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Abstract: We present an approach to shape optimization problems that uses an unfitted finite element method
(FEM). The domain geometry is represented, and optimized, using a (discrete) level set function and we con-
sider objective functionals that are defined over bulk domains. For a discrete objective functional, defined in
the unfitted FEM framework, we show that the exact discrete shape derivative essentially matches the shape
derivative at the continuous level. In other words, our approach has the benefits of both optimize-then-discretize
and discretize-then-optimize approaches. Specifically, we establish the shape Fréchet differentiability of discrete
(unfitted) bulk shape functionals using both the perturbation of the identity approach and direct perturbation of
the level set representation. The latter approach is especially convenient for optimizing with respect to level set
functions. Moreover, our Fréchet differentiability results hold for any polynomial degree used for the discrete
level set representation of the domain. We illustrate our results with some numerical accuracy tests, a simple
model (geometric) problem with known exact solution, as well as shape optimization of structural designs.

Keywords: shape derivative; PDE constraint; unfitted finite element method; optimize-then-discretize;
discretize-then-optimize
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1 Introduction

Considerable work has been done on shape optimization with the following references giving a good overview
[1]-[6]. The main idea is to optimize (e.g. minimize) an objective functional over an admissible set of shapes
or domains. Typically, the objective functional depends on the solution of a partial differential equation (PDE)
over the domain to be optimized [7], [8], which gives a PDE-constrained, shape optimization problem. A classic
example is finding the shape of a rigid body in a fluid flow that has minimum drag (i.e. that minimizes the
viscous dissipation in the fluid velocity field around the body) [9]-[12]. Other applications can be found in image
processing [13], [14], microswimmers and fluids [15]-[17], and optimal (elastic) structures [18], [19].

For practical applications, one usually uses gradient-based optimization to find optimal shapes; thus, one
has to calculate shape derivatives to obtain effective descent directions [1]. For the continuous problem, one
can derive exact shape derivative formulas provided the domain and PDE-data are sufficiently smooth [20].
But these formulas depend on solutions of PDEs, which are almost never analytically tractable. Moreover, the
domain geometry must be represented in a way that can be easily varied for optimization purposes. Hence, for
real applications, numerical discretization of the PDE and geometry is necessary to make shape optimization
problems tractable. A variety of numerical methods may be used for shape optimization, though finite element
methods (FEM) are popular [21] because of their ability to handle complex geometry.

However, using FEMs with conforming meshes for the domain geometry introduces an issue for gradient-
based optimization methods. The discrete objective functional now depends on the mesh vertex positions in
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a non-obvious way [22] and can be complicated to differentiate [23], [24] or requires automatic differentiation
[25]. Essentially, the difficulty comes from the fact that perturbing the mesh (geometry) also perturbs the finite
element space used for computing the PDE solution. The approach just described is called the Discretize-then-
Optimize approach.

The alternative approach is called Optimize-then-Discretize. In this case, one derives the exact shape deriva-
tive formulas at the continuous level, then simply replaces all quantities with their discrete approximation [26].
So, computing the derivative is more straightforward than the other approach. Unfortunately, it suffers from
inconsistent gradients, i.e. the discrete approximation of the shape derivative is not the exact derivative of the
discrete objective functional. Hence, a gradient-based optimization method that uses these derivatives may get
stuck and not reach a true optimum. In addition, one has to deform the mesh as the domain changes which
introduces some challenges, such as avoiding mesh degeneracies and general remeshing of the domain [26].
Despite this, some success is enjoyed by this approach [27], [28], but the issues remain. See [29], [30] for a detailed
discussion on the Optimize-then-Discretize versus Discretize-then-Optimize approaches.

Therefore, we propose an unfitted approach for shape optimization that avoids the above dichotomy. Our
method uses discrete level set functions to represent the domain and an unfitted FEM for solving the PDEs. We
show that, for bulk shape functionals, the exact, discrete shape derivative in terms of perturbing the domain’s
discrete level set function can be easily computed and, essentially, matches the continuous formula. Effectively,
we take the discretize-then-optimize approach, but show that the optimize-then-discretize approach yields the
same formula. Ergo, we gain the benefits of both approaches.

In ref. [31], they consider shape optimization with extended FEM and level sets and apply finite differences
(with respect to the level set) to the finite element stiffness matrix and load vector. However, this is a purely
discretize-then-optimize approach and the computed shape derivative is not easy to interpret. In ref. [32], they
consider shape optimization with multi-meshes and they describe a method of mappings approach that yields
a (seemingly) simple discrete shape derivative formula that is discretely consistent. However, they demonstrate
that applying their formula to a Poisson problem results in a complicated formula involving many jump terms
and special extension terms that are not easy to implement within their FEM framework. They then opt for
a Hadamard formulation of the shape derivative, which is the optimize-then-discretize approach and gives
gradients that are not consistent.

The closest reference to our work is [33], which derived similar level set shape derivative formulas to ours
(c.f. our Theorem 9to [33, Thm 5.1]). Nevertheless, there are two main differences with our work: (i) we are able to
prove Fréchet differentiability of our formulas, whereas [33] only proves Gateaux differentiability; (ii) we allow
for discrete level set functions of arbitrary polynomial degree, but [33] only considers piecewise linear level set
functions. We also emphasize that [33] assumes that the zero level set does not pass through any vertices of the
mesh, which is related to our Assumption 3. It is notable that [33] also considers boundary functionals, which
we do not, however the resulting discrete formulas are much more complicated than the continuous versions.

Some other related works are the following. In ref. [18], they apply cutFEM techniques and level sets to
shape optimization of elastic structures, but their formulation is of the optimize-then-discretize type only. In ref.
[34], they consider a Bernoulli free boundary problem, which can be posed as a shape optimization problem,
and its approximation by cutFEM. Moreover, they formally compute discrete shape derivatives in the Gateaux
sense under some smoothness assumptions, including a boundary value correction method, and compare these
to using continuous derivative formulas. Numerical experiments show that the various derivative formulas
perform similarly with some issues of getting stuck on local minimizers.

Recently in ref. [23], they computed the exact shape and topological derivative of discrete shape functionals,
but their analysis was limited to piecewise linear level set functions. Our analysis allows for discrete level sets
of arbitrary polynomial degree and yields formulas that are easier to interpret than in ref. [23]. Furthermore,
[35], [36] presents theoretical tools for shape optimization of sets defined via intersection.

This paper is organized as follows. Section 2 presents a model problem, shape optimization with linear
elasticity as the PDE constraint, to illustrate our shape derivative technique. Next, in Section 3, the discretiza-
tion of the linear elasticity PDE is introduced along with an unfitted finite element framework and existence
and uniqueness is established. Section 4 discusses the shape derivative and establishes the shape Fréchet
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differentiability of discrete bulk shape functionals. Moreover, the shape derivative is connected to the level set
formulation and allows for direct perturbation of the level set function. In Section 5, the full shape optimiza-
tion algorithm is described within a level set framework that allows for directly updating the level set function.
Next, we give numerical results in Section 6 to demonstrate the method followed by some concluding remarks
in Section 7.

2 Model problem

We setup a classic example problem to illustrate our unfitted approach to shape optimization.

2.1 Linear elasticity

Let Q C RY ford = 2 or 3 with Lipschitz boundary 0Q = (fD U FD> U (fN U FN>, where the partition is dis-
joint (see Section 3.1 for more details). We denote the outward normal of € by v. We consider the following
linear elasticity equations with displacement field u(x):

—V.o=f o=2uc(Vu)+ir(c(Vu))I inQ, u=0 onfyuly,, ov=g, onfyuly ®

where e(Vu) := %(Vu + VuT), y and A are Lamé parameters, and o is the stress tensor. Additionally, f and

gy are body and surface force densities, respectively. The term V - o denotes taking the row-wise divergence

on 0. An example of a 2-D elastic domain €2 is given in Figure 1. The typical physical example we consider is a

cantilever, with zero Dirichlet boundary conditions indicating that the cantilever is anchored along lA"D ulh.
The weak formulation of (1) is as follows. First, define the linear and bilinear forms:

2 (Q:v):=(f.v), + (& v)l_N Vv € H(Q),

2
a(u,v):=2u(e(Vu), e(Vv))Q + AV -u,V-v)q YuveH(Q).
Then, we seek the unique solution u € V() := {v € HY(Q): vlfDuFD = 0} such that
a(Quv)=y(Qv) Yve Vy(Q) 3)

We will sometimes denote the solution to (3) by u(2) to emphasize the dependence of the solution on the
domain €.

