda

h

= /Qn Ve(yn) znda — /QZ P (y" o @)z, det(VP)dx

h

<|[ YLy @)2 [det(V) — 1] d

[ o) — vt o @)

She /Qn [P (y" o ®)zy| de + ‘/Qn W (y™) — UL (y" o B)] zpda

h

+ \ [, 1) = ) v

S [ 0.0 0 @)zl da |/m ey + (1— e)(y" o ®)) - (4" — y" o ®)zda
h h

?

| vtlent + (0= ) - )ade

(10.72)

where we have used the geometry approximation and the mean value theorem with ¢y, ¢y €
[0,1]. And now we use Holder’s inequality on all three terms. Due to the Sobolev embed-

ding theorems we have that z, € HY(QF) = 2, € L%(Q}) for QF C R3. Hence,
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| (2n)]|
Sh[YL (Y™ o @)l L2 ll2nll z2ap)
+ W (ey™ + (1 =) (y" o 2N lpsap 1y" = y" © @llzzcep)ll2nllzoeyp)
+ |97 oy + (1 = Cz)yn)HLS(Q;;) lyn — y" ez 120l s @)
She Myn o ‘I’H?iﬁ(sz;;) + O} 20l L2 @)

+ patl H(yn)Q + (yn o (I))Z +C

L3y ||Vyn||L2(Q;;) ||Zh||L6(Q;LL)

+| @+ @+ C

sy B ez llanll oy
Sh 119" s gy + €] ll2nll 22y
+ 2 1y ey + C) ly™ e ap llznll oy
+ [l o apy + 5™ 1oap) + C] [lerllzzp + lle™lz2@p | l12nllzocep)
S (™ s + €] llnllz2ep)
+ BT [y 3 g + C) Nznll )
+ (1w By + 15" 3 am + €] [Nebllzzap) + B H Iy e op)] ll2nlli ey
S {hq + hmﬂ} {HynH?{mH(Qg) + C} [zl (p)
+ {“y;f“fql(gg) + ||yn||12Hl(Qg) + C} ek [z ll 2l B an).

(10.73)

where in the last few lines we used Young’s inequality, the fact that ¢, is a quartic polyno-

mial, the geometry approximation between 2" and Qf, and Corollary 4.13. For the other
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inequality, we have

Eule) + [ vilep)erda
[, thieide = [ wly
szé(yﬁ)

<

Sht [ 0l(y" o ®)ef] da +
QTL

h

Sht [ 0(y" o ®)eflda +
QTL

h

Skt [ ULy o @)e] da +
Q’ﬂ

h

h — ULy o ®)ef det(VEB)dz + [ l(eh)chde
h

/Qn YL(y" o ®@)ep [det(VP) — 1] dx

)(en) d:c+/ Yl (ef)epde

[ L) — 0 0 )+ (e e

i) = vty o )] ehda

h

b

— UL (y" o @) eda

+ | / L) — )] e

e

ﬁw(y —y" o ®)epde| +

(10.74)

where we have used the fact that . is quadratic and ¢! = 3,. Now, we use Lemma 10.6

to get the second assertion in (10.70):

Esclei)+ [ vilep)erds
h

ShAly"™ o ®| 2 gap)lleq | 2p) + Buh™H VY 2@ leq Lz + €™ L2 el 22

/S/thynHHl(QZ)||€Z||L2(QZ)

+ Wy s o ll el 22 m)

< [hq + hm“} Y™ | zrm+1apy llep | z2cap
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Lemma 10.12. Assume y™ € H™(Q) for m > 1. Then, we have the following estimates:

o)l = | [ ektupyaas - [ ollar)sias

S T+ Ry [ amerap lznll gy + el apy l2nllzap),

(10.75)
Ealei) + [ ¢;<ez>e2dS] — ] [ euads - [ olwmzpds + [ ¢;<ez>e2dS]
rm rm " rm
SR+ BT [ e ol €k T apy-
This results in the following estimate:
Ealei)+ | ¢;<ez>e2d8|
h (10.76)