2.2 Minimization problem

Foranyv € Vp,let] (Q; v) be a shape (cost) functional. Furthermore, let A be a set of admissible domains that
accounts for some boundary constraints, regularity properties, etc., and consider the following minimization
problem

J( Qi W) = . J(€;u) subject to u uniquely solving (3) on Q. 4

fD; Q fN Figure 1: Diagram of the elasticity domain (cantilever) and design domain. The
: outer design domain boundary 0% is indicated by the long and short dashed

H line, where the short dashed lines correspond to Q nIA“; the solid boundaries
Y AR g indicate I'. The cantilever is anchored on the left and is hanging out freely to the
I'n right.
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If A has some compactness properties, such as enforcing a bounded Lipschitz constant on the domains, see
ref. [26], then existence of a minimizer can be shown. Note that, ultimately, we are after the derivative of the
reduced functional J (Q) =] (Q; u(Q)), where u(€) solves (3). Indeed, we seek to compute the shape derivative
of J (Q) so that we can perform gradient based optimization (see Section 5.2). As an example shape functional,
we take ] to be the sum of the so-called compliance functional y (€; u), which is the work of the external forces
acting on €, plus a penalty term on the volume of the domain:

J(v) = x(Qv) +a|Q, a, > 0. (5)

Nevertheless, our level set shape derivative formulas can be applied to other bulk shape functionals.

3 Unfitted discretization

Our shape derivative technique takes full advantage of the framework of unfitted FEM, which uses level sets
to represent the domain, as well as a Nitsche method and interface stabilization to yield a well-posed problem
[37]-[41]. This section describes our discretization of the forward problem (see also [42]).

3.1 Domain representation with level sets

Let ¢: D - Rbea C! level set function, with ¢ > |V¢p| =2 ¢ > Oon @ where D c Réisa fixed, open, “hold-
all,” polygonal domain (e.g. a box) that we call the design domain. We represent the exact domain by Q = {x €
®: p(x) < 0} (see Figure 1), where the boundary of Q partitions as

0Q=Tur, T[:=0DnQ TIi={xeD:px) =0}, ©6)

with further partitions of the Dirichlet and Neumann boundaries denoted r=r bV f‘N, I' = I'y UT'y. Essen-

tially, I' is the free part of the domain that is being optimized. Note that ¢ # 0 on ﬁ except on ©'nT. Thus, we
have
aQE<fDUFD>u<fNUFN)E (fDulA“N) U (TpuTly), )
——

- =
and similarly for the discrete boundaries (see below). The “hatted” boundaries will be inactive, while “unhatted”
are active.

The discrete domain is represented by a discrete version of ¢, denoted ¢,,. To this end, let T n=1{T}bea
conforming shape regular mesh of 2‘5 whereall T € 7 p are treated as open sets, and define the space

B, = {qsh € WD) | ¢yl; € WEX(T) VT € ?,,}, ®)
with norm given by
— . 2
l@nlls, := ”¢h||w1m(©) + ITT;?;”V Dnllze(ry- ©

Then, we let ¢, € B, and define the discrete domain , = {x € D: ¢n(x) < 0} with

Again, we assume ¢! > |V¢,| > ¢ > 0a.e. to guarantee Q, is well-defined and d€2, has dimension d — 1. We
also have an analogous partitioning of the discrete boundaries as in (7), i.e.

0Q, = (f,,,D U Fh,n) U (fh,N U rh7N> = (f“,LD U fh7N> U (Typ UTyy) =T U, 1)
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In practice, we take ¢, € B;, C B, to be a finite element function where B, is a fixed, background (Lagrange)
finite element space on ©:

B, = {vh e Cd): vylr € P(T), VT e ?h} for some k > 1. (12)
Using level sets to represent geometries has a long history [43], [44], with some recent work on level set functions
defined on unstructured meshes [45].
3.2 Subdomains and meshes

For any given domain €2 (an open set with Lipschitz boundary), we approximate it by €, which will be deter-
mined from an approximated level set function (as noted in (10)). Note that Q will be changing due to shape opti-
mization iterations. Let 5 > 0 be a layer thickness parameter (to be determined later) for extending domains,
i.e. define the open set

Q; = E;():={x € Didist(x,Q) <6, (13)

and €, ; = E;(Q,). Note that Q, = Q and €, , = €,,. With this, we define the active mesh and corresponding
domain (see Figure 2):

T =Ths( Q) = (TETRQsNT# B}, D;=D,,;Q) = {x€T:T € T2}, (14)

where the discrete extended domains D 5 are crude versions (caricatures) of €2, 5.
Next, define the tubular (or shell region) that contains I';, (the active part):

TE=rE) = {xeDidist(x 1) <6, Ty = I, = {x e D\Qudist(x.I}) <6}, 19
i.e. the shell regions always contain the zero level set. The corresponding meshes are (see Figure 2):

Tor = Toe(T)) = {Te?h:Tnzg ;e@}, Ter = Tor(T)) = {Te?h:Tnzg # @}. (16)

Q

(b)

=

() (d)

Figure 2: Tllustrations of subdomains, meshes, and facets. (a) The active mesh 7 with €, 5 in red and 0€2, in thick black. (b) The shell

region Z§ is shown in red. (c) The selection of elements, 7=+, around the shell region Z7. (d) The facet selection Fy+ is shown as a
collection of edges.
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For simplicity, we assume that ') and I'y lie on disconnected parts of I" so that we have a clear decomposi-
tion:
Eié(Fh) = Zi,;,p(rh,D) U Ei&N(Fh,N), Zzﬁ(f‘h) = Z;lS’D(Fh,D) U Eié’N(Fh’N),

an
ng(l—‘h) == TZZS:.D U TZ;N’ ng(l—‘h) = TZ;,D U TZ;N.
Letting 07}, 5 be the set of facets of the mesh 7;, 5, we also define the set of shell facets (see Figure 2):
Fse = Fye = {F € 0Ty 5:F = T,NT, forsomeT, € Ths» Ty € Tg=, such that T; # Tz}, (18)

with the following decomposition: Fye =Fyr UFse . Note that the facets on the boundary of D, ; are not
included in (18). ' ’

3.3 The finite element scheme

The background finite element space is based on B, with Dirichlet boundary conditions on lﬁh,D built-in:
B,=B,n {veHl(@):mfw =o}. 19)
With this, we have the restricted finite element space on D, 5:
Vi, = V() = {vh € '@y, = ﬁh|@h’5 for some ¥, € f?h}, (20)

Le. Vy =Bylp .

The unﬁt?gd approach [42] for (3) requires special facet stabilization terms to ensure that the method is
stable and that the condition number of the corresponding (finite dimensional) linear system does not depend
on how elements are cut by the boundary. Given a facet F = T, N T,, with T, # T,,letw; = T, U T, be the local
facet “patch.” For any u,v € B,, define the local stabilization form, known as the “direct” version of the ghost
penalty method as in ref. [41]: s; p(u, v):= (U — Uy, ) — VZ)wF’ where u; = &, (ul;) (i = 1,2), and similarly
for v;, where &,: P,(T) — P,(R?) is the obvious extension of a polynomial on an element T to all of R? using
its analytic formula. For the analysis, we also define s, »(u, v) for arbitrary functions u,v € LZ(@). Setu; =
&p(Mpuly) (i = 1,2), where Iy, is the L*(T}) projection onto P(T,).

The global stabilization form, for a set of facets 7, is given by

1
sy (Fiu,v):= Wz 2 Spr(u, V), 21
Fer

where s, (F;u,v) < (sy(F; u, u))l/2 (sp(Fsv, v))l/2 follows because s,(F; -, -) can be viewed as an inner product.
Then, we introduce the following stabilized bilinear form:

@ (Qp; ) 1= a(Qy; U, 1) + 155 (FE;D; u, v) + Vshzsh<F2§_N; u, v), (22)

wherey, > 0.
Next, we introduce the Nitsche stabilization technique for handling boundary conditions in our unfitted
method. For allu,v € B,, define the following forms:

Ap(Qpsu,v) i=a,(Qpu,v) — (c(Wvy, Vr,, — W, o@vyr, |
+7ph7'b(Qps 1, v) + pyh(e@vy, sV,
7 (23)
b(Qpu,v) :=2u(u, V), + AW vy, - Vy)p,

(3 0) = (Qy3v) + yyhigy, c(WIVpr, s

where y, > 0,7y > 0 are fixed coefficients. These forms are similarly defined on the exact domain €2.
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Our unfitted numerical scheme is as follows. Find u,, € V;(£2;) such that
Ah(.Qh;uh, Vh) = ){h(Qh;vh) Vvh S Vh(Qh)’ (24)

where the Dirichlet condition on I'; ;, is only penalized here. This scheme is a slight variation of the unfitted
finite element method in ref. [42] (see also ref. [46]).