S W+ BTy [ @p ller ey + ler aan llerll2ap)-

Proof. Using a change of variables, we have the following;:

| euwzhas = [ a0 ®)zupuds,
I ry

Now using the fundamental theorem of calculus for line integrals and some standard tech-

niques we get
6. (2n)]
=| [ d)ads - [ <z>;<y“>zf;ds|

= / oy ) 2ndS — / <b’c(y"o<1>)zhuhd5‘
re ry

h

<| [ ot 0@z 11| + | [ [000) ~ ol o @) a5

h

Sh /F ey o ®)zn| dS + | /F RCACVDEEACRCE )] zhds| + | /F () — DLy™)] zhdS‘

)

sh | |¢;<y"o<1>>zh|d5+\ / (y”—y”o@)zhd5\+\ [ i = y")nds
T Ty Ty

(10.77)
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where we have used the geometry approximation and the fact that ¢ has quadratic growth
and satisfies (9.11). Next, we use Holder’s inequality on all three terms. Due to a trace

theorem we have that z;, € H(Q}) = 2z, € LY(T'}) for QF C R3. So,

6. (2n)]
S oL(y™ o @)l 2y ll2nll 2y
+ W VY | 2emy lzall 2omy + 195 = 4" 2aom 2l 2y
ShAly™ o @[ zaemll2nll L2y
B IV oy lznllzzaeyy + TE L gagepy lznllzeqep (10.78)
SEY o[zl @)
+ R ||yn||H2(Q’Z) l2nll o) + [HGZHHl(Qz) + ||en||H1(QZ)} l2nllz2(rp)
ShY a2 llznllmr@py + R [y |ame @l 2nll 5 @) + ||€Z||H1(Q;;) lznlL2(rm)

S WA+ Ry [ opllznll ey + ler laan zall2ap,

where we have used Lemma 10.6, the fact that ¢ has quadratic growth, the geometry ap-
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proximation between Q" and €2}, and Corollary 4.13. For the other inequality, we have
Eou () + /F ) ¢’e(62)62d5”
:/gbyhehdS /gb ehdS—l—/gbeheh ’

S| [ ettt - ot o @ctmas + [ ol(enyias
h h

<| [ et 0@ b~ 11dS) 4| [ 610) — 65 0 )+ (e et

h

s [ 1ty o @)erlas + | [ [0l — sy o @) e;;d5|

h h

<o [ 1600 e @ieplas+ | [ o) — ko o @) s + ]/ o)~ 80 |

h

<o [l o @eilas +| [ -y o wicias| [ ol
h

(10.79)

where we have used the fact that ¢, is quadratic and ¢! = (4. Now, we use (9.11) and

Lemma 10.6 to get the second assertion in (10.75):

Eole) + [ ¢;<ez>eZdS|
h

ShAly™ o @[ zaemlleq L2y + B ny € |2 pllerll 2y
ShANY" ez llenllzzamy + ™ |y | amer @ ek || L2 ep)
SR+ Ry [ sy llen | ar.

]

The goal is to prove the following consistency estimate using similar techniques as
Theorem 10.5. One needs to deal with the nonlinearities using convex splitting in order to

obtain this estimate.

Theorem 10.13 (Consistency Estimate). Assume y" € W2°°(C) N L>([0,T]; H™(Q(t)))
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and O™ € L>([0,T]; H™(S2(t))). Then, we have the following:

k
a n n n
HEk”%%Qg) + ZMZ [HVE ”%2(9;;;) +”Ys8h(-7:§§§E JE )]
n=1 (10.80)

Sow (Gt g+ S ) Rey) (58 4+ 12 + 07K

where C7 and Cy are constants that depend on the estimates of the extension operator, and
R(y) = supyepo {Hy”%mﬂ(ﬂ(t)) + 1Y 3rm ey + C} + HyHIQ/VQvOO(Q)'

Proof. Recall (10.53) and test with z, = 2dte]

2/ (ep — eZ’l)eZdw + 2dtay, (e, ep) + 275(5155;1(]:%; ep,en)
i (10.81)

= &1(20tey) + Eo(20tey) + Ey(26tey) + Ey(20tey),

and note that we have the following relation:

2 [ (e —ep Nepdm = [ 2ep)? = 2een 4+ () — (e da

@ o
= ||62||%2(QZ) - ||€Z_1||%2(Q;5) + [ley — GZ_IH%?(Q;;)
> H€Z||%2(Q;;) - ||€Z_1||%2(QZ)'

We also use a lower bound on a} (-, ) (which follows from Lemma 10.4):

n n n n n n n Oé n n
@i (eve) + [ wilenerda+ [ ol(en)endS = SIVerlEay — GillehlEaap-
h h
Then, we get the following:

(1= 2660) [} 2(0py + a0t e gy + 20t5n(Fps: e cf) < €+ lle [Facap.

(10.82)

where E" = 20t [Sl(eﬁ) + &olen) + Eylen) + Jop veler)erde + E5(€h) + Jrn gb’e(eZ)eZ’dS}

contains the error terms. Next, using Lemmas 5.5 and 5.7 from [50], we get the following
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estimates for Heﬁ’lﬂig(ﬂz) that hold for all 0 < n < N for constants Cy, Cy, C5 that do not

depend on n:
“62”%2((2,1) < ||€2||%2(05(Qg) < Cl||€2||%2(92) + ClKhZSh(fS;;eﬁ,eﬂ),

L g e .

— o n— n—
S (1+C25t)“62 IH%Q(QZfl) +§(5t||Veh 1‘@2(92 1 +Cg(5tKSh(f i ,eh eh 1).

(10.83)
Now, by summing up (10.82) over n = 1, ..., k, we get the following:
k k k
n|2 n||2 ) n _n
(1—25t¢,) Y HehHLQ(QZ) +adt ) Hveth(Qg) +20tys ) Sh(}—zgt; €hs €h)
n=1 n=1 n=1
- ) (10.84)
<D E D Mlen -
n=1 n=1
Then, by applying (10.83) and choosing v, > C3K, we get
IN 1K 12 a. & 2 d
(1 —20tG;) llenllzaor) + 50t Z_:l IVerlz2qpy + 0t Zl sn(F; €h, )
k
n 2 2 —12
< ;5 + Cillenll 20,0 + C1ER Sh(]:oi €hs €1) +5tn§:2 (C2+2G,)len ”LQ(QZ’l)‘
(10.85)

Now, by using the two estimates of the double well potentials from Lemmas 10.11 and
10.12 and Lemmas 10.9 and 10.10 with a weighted Young’s inequality, we have the fol-

k
lowing estimate of > &£™:
n=1

Lo
3

k k

[0
> &n < O [0+ 144 B Ry) + 5 O [Cllefliocap) + 5 IV gy + (e cf)]
=1 n=1

(10.86)
where C} is independent of h and dt and depends on the weighting of the Young’s inequal-

ities and R(y) = supeioz [[81%51 ) + 10012y + C] + [9ll32 - Then, by choos-
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ing 0t(; < I, substituting (10.86), and noting that e) = 0 on O5(Q}t), we have

k k
Q n (3 n n
||€Z||%2(Qk) + 5515 Z ||V€h||%2(9;;) + 0t Z Sh("rzéi; €hs €h)
n=1 ";1 . (10.87)
< Cot [&2 + h* h2m] R(y) + 6t > <02 +2¢; + 24) He’g—luimz_l).

n=2

Now, by the discrete Gronwall inequality stated in Lemma 1 of the appendix, we get the

following;:

k k
« n n n
||6Z||%2(Qk) + 5575 Z ||V€h||%2(9;;) + 0ty Z Sh(]:g;; €hs €h)
n=1 n=1 (10.88)

< exp (<Cg + ¢+ C;) tk) R(y) <5t2 + K%+ h2mK> .

Then, by using a triangle inequality with a standard interpolation result we get

k k
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(10.89)

Hence, with this theorem, the unfitted finite element scheme is consistent for the

Allen—Cahn problem with the nonlinear double well potentials.
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Chapter 11. Remarks on an Unfitted Method for Allen—Cahn

In Chapter 9, we provided a brief overview of the Landau—de Gennes model along
with some basic theory. We also introduced the Beris—-Edwards system for the Landau—
de Gennes model so that we can consider time-dependent domains. Our current work as-
sumes a prescribed motion of the domain, but we aim to relax this assumption in future
research.

Lastly, in Chapter 10, we established a consistency estimate for a modified Allen—
Cahn equation which can be extended to the Landau—de Gennes model. The analysis for
the Landau—de Gennes model with an unfitted framework should follow very similarly
since they share the same type of nonlinearities (i.e. they both have double well poten-
tials). Note that some additional terms need to be accounted for when incorporating the
(half) Beris—Edwards system, namely the term B (Vv, Q) in (9.27). But this can be easily

dealt with under the assumption of a prescribed motion of the domain, i.e for a given v.
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Appendix

The following lemma from [72] is needed in the analysis of the Allen—Cahn problem

in Chapter 10

Lemma 1. (Discrete Gronwall Inequality) Let uy, satisfy
n—1
Unp, < Oy + Z /Bk‘uk’a vn > 07
k=0

where ay, is nondecreasing and 3, > 0. Then it follows that

n—1
Up < O €XP <Z ﬁk) .
k=0
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