3.4 Error analysis of the forward problem

We give a brief overview of the error analysis for the approximation of (3) with (24). To this end, we define some
convenient norms:
Il = ay(Qpv.v), vl :=b(Qv,0), -
25
ol = vl +hlle@Il,, | +nhlo@vall, |+ el
for all v € HX(D) UB,.
We first note the following coercivity result which can be found in refs. [42], [46] and references therein.

Proposition 1. The bilinear form A, is continuous and, for sufficiently large v, coercive. Specifically, we have
Ap( Qo) Sllulllivl, Y uv e Vi@, vl S A (Qsv.v) Y e V().
Therefore, by Proposition 1, and since y, is a bounded linear functional, there exists a unique solution
u, € V,(€) of (24) by the Lax-Milgram Theorem. Furthermore, we note that the conditioning of the stiffness

matrix corresponding to A4, is well behaved with respect to how the domain €, “cuts” the background mesh
T, [42].

3.4.1 Pseudo-Galerkin orthogonality

We recall that our bilinear form Ah(Qh; u, v) can be defined for functions u,v € Hl(Qh). Moreover, we can
extend the exact solution u on Q to an open neighborhood ©; that contains both Q and Q, using the following
bounded extension operator (see [47, Thm. 1.4.5]).

Theorem 1. Suppose that Q has a Lipschitz boundary and let v € W*P(Q). Then, there is an extension mapping
E: WkP(Q) - WhP(R?) such that for all integers k > 0and all1 < p < oo, that satisfies

Eg=v and |IE(V)|lyxrgey < ClIVIwkrq),
where C is independent of v.
Now letu € H'(Q), withu = 0on Ipyu fD, solve (1) and assume u = E(u) is extended to Hl(ﬁ) using
Theorem 1. Then, u satisfies the following:
(f.v)g, = —(V o), v)q, = —(6vy, U)o, + (o), VU)g,

(26)
= —(oc(u)vy, v)rhD —(gx» V)Fh.N + Zy(e(Vu),e(Vv))Qh + AV -u,V-. Vg,

wherev € f?h andv = Oon fh,D =Ip.
The following proposition is used in the error analysis and in the analysis of shape derivatives on “cut”
subdomains in Section 4.3.1.

Proposition 2. Let R(a,t):=a + tY(a), for all t in a bounded, open interval I, and a.e. a € R% where Y €
[Whe(R4)]4. Assume that ||Y ||y is sufficiently small so that for allt € I, VR(a,t) is a matrix with positive
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determinant and |V ,R(a, t)] = 0O(1), ie.R(-,t): R¢ — R%is a differentiable homeomorphismforallt € I.Letg €
LY(R?) and defineq:R? x I - Rbyq(a,t) = goR(a,?). Then,q € L'(R? X I) and ||qll 1 axry < CH| - 118l 1rey for
some bounded constant C.

Proof. A standard application of measure theory. O

Corollary 1. Let R(a, t) have the same function defined in Proposition 2. Now let g € H'(R?) and let I' C R? be
the Lipschitz boundary of a bounded set Q, and define ¢:I' X I - R by q(a,t) = goR(a,t). Then,q € L*T X I)
and ||q|l 2« < C|IV2 181l (e for some bounded constant C.

The following assumptions and results are needed to derive the usual error estimates between our finite
element solution of (24) and the exact solution of (3). In doing this, we assume that Q is of class ! with q=>1
For a typical cantilever (see Figure 1), this is not actually true because there are corners. It is possible to have a
more refined analysis that allows for piecewise smooth domains, but we do not pursue this here. We emphasize
that our discrete shape derivative formulas in Section 4 are not affected by the regularity of the exact solution.

Assumption 1. We assume that the exact domain Q is of class C?*', with q¢ > 1, that &, is the sub-zero level
set of a discrete level set function ¢, having polynomial degree g, and that €2, approximates €2 to order q as
described in (27) and (28). We also define our finite element space V,, to contain piecewise polynomials of up to

order g and assume that gy € H‘I(”)/j),f € Hq‘l(”)/j).

Assumption 1implies that the exact solution has regularity u € H*'(Q). So, by the extension operator in
Theorem 1, we consider u to be extended onto CD withu € Hq*'l(@)

The error analysis uses the approach in refs. [41], [48] where we have an approximation of the discrete
domain Q,,, with the discrete level set function ¢, satisfying dist(Q, €,) < h?"', where q¢ > 1is the order of
the geometry approximation (i.e. q is the polynomial degree of ¢,). Additionally, we assume that there exists a
mapping ® with the following properties:

Q) =Q),  BQ) =5 P —idlle, ST
27
IV® — Il =0, S h% ldet(V®) — 1| =,y S hY,
where ® is a continuous well-defined map that is invertible for sufficiently small . In addition, we have
v = villier,) S R, (28)

where v = V¢/|Vp| on T, v, = V¢, /|Vd,| on I',. For surface elements, we note the following similar
estimate from [48]:
dSh(d)(a)) = ,uhdS(a), Il e, — 1||L°°(rh) S h, (29)

where dS,, (dS) represents the Lebesgue measure for I', (I'). We abuse notation and use dS for either I" or I'},
depending on the context. The function g, is the Jacobian resulting from the change of variables for the surface
integral.

The following basic result is needed to deal with the boundary stabilization terms coming from Nitsche’s
method (see Proposition 4).

Proposition 3. Assume (2, Q, satls}j) the approximation properties (27) and (29). Let ® C 0Q and ©,, be its discrete
approximation. Suppose f € Hl(BD) with f = 00on®, and g;, is a piecewise polynomial function over T - Then,

(f.80), S HT2UfN,m, - 1840, (30)

(f-8)0, SHHIVSI, 5, Ignlze,. f€HD). 31)
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Proof. We start with

(.80 / 00804 = / (f o ®)(g; 0 B)pydS = / (fo® — f)(g,0 ®)yds

(32)
S /I(fO‘P — Ngro®@)|dS S [If o ® — fllze) - 18h 0 Pllixe)-
)

and note that || g, o @l 29y = I18n1l12e,)- Next, we focus on the f term and use a refined trace estimate:

followed by

Ifo® — fllize S / V £(id + t(® — id)) - (® — id)dt
0

LA(Q)

< hatl / |V fGd + t(® —id))|dt hS hq+1||Vf||LZ@),
LAQ)

where we used Proposition 2 to view Vf(id + t(® — id)) as a function in LZ(B/D\ X [0,1]) and apply the

norm bound. Combining everything, we get (30).

Now, assume additional regularity of f, namely f € H*(Q), and reconsider the f term in (32):

1 2 1 z
|fod — f||L2(®) / Vf@d + t(® —id)) - (® — id)dt < pAarD / |V f(id + t(® — id))|dt
0 1X(©) 0 13(©)

< hHaD / / |V £(id + t(P — id))[*dtdS = KAD||V f o R|,
® 0

(©x[0,1])”

where R(a,t) = id(a) + t(®(a) — id(a)). Then, we apply the trace inequality in Corollary 1 to obtain
If 0@ = fllzey S W™V fll 5,

and combine with (32) to get (31). O

Proposition 4. Letq > 1be the order of apprommatlon of Qh and assume Q is C?*1. Moreover, lf q = 1, assume

the (extended) exact solution u is in HA(D) and gy € H®); else, u € H¥D) and gy € HXD). Then, for all
v, € V,(€), we have

yoh™'b(Qpuvy) S Rl 5 1041, -
~(wo@v)y, S Rl s ol 63

yNh(O'(u)Vh _gN’ o-(vh)vh)l—'th S hq+1/2 [”u”Hmin(q,Z)H(/@\) + ”gN“Hmin(q,Z)(ﬁ):l |||vh|||h

Proof. The first two estimates in (33) are straightforward. The last estimate uses Proposition 3. O
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3.4.2 A priori estimate

Since (26) is satisfied for all v € Hl(@), it follows that

A () = 1 (o) — (1, G(Vh)vh)Fh.D +7ph b (Qpsu,vy) + )/Nh(a(u)vh,o-(vh)vh)rmN

- rh(gns o-(vh)vh)mN + yssh<FZ§D; u, vh> + 73h23h<rz§N§ u, vh) Y, € V,(Q)). (34)
Then, subtracting (24) we get the following pseudo Galerkin orthogonality property Vv, € V,(€2,):
Ap(Qpsu—wy, vy) = —(u, G(vh)vh)Fh,n + 1o b (Qp u, vy) + yyh(o(@vy, oW)Va)y,

- nhigw o@pvy)y, + 753h<Fz§D; u, vh) + yshzsh<7-’2§N; u, vh> @

35

S 7ssh<PZ;D; u, Uh> + Ysh23h<rz;N; u, Vh)

+h [”u“Hmin(qz)+1(§) + ”gN”Hmm(q.Z)(fg\)] ||| Uh |“h’

where we have used (33) in the last line. From this, one can derive the following error estimate using well-known
techniques.

Theorem 2. Letu € H** 1(’}5) be the extended solution of (1) on € to ’}5 andletu, € V,(€,) be the finite element
approximation defined in (24) withq = k > 1. Then, the following a priori estimates hold

“u - uh”LZ(.Q) + hl"u - uh “|h S hk+1 |:“u||Hk+l(Q) + “gN”Hmin(k,Z}(’/i)\) ? (36)

where standard a priori estimates give ||[u|| gy S Ifll g1y + 18+ @)

4 Unfitted shape derivatives

We start with a review of basic shape differentiability results [2], [20] based on vector displacements of the
domain. Next, we extend these shape derivatives to allow for perturbation of the domain by perturbing its level
set description. Then, we develop these results further to allow for shape functionals over domains that intersect
a fixed Lipschitz subset (i.e. an element of a finite element mesh).

4.1 Fréchet differentiability of shape functionals

We review the Fréchet Differentiability of Shape Functionals following [2], [26]. A classic approach to shape dif-
ferentiation uses a perturbation of the identity. Let U € [Wte(R%)]4 be a vector field and define the deformation
mapping as follows

®y(a):=id(a) + U(a) VaeR? (37

This mapping induces a deformed domain ; := ®;(Q). For ||U|| .~ sufficiently small, if Q is Lipschitz, then
€y will also be Lipschitz and homeomorphic to €2 [20]. We have the following definition [26, Defn. 4.1].

Definition 1. A shape functional J(€2) is said to be shape differentiable at € if the mapping U ~ J(€2y) from
[W®(R9)]4 into R, where Q; = ®y;(Q) using (37), is Fréchet differentiable at U = 0. The Fréchet derivative
of J at Q is an operator in L([W>*(R%)]4, R), denoted J'(Q)(-), and the following limit holds

|J(Qy) = J(Q) = J'(Q)W)] _ 0.

(38)
”Ullwl.oo -0 || U” Wwleo
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We note a classic expansion of the determinant that is easily derived from [6, Lem. B.2].

Lemma 1. For anyn X nmatrix B, we have

det(I + B) = 1+ tr(B) + %[(tr(B))z —tr(B)] +o(B>) as |B| - 0. (39)

The next two lemmas are applications of results in refs. [2], [20]. We include the proof of Lemma 3 since we
build on it later when computing shape derivatives on “cut” elements.

Lemma 2. Given f € LY(RY) and U € [W>*(R%)]? we have that

[ [f(@y(a) — f(@)|G(V,Ula))da

Q
i =0, 40)
101l 1,000 I| Ullwl.oo (

where G: R™? — R is continuous and |G(M)| < C|M| for all M € R™4, for some bounded constant C > 0.

Lemma 3. Given f € WY(R?) and U € [W*(R9)]¢ we have that
[ f(@y()) — f(a)da— [V f(a) - Ua)da
Q

Q

i =0. (41)
101l 1,00 =0 ||Ullwl.oo

Proof. By the fundamental theorem of calculus, we have

1

IO(U):=/f(<I>U(a))—f(a)da—/Vf(a)-U(a)da= // [Vf(tl)sU(a))—Vf(a)] - U(a)dsda, 42)
Q Q Q

0

and note that by Proposition 2, Vf o ®.;(a) can be viewed as function in L'(R? X [0, 1]), provided ||U|| 1. is
sufficiently small. Indeed, the entire integrand in the last integral of (42) is in L'(R¢ x [0, 1]).
Therefore, we can apply Fubini’s theorem:

1

1
LW _ 1 //[Vf(CDsU(a))—Vf(a)] - U(a)dads <//|Vf(¢su(a))—Vf(a)|dads
IUllyre Uy L

0 Q

1

1 1
s//|V(f—fk)(<I>5U(a))|dads+//|V(f—fk)(a)|dads+//|ka((I)sU(a))—ka(a)|dads,
0@ 0@

0 Q
(43)

where we introduced the sequence {f; } in C*(R?) such that f, — f in W"! as k — co. We apply a change of
variables to the first term:

1 1
/ / IV(f = f)(@yp(@)|dads = / / IV(f = f)00| det(VDA(x))dxds < 7ol f — fillwisgueyy  (44)
0 Q LR ()

where y is a bounded constant when || U|| 1. (gey is sufficiently small. The last term in (43) is estimated with the
mean value theorem to give

1

/ / IV fu(@,(@)) — V fu(@)]dads < [ Ullqee. @)

0 Q
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where C; depends on ||VV f;|| . Thus,

|1,(0)|
101l 1.00=0 || U || oo

< (o + VIS = filwarays (46)

which holds for every k > 1. Taking k — oo proves (41). O
The following result is an application of the results in refs. [2], [20], [26].

Theorem 3. For the shape functional J(Q):= [, fx)dx, with f € W'{(R?) and Q Lipschitz, we have that J(Q) is
shape differentiable at Q (in the sense of Definition 1) with Fréchet derivative J'(Q)(U) = Lo f@U(@ - via)da
for all U € [Wh(R)]4,

4.2 Connecting the domain perturbation with the level set perturbation

Our goal is to obtain a shape differentiation formula in terms of perturbations of the level set representation ¢ of
Q (see Section 3.1), since this is more convenient for the optimization algorithm. Direct optimization of the level
set function was also considered in ref. [49], which used finite differences and was an example of the optimize-
then-discretize approach. In ref. [50], they developed Gateaux derivative formulas for direct perturbation of
smooth level set functions; similar considerations were also made in ref. [20].

4.21 The speed method

We review the velocity (speed) method for domain perturbations. Let V(x, t) be a d-dimensional, vector field
that is Lipschitz in x, for each t, and continuously differentiable in ¢ for each x. For any given a € R¢, consider
the following ODE:

x=V(x,t) Yt>0, x(0)=a€cR’ (47)

with unique solution (see [51]) x(t) being the trajectory of a (material) point a moving with velocity V(x(), t).
Indeed, V induces a deformation mapping through (47) in the following way. Let x(¢; a) be the unique solution
of (47) (for a given a). Then,

@, (a):=x(t;a) VacR (48)

is the corresponding deformation mapping. Moreover, a Taylor expansion in ¢ yields
®,(a)=a+tV(a,0)+ W(a,t) VaecR? (49)

where |W(a,t)] = O(t?). With this, one can establish the Gateaux shape differentiablity of our shape functional
JQ) = [, fx) dx, for f € WH(RY), with respect to V(x(0), 0) using classic techniques. In other words, setting
Q, = ®,(Q), we have

0t

dG](sz)(V):tan - / f@V(a,0) - va)a, (50)
0Q

which, of course, agrees with the result in Theorem 3 if U(a) = V(a, 0). The same result holds if the remainder
term in (49) is dropped.

4.2.2 Level set Gateaux derivative

Now, we consider Q to be defined by a level set function, ¢, i.e. Q(¢h):= {x € R? | ¢(x) < 0} (sub-zero level
set), where ¢ satisfies Definition 2 for some positive constants ¢, and &,,.

Definition 2. Let ¢ € C*'(R%; R) and assume that I'(¢p) := {x € R? | ¢p(x) = 0} is non-empty. We say that ¢ is
non-degenerate, with constantsc, > 0andé§, > 0,if [V@(x)| > ¢, for a.e.x € R%such that dist(x, [(¢)) < &,.
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In addition, we take ¢ to be C3(R9). By [20, Ch. 2, Thm. 4.2], Q(¢) is a c?, open set, and dQ(¢) = I'(¢), so
Q(¢) is well-defined.
For the shape functional, J(€2), we seek to compute the Gateaux shape derivative with respect to ¢, i.e.

4o J( QPN = iy /EHE + ) = JEAPD (51)

for any n € C2(R%). Define a perturbed level set function
Px. ) = )+ tnx) = op=n, (52)

where t is the perturbation parameter; one can think of ¢ as a time-dependent level set function.
Set Q,:=Q(¢(-,1) = {x ER? | (x,t) < 0} and T,:=0Q, = {x € R? | d(x,t) = 0}. Note that |V(x,t)| >
¢o/2 > 0 for all x in a neighborhood of I', if ¢ is sufficiently small. This ensures that I", is (locally) a C* surface by
the implicit function theorem. Next, define a velocity field

V(x,t)
Z )

which satisfies the same conditions for V in (47), and let x(¢) be the corresponding solution of (47). If a € I, we
have that &S(X(t), t) = 0 for all t because

Vix,t) = — 2Py, (53)

d - o o ; .
agb(x(t)’ 0= Dy¢x.0) =9 px, t)|x=x(t) + (ng(x, n)x:x(t)) - x(0)

x=x(t)

= n(x(t)) + VP(x(1),t) - V(x(t),t) = 0,

(54)

and the fact that (fb(x(O), 0) = 0. Thus, V evolves the zero level set of 65 Moreover, if ®,(a) is the induced map
from V, then the sub-zero level set €, satisfies Q, = ®,(€2).
With this, one can compute (51) by using (50), i.e.

dg J(QUG) () = thgg](ﬂ(qﬁ + ) — J(Q(P) _ lim

t t—0*

V(a,0) n(a)
/ 4 (“)< Véla 0),2"(a)> V(“)d“‘/ / (“)( |V¢(a)|>d“’

where we used the fact that v = V¢/|V¢| on 0Q and @(a,0) = ¢(a). All of the above extends to having ¢,
in W2 (R9); in this case, Q(¢) is a C*! domain [20, Ch. 5, Thm 4.3].

J( Q) — ](QO

/f(a)V(a, 0) - v(a)da

(55)

4.2.3 Level set Fréchet derivative

Our goal now is to extend this to computing the Fréchet shape derivative of J(€2(¢)) with respect to ¢, which is
defined as follows.

Definition 3. Let Q = Q(¢) be the sub-zero level set of ¢ € X, such that |V¢| > ¢, > 0, for some positive
constant c,. A shape functional J(¢) = J(€2(¢)) is said to be level set shape Fréchet differentiable at ¢ if the
mapping n — J(Q(¢ + #)) from X into R is Fréchet differentiable at # = 0. The Fréchet derivative of J(Q(-)),
at ¢, is an operator in £(X, R), denoted J'(€(¢))(-), and the following limit holds

lim V(@@ +m) = JQ$) = J' QeI _ . 6

17l -0 Inll

In this section, we use Definition 3 with X = W% (R?). Moreover, we shall prove that J(Q) = /Q f(x) dx
is level set shape Fréchet differentiable by using Theorem 3. To do this, we have to reconcile two different, but
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similar, notions of domain perturbation. The first is the perturbed domain €2(¢p + #) and the second is through
a perturbation of the identity approach given by

Vo(a)
|[V(a)|?

Note the similarity with (49) and (53). Let @, (different from ®,) satisfy (47) with V given by (53), and note that
V . P;(a) uniquely satisfies the matrix valued ODE [20, Ch. 8]:

® (@=a+V,(@ VaeR! V,(a):=- n(a). G7)

%M(a, 1) = [V, V(®a),)]M(a,t) Vt>0, M@0 =I VacR (58)

which follows by the theory in ref. [51]. Furthermore, we have an explicit formula for V ,®,(a):

t
V. P (a) = exp /VXV(x(s;a),s) ds s = A(t), (59)
0

where exp{-} is the matrix exponential.

Theorem 4. Let {¢; },», be a sequence of smooth functions such that ||¢; — ¢lly2e — 0 as k — co. Assume
V| = ¢, > 0and |Vn| < c,/2 so that |V(p + n)| = ¢, /2. In addition, assume ||7||y2- < ¢, for some fixed
constant c;. Set ® = ®,|,_,. Then,

1@, — D@l iy < O(I1ll= VAl ),

IV, = VBl < O( 1y ) + @ulliellse 111 + @oll i = Plles Il (60)

forallk > 1, for some bounded constants q;, q,.

Proof. Recall that @ is defined in Section 4.2.1 and is different from (I),,. For now, take a € R? fixed and note
that the solution of (47) satisfies:

t

X(t) - a| = / V(x(s). 5) ds| < C(Ipllwees + Inllres 1l e, 0 < E L, (61
0

for some constant C depending on c,. We first estimate ||®, — &)H 1o(rd) and we start with

_ __| Vol _ VIg(x(s)) + sn(x(s))]
Vol @ = VO = =1G 4@ 1P ™ [Vigixts) + snxm "™
=T+ T, +T;, (62)

where

— 1 —
T, = Vo@r (n(@)Ve(a) — n(x(s))Vp(x(s))),

N
T, = ~ g ey " VI, ©

2 _ 2
Ts=n(x(s))V[qb(x(s))+sn(x(s))1('V["""(s”“”("‘s”]' IVé(a) )

[V(a)|?| VIp(x(s)) + sn(x(s))]|?
Next, we note the following basic estimates:
[Vp(x(s)) — Vd(a)| = |V2P(x(&)) - (x(s) — @)| < CIVZPll 17l o,
17(x(s)) = n(@)] < NVl 17ll (64)
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for some bounded constant C. Using these estimates, it is easy to show that

ITyl, ITo], 1 T3] < Clinglle IV Al 0 (65)

for some bounded constant C, which gives a bound for (62). Since x(1) = (i>(a) =a+ /01 V(x(s), s)ds, and a was

arbitrary, we get
1

|®, — Pl gty = / V, (@) — V(x(s),s) ds|| < ClInlip=IVAllge. (66)
0

Next, using that Vﬂ(a) = V(a, 0), we estimate
VV(x(s),s8)A(s) —VV(a,0) =T, + T;,
T,:= [VV(x(s),5) — VV,(a)]A(s), (67
T;:=VV,(a)[A(s) —1].

Estimating T, is similar to estimating (63). We first note that |V#(x(s)) — Vn(a)| < C||V27]|;» |17l ;», for some
bounded constant C. Furthermore,

[V2p(x(s)) — Vip(a)| < |VA(p — ¢ )(x(8)) — VA — ¢y )(@)| + | V2 (x(s)) — Vi (a)]
<2l = Prllyes + | V3(x(£)) - (x(s) — @) (68)
<20¢ — Prllyzs + CUIV Pyl 17l o

for every k > 1. Next, by the properties of the matrix exponential, we have
N N
JA(s) —1I| < / |V V(x(u; @), p)| dulA|(s), |A|(s) = exp /leV(X(u;a),M)Idﬂ . (69)
0 0

Note that |A(s)| is uniformly bounded for all 0 < s <1, and |V, V(x(y; a), u)| < Cl|#|l 1. Combining these
estimates, and the usual arguments, we have

VVx(), A(S) = VY@, 01 < C(I1 e + 110 = Billes Il + 1V bl I ) (70)
for all 0 < s < 1. From this, we obtain the bound on [|V®, — V&)H L given in (60). O

Corollary 2. Assume the hypothesis of Theorem 4 holds. Then,

| det(V,) — det( VB ey < O 111, ) + @l biluse e + allbic = Bl 7D

forallk > 1, for some bounded constants q;, q,.

Theorem 5. Assume ¢ € W>*(R%) and that it satisfies Definition 2 for some positive constants c,, ,. Let
Q(¢p + n) be the sub-zero level set of ¢ + . For the shape functional J(Q):= [, f()dx with f € W(R?) we
have that J(Q) is level set shape differentiable at Q (in the sense of Definition 3 with X = W>*(R%)) with Fréchet
derivative J'(Q)(n) = [, f(@)(—n(@)|V$(a)|™)da for alln € W (R?).

Proof. First note that Q(¢ + 1) = Q; = ®(Q)) = ®(Q) and Q(¢) = Q, = Q. In addition,

(a)
JQN = / f(a)(—lv”¢(a)|>da= / f@V,(@- v da=J'QXV,),
0QUP) 20
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where V, is given by (57). Now, note that

JQUp+ 1) = / FO0dx - / FO0dx + / FO0dx

Q) ,(Q) (L)
——
=J(Qy )
! (72)
= /f((f)(a)) det(Va&)(a))da - /f(CI)”(a)) det(V,®@,(a))da + J(€Qy ).
\Q Q J/
=1,
By the fundamental theorem of calculus, we have
1
f@@) - f(®,(a) = / V/(s®@ + (1= 9P, @) - (Bl@) - @,(@))ds, (73)
0
and so
T, < / ( F(@(a) — f(q>,1(a))) det(V ,D(a))da + / f(d>,1(a))(det(vai>(a)) - det(Va<I>,1(a)))da
Q Q (74)
< Cllfllwrwa I VallZe + CIIfIILl(Rd)<II71IIfA,z,m + Pl 11170 + 1 b = Pllyeos IInIILoo),
where we used Theorem 4 and Corollary 2. Therefore,
JQ(p +m) — J(QUP)) — J'(QUP)(n) = T +](QV,1) - J(Q) = J'(Q)(V,), (75)
and since ||V, [y« < C,lInllyr, forall k > 1, we obtain
|J(Q(¢ + 1) — J(Q(P)) — J'(QAP)(R)]
171l yy2.00—0 1771 2o
(76)
IJ(QV”) = J(Q) = J'(Q)(V,)]
< Clidic = Pllwe + €, lim A < Clie = bl
where we used Theorem 3. Taking k — oo proves the result. O

4.3 Shape differentiability on a cut subdomain

We now extend the above formula to computing shape derivatives when € is “cut” by another fixed domain. In
other words, consider the shape functional:

J4(Q) = / F00) dx., -

TnQ

where, again, f € W(R?) and T is a fixed, bounded Lipschitz domain with piecewise smooth boundary. We
seek to prove that (77) is Fréchet differentiable with respect to Q keeping T fixed. In Section 4.4, T will correspond
to an element in the mesh.

We start by introducing a smooth regularization p, of the characteristic function y, with ¢ > 0, that
satisfies the following properties:

peX) = yr(x) Vx&0T, |lp.— xrllpwsy—=0 ase—0. (78)
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With this, we define

JUQ) = / pLOf) dx = lim JH(Q) = / 2rOF(xX) dx = JH(Q). (79)
Q Q

The following assumption is crucial.
Assumption 2. Assume that 0Q N AT has vanishing R%~! Lebesgue measure.

Under Assumption 2, we have that

Yoo X)p(X) = ysonr(x) forae. x€dQ ase—0, (80)
and also
lim / p(X)g(x) dS(x) = / gx) dS(x) Vg € LYoQ). (81)
0Q oQnT

4.3.1 Fréchet differentiability on a cut subdomain

We first show the Fréchet differentiability of the shape functional for standard domain perturbations (analogous
to Section 4.1). Throughout this subsection, we assume € is Lipschitz. We start with the following lemmas.

Lemma 4. Given f € LN(R?) and U € [W>(R)]? we have that

| [f(@y(@) yr(®y(a)) — f(a) yr(a)] GV, Ula))da

Q
im =0, 82
10100 1T o (82)

where G: R™? — R is continuous and |G(M)| < C|M| for all M € R™4, for some bounded constant C > 0.
Proof. Since y; € L®(R%), then f - y; € L'(R?). Thus, the result follows from Lemma 2. O

Lemma 5. Given f € W(R?) and U € [W"*(R9)]¢ we have that

[ f(@y(a)p (Py(a)) — f(a)p.(a)da — [ V[f(a)p.(a)] - Ua)da
Q Q

=0, 83
Ul 1000 =0 11| oo (83)
provided Assumption 2 holds.
Proof. Lete > 0 be fixed and start by expanding the numerator in (83), i.e.
LU= / F(@y(@)p,(@y(@) — fla)p,(@)da — / VIf(@p, (@] - Ula)da
Q Q
(84)

1
- / / [V [f(@(@)p, (@ y(a))] - VIf(@p, (@] - Ua)dsda,
Q 0
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where we used the fundamental theorem of calculus. Expanding further, we get

L) = / / [V [f( @ (). (@ (a))] — V@ g(@)p(@)] - Ula)dsda

Q0

1
+//[ (@) (Vf(@y(a) -V fla)] - U(a)dsda+//V [p(a)(f(Dy (@) — fa))Ula)|dsda

Q 0

- //pe(a)V- [(f( @y (a)) — f(@))Ula)|dsda= Al + A? + A> — A%

Qo
(85)

Next, estimate Aﬁ. By the Lebesgue dominated convergence theorem and Fubini’s theorem (using Proposition 2),

Y _
o Ulre — 10l / ”T(“)/ (V/(@yt@) = V/(@) - Uiaisda
Q 0
||U|| - / / |Vf( @y (a) -V fla)|dads - |U]| = < //|Vf((I)sU(a)) — Vf(a)|dads.
e 0 QnT
(86)
We then have
im 1 |AC] 87
10110020 €0 ||U || e
by a similar proof as in Lemma 3. For A2, we apply the divergence theorem:
hmA3 = hm//pg(a) f( @y (a)) — f(a))U(a) - v(a)dS(a)ds
0 90 (88)
Z/ZT(G)/ (f(Dy(a)) — f(a))U(a) - v(a)dsdS(a).
0Q 0
Then,
3| !
. . | —
”U”;g% limp Tle S ||U||;1Wo//|f(q)sl’(“)) — f(a)|dS(a)ds = 0 (89)
0 0Q
by a similar argument as for A2 and using a trace theorem. As for A?, we have
ll_l})lAil = /;(T(a)/ V- [(f(@gy(a) - fla))Ula)]dsda, (90)
Q 0
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and so

| A

im i <
10l y1e0=0 €0 [[U]l e 1Ulp1.00=0 ||U || prco

1
//V' [(f(@g(@) - f(a))Ula)|dads
anr

1 1 (91)
< fim / / |V(f(<I>sU(a))— f(a))|dads+ / / |f(@y(@) - f(a)|dads
v 0 0 Q
<nllf = fillwiawe
for all k > 1by a similar proof as in Lemma 3. Thus,
| A%
m i
101l y1.00—0 €0 || U] oo
Now, we expand A:
1
=//U(a)~Vf(<I>sU(a))(p€(<I>sU(a))—ps(a))dads
0 a
1
+ / /V [f( @y (a)(p(Pgy(@)) — p (@) Ula)|dads (92)
0 Q
1
// p( @y (@) — p(@)V - [f(®y(a)U(a)|dads = B! + B> — B,
0 Q
By the Lebesgue dominated convergence theorem,
" 1
B
A S//IVf(QsU(a))Il)(T(d)sU(a))—;(T(a)|dads. (93)
=0 ||U]lyre o o

For each fixed U and s € [0,1], let E;={a€R?||y(®y(a))— y,(a)|=1}, and note that
| xr(@gy (@) — yr(a)| = 0 on RY\E;. Note that y, o @, = y7, i.e. is the characteristic function of T= (I>S_I}(T).

A simple argument gives that E, C E:=(T\T) U (T\T). Set § = s||U]| . Clearly, dist(x, dT) < & forallx €
T\T. Moreover, let x € T\T, so it has a pre-image a ¢ T with x = ®(a). Since |x — a| < &, and the line
segment with endpoints x, a intersects 0T, then dist(x, dT) < &, which holds for all x € T\T. Therefore, by
symmetry, we have dist(x, dT) < 6 forallx € E.

Let w; be the signed distance function to dT that is negative inside T. Since 07T is Lipschitz and piecewise
smooth, the level sets {®w; = c} are Lipschitz and piecewise smooth for all |c| sufficiently small. Clearly,

ECS(S ={w; > -6} N{w; <6} ={w; = -6}\{w; > 6}.

Since the level sets are Lipschitz and piecewise smooth, one can show that |§5| < 6C,, where C, is a bounded
constant depending on the perimeter of dT. Indeed, by the monotone convergence theorem, X5, = Xor as
1U]lyre = 0.
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Returning to (93), we find that

1
|BL|
m ”U”:Vm <7lf = fillwa + 522é||vfkoq)sU“L°° 1dads
0 E
) (94)
<llf = fills + 1y [ 1dds <18 = filyns + L GIT .
03,
As before, we get
| B| . B
im i £ — =0, m li € =0,
10N y1.0—0 €0 || U || 1.0 101l y100=0 €0 || U] o
where the B? term follows similarly.
For B2, we have by the Divergence thm. and the Lebesgue dominated convergence thm.,
1
| B|
— < / /If(‘DsU(a))l |xr(@gy(a)) — yr(a)|dS(a)ds. (95)
=0 || U]l o
0 0Q
Similar to (94), we get
1
LA <Yl = fellw + max |||V fi 0 @yl oo 1d S(a)ds
=0 ||U||Wloo 3 kllwt 0§S<1 k sUIIL
0 ENoQ
(96)
1
<713llf = fellw +Lk/ / 1d S(a)ds,
0 S;n0Q
and note that, by the monotone convergence theorem, X3,000 = Xotnog 88 Ul — 0, which yields
EA
<7sllf = fillwr + Li|0T N 0L 44, 67

im i
101l y1.00—0 €0 || U] oo

where |0T N 0Q|,_, is the R4 Lebesgue measure of dT N 0Q. Invoking Assumption 2, and taking the limit in

k, we obtain
| BZ|
m li
”U”WLoo_’O =0 ” U” Wi

The proof of (83) is complete. O

Theorem 6. Given the shape functional J(Q):= [, f(X)dx with f € WH(RY) we have that J;(Q) is shape
differentiable at € (in the sense of Definition 1) with Fréchet derivative J;.(Q)(U) = Jsonr f@U@) - via)dS(a)
for all U € [WE (R4, provided Assumption 2 holds.

Proof. Set Ap(U):= J.(Q)(U), let € > 0 be fixed, and define AS(U) = [, p.(a)f(a)U(a) - v(a)dS(a), where
AL(U) - Ap(U) by (81). Using (39), we have
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J7(Qp) — J7(Q) = pe(<1>U(a))f(<I>U(a))det(I+VaU(a))da—/pg(a)f(a)da

Q

p5(<I>U(a))f(<I>U(a))—pe(a)f(a)da+/p€(<I>U(a))f(<I>U(a))tr(VaU(a))da (98)
Q

{O\ b\

+ /pe(CIJU(a))f(d)U(a))O( |V U(@)[*)da.
Q

Continuing, we get

JAQy) — JUQ) = / P @y(@) f(@y(@) — p.(a)f(a)da — / Vo(p@f(@) - Ula)da
Q Q

+ / [pe(®y(@) f(@y(a) - p.(@)f(@)]V, - Ula)da
Q

99)
+/[pe(a)f(a)V,,-U(a)+Va(pe(a)f(a))-U(a)]da
Q
+/pe(CDU(a))f((DU(a))O(|VaU(a)|2)da.
Q
By Gauss’ divergence theorem, we arrive at
JF(Qy) — J7(Q) — AZ(U) = /pe((I)U(a))f(q)U(a))—pe(a)f(a)da—/Va(pe(a)f(a)) -Ula)da
Q Q
+ [ 1 @@ @y(@) = 5@ @]V, - Uaa 100
Q
+ [ @U@ @y @007 U@
Q
Then, by Lemmas 4 and 5, we find that
— —7 € _J€ _ A€
JrQy) = /@) = @@ _ o Ji Q) =~ @) - A0 (101)
101 1,000 U]y 1Ul] y1.00—0 €0 1T o
which proves the assertion. O

4.3.2 Level set Fréchet differentiability on a cut subdomain

We now prove the cut version of Theorem 5.

Theorem 7. Adopt the hypothesis of Theorem 6 with the additional regularity that f € LP(R?) for some p > 2.
Assume ¢ € W>*(R?) and that it satisfies Definition 2 for some positive constants c,, &,. Let Q(¢p + n) be the
sub-zero level set of ¢ + n. Then, J;(€) is level set shape differentiable at € (in the sense of Definition 3) with
Fréchet derivative [1(Q)(n) = [, f(@)(—n(a)|V$(a)|~*)da for all n € [W>*(R)]™

Proof. First note that Q(¢ + 1) = Q; = ®()) = ®(Q) and Q(¢) = Q, = Q. In addition,

QAN = /

0Q(p)NT

_ nla) _ . _q
f(a)< Vo) >da = /amTf(a)Vn(a) vda = J(Q)(V,),
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where V, is given by (57). Now, note that

Qb+ 1) = / FOdx — FOodx + / FO0dx

QT @, (T @, (T

= lim /[ f(x)pe(x)dx—/ fX)p.)dx + Jp(Qy )
=0 /() @,(Q) !

= 11151/f(&)(a))pe(&na))det(Va&J(a))da — /f((bn(a))pS(CD,,(a)) det(V,®@,(a))da + Jp(Qy ).
=0 Jo Q !

>

=2,
(102)
Next, we split the Z, term as Z, = Q! + @?, where
Q' = / (@@ - f(®, (@) ). (D(a)) det(V ,D(a))da
Q
+ / f(@,(@)p (P, (@) ( det(V,B(@)) — det(V P, (@) )da, (103)
Q

Q= / (P (D@) — p.(®, (@) /(D (@) det(V ,D(a))da.
Q

P =
Estimating Ql is similar to (74), i.e. we have

yj})ll()il < Cll fllwee VAl + CIIfIILl(Rd)(IInIIfA,z,m + I Prcllwseo 1711130 + Ny — ¢”WZ’°°”’1”L°°>. (104)
For Q%, we follow a similar argument to estimating (93). By the Lebesgue dominated convergence theorem,

lim| Q2| < € / | (@, (@)l| x7(D(@) ~ 7@, (a))|da. (105)
e Q

For each fixed #, let E = {a ER?| |)(T(<f>(a)) - ;(T(tl)n(a))’ = 1}. Similar to the proof of (94), we find that
|E| < C||11||f/v1_oo for a uniform constant C (recall Theorem 4). Therefore, with p~! + ¢~! = 1, we find

li_{})’llQil < Clfllgellxelle = ClFllLe [EIYE < Clfll o | ENe Y2 < CIIfIILpIIﬂIILJ,rfi", (106)
where y, > 0 and we used the extra regularity of f.
Therefore,
Jr( Qe + 1) — Jr () — JH(QUP))(n) = li_{BIZe +]T(QV”) — Jr(Q) = JL(Q)(V,), (107

and since ||V, [|yre < C,[In|lyr~ for all k > 1, we obtain

|J7(€2p + m) — Jr(Q(P)) — JL(Q(P))(n)

Il 2000 171l 20

(108)
1Jr(Qy, ) = Jr(€2) = J1(Q)(V,)]

<C - 200 + C,
RS ”¢k d)”W '1”V”||W1m—>0 ”Vyl“Wl.oc

< Cllgy — Pllyess,

where we used Theorem 6. Taking k — oo proves the result. O
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4.4 Shape Fréchet differentiability over a mesh

We now consider piecewise defined functions over the mesh T »- In particular, on T » define:

w, = {wh e LI(®D) | wyl; € WT) VT € ?h}, (109)
with norm given by
ewlly, = il , g, + 25 1VWhllzicry- (110)
TET,

By using the previous results, we can generalize Theorem 3 to allow for functions in W,. To this end, we need a
global mesh version of Assumption 2.

Assumption 3. Assume that 0Q N dT has vanishing R4~ Lebesgue measure for all T € T e

Theorem 8. For the shape functional J(Q):= [, f,()dx with f, € W), we have that J(Q) is shape differen-
tiable at Q (in the sense of Definition 1) with Fréchet derivative J'(Q)(U) = /asz frl@U(a) - v(a)da for all U €
[Wh(R9)]4, provided Assumption 3 holds.

Proof. First, note that f,|, € W"(T)forall T € T »- Let f7: R4 — R be a bounded extension of f,|; to WH(R9),
forall T € 7. Then,

JQy) = J(Q) = J@QWU) = Y J1(Qy) = J7(Q) = JH(Q)D),

TET,

where
]T(Q)=/fT(a)da, J(Q)U) = /fT(a)U(a)~v(a)da. (111)
onT QNT

For each term in the sum, one can apply Theorem 6. Since the sum is finite, we easily obtain the Fréchet shape
differentiability of J(€2). O

Next, we consider domains defined using the space /3, given in Section 3.1. Thus, let €2(¢,;,) be the sub-zero
level set of ¢,, where ¢, € B, and satisfies Definition 2 for some positive constants c,, 6,. We will show that
J(Q(¢y)) is level set shape Fréchet differentiable in the sense of Definition 3 with X = B),.

Theorem 9. Assume ¢, € B, satisfies Definition 2 for some positive constants c,, 6,. For the shape func-
tional J(Q(¢y)) = /Q( o) frx)dx with f, e W, N LP(@) for some p>2, we have that J(Q(¢,)) is level set shape
differentiable at Q(¢,) (in the sense of Definition 3 with X = B,) with Fréchet derivative ['(Q(¢))(ny,) =
fmm)fh(a)(—nh(a)|V¢h(a)|‘1)dafor all ny, € By, provided Assumption 3 holds.

Proof. We proceed similarly to the proof of Theorem 8. Let f;:R? — R be a bounded extension of f,|; to
WUY(RY), for all T € T j,. Moreover, let ¢y : RY — R be a bounded extension of ¢, | to W>®(R%), forall T € T 1;
similarly, do a piecewise extension for 7, to {1} C W>®(R?). See [52, Sec. V1.3.1] for details of the extension.
Then,

JQUpy, + np) — J(QUpp)) — J' (D)) = Z Jr( Qb + 1)) = Jp(QUepr)) — J( Qb)) ny),
TeT,

where

_ ’ _ _ Hr
Jr( Q) = / frl@)da, J.(Q(¢pp))ny) = / fT(a)< 7IV¢T(a)| )da. (112)

Q(¢pr)NT 0Q(¢pr)NT
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For each term in the sum, one can apply Theorem 7. Since the sum is finite, we easily obtain the Fréchet shape
differentiability of J(Q(¢),)). [

4.5 When the boundary intersects a facet

We now consider the case where Assumption 3 is violated. Suppose the violation happens on a single facet F =
T, NT_ where E:=0Q N dT C F with |E|,_, > 0. Since Q is C"', then |v - n| = 1 on E where n is the outer
normal of 9T, . Then, one can obtain the following modification of Theorem 8:

J( Q) = /th-vds+/[fh,+<1_51g“w’")> +fh,_<1+sg“w‘")>
E

3 5 U-nds, (113)
IO\E

where f, , is the restriction of f; from T,. Note that (113) is not a Fréchet derivative, or even a Gateaux derivative,
because (113) is not linear in U; hence, we refer to (113) as the first variation of J(€2). If f;, is continuous across
the mesh, then (113) reduces the Fréchet derivative in Theorem 8.

The corresponding modification of Theorem 9 is given by

’ _ M
T Q) = / fisrds
IO\E

(114)

_/[ fos <1+sgn(nh(V¢h-n))>+ Jo- (1—sgn(nh(V¢h-n))>]n ds
LIVl 2 IV - 2 "

where we have assumed that sgn(Vey, . - n) = sgn(Ve,, _ - n) on E with ¢, , denoting the restriction of ¢,
from T,.If f;, and V ¢, are continuous across the mesh, then (114) reduces the Fréchet derivative in Theorem 9.
We discuss the effects on the numerics of the domain boundary lying along a mesh facet in Section 6.3.

5 Unfitted shape optimization

We consider a discrete form of the optimization problem discussed in Section 2.2 using the unfitted formulation
in (24). Furthermore, we develop a gradient-descent optimization method to find discrete minimizers using the
level set shape derivative formulas derived earlier.

5.1 Admissible set

The domain €2, is parameterized by a level set function ¢, € B;,. Thus, in principle, we seek to minimize a
shape functional J(€2;,) over the set of admissible shapes

Ay={pr €By | > Vol > c} (115)

for some suitable constant ¢ > 0, where the inequality constraints are needed to ensure the domain does not
degenerate. Unfortunately, Zh is not a convex set.

Therefore, we define a localized admissible set, that is convex, in order to pose a well-defined minimization
problem. Suppose we have a given domain €, that is represented through the level set function ¢, € 71,1. Next,
define the convex set

C(X) = {@y € By | IVul < /2, @ylz =0}, (116)

where X~ C ()’)5, which may be empty, is used to impose additional design constraints in our optimization (see
Figure 4 for an example). Now, define the local admissible set .A,(¢y, X) = {¢p,,} + C(X), where ¢, is a given
reference level set function, and note that any y;, € A,(¢;, X) satisfies y,, = ¢, + @, for some @, € C(X)
and

IV + Vou! >[IVl = IVul| = IVdy| = I[Vepl = c—c/2>c/2> 0.
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Ergo, any y;, € A;(¢y, X) parameterizes a well-defined domain as its sub-zero level set. In our computations,
we iteratively update the convex set .4,,(-, X) in our gradient descent procedure (see Section 5.4).

In practice, we do not allow |V, | tobecome close to 0 during the optimization. In fact, we strive to maintain
[Ve,| = 1oratleast |V,| = Then the constraint in (116) corresponds to |Vj,| < 1/4. During the optimiza-
tion, we periodically reinitiahze ¢y, so that it is close to a signed distance function having the same zero level set
as before (see Section 5.4).

5.2 Discrete optimization problem

For any v, € Vh(Qh(th)) let J (¢ vp) = J(Q4(y); vy) be the shape (cost) functional in (5). For a given ref-
erence domain Qh(gbh) with reference level set function (;bh, consider the following minimization problem

J(Drmins Un(@pmin)) = min  J(¢by; uy) subject to uy, solving (24) on €, (¢y),
PrEA(Pp.X), 117)
u, €V, (2, (p))

where u,(¢,) = u,(€2;,(¢,)). Since B, is finite dimensional, Ah(a)h, X)) effectively enforces a bounded Lipschitz
constant on the domains it contains; thus, Ah(g/[;h, 2) has enough compactness to ensure existence of a minimizer
(see [26]).

We rewrite the minimization problem using a Lagrangian to free the PDE-constraint, i.e. for any ¢, €
APy, 2), define

(d)hvvh’qh) ]((»bh’vh) Ah(Qh(d)h);vh’qh) + )(h(Qh(d’h);‘Ih) V vy, q, € By, (118)

and note that by (24) the following property holds

J(dn; upn(dp)) = L(ppsup(dy). @)  Va, € Vi(,(y) (119

for any ¢, € Zh. The Lagrangian framework allows us to characterize the minimizer in (117) as a saddle-point,
ie.
L(¢p; iy, py) =  min max L(¢y;uy,q
( o h) PREARD.E), TEVR (D)) ( e h) (120)
u, €V, ((dy))

for some ¢, = ¢, + G, with G, € C(X), @i, € Vi(Q,), and p, € V,(&,), where Q, = &, (¢,). Since L is Fréchet

differentiable, with §,L(; v, q)(-) denoting the Fréchet derivative with respect to the argument a, the following
first order conditions must hold for &, and p;,:

6th((ﬁh; ﬁh,ph)(zh) == 0, 5th((5h; l_lh,l_)h)(wh) = O V Zh’ wh (S Vh(Qh)’ (121)

which implies that it;, and p;, solve the following variational problems

Ah<Qh(¢_7h); ﬁha”h) = Zh(Qh(d_’h); Vh) Yo, € Vi(Qy),
122)
Ah<9h(¢_’h); whsl_’h) =6, J(n: ity) wy)  Ywy, € V().

Thus, ¢, = Prmins Cn = Lpmins Up = Up(Py in) SOIVes (24) on € iy, and p, = py(ey, i) sOlves an adjoint
problem. In addltlon, we have the following first order condition for ¢,,:

L' (fp3 iy, Py) ry = q) 20 V1, € C(E). (123)
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5.3 Reduced gradient

Note that, ultimately, we are after the derivative of the reduced functional J (¢y,) := ] (¢y; up(ehy)) in (119),i.e. we
seek to compute the level set shape derivative J' (¢, ) () = J' (¢by; ul¢hy)) (1), so that we can perform gradient
based optimization. This is given by the Correa-Seeger theorem [20, pg. 427]:

T (dn) ) = L' (g W), Br(bp)) () ¥V my, € By, (129)

for any ¢, € A, In our case, because of (5), the problem is self-adjoint and py, = i,

We now apply our results from Section 4.4 to compute (124). However, our formulas only consider bulk func-
tionals (not boundary functionals). Thus, we restrict our problem by taking yy = 0,1, = @&, and gy # 0 only
within £ ¢ 9. This allows us to avoid differentiating any boundary integrals (see discussion in Section 7). In
addition, for convenience, we take f = 0, which implies that y, (€;; v;) is independent of any shape pertur-
bations in C(X).

Evaluating the Fréchet derivatives, we obtain for all ¢, € Ilh that

(125)

AL () uy, vy) () = — / (2ue(Vuy): e(Vop) + AV - w,)(V - vp)) IV’Z‘) |dS(x)
h
i)

for all u,, v, € V,(Q,(¢))), and alln;,, € By; recall thata, > 0 is a volume penalty parameter. Note that the
facet stabilization terms in (22) do not contribute anything because we take the facet patch selections to be fixed
and independent of the perturbation #,. Hence, since p, = i,,, (124) reduces to

T (bn) ) = L' (3 Wy, Br) (1) = / (2ule(Vay))* + AV - )" — a,) lv”(;; | ds(x). (126)
h
()

Implementing (126) is straightforward within an unfitted finite element software, e.g. ngsolve [53], ngsxfem
[54], provided Assumption 3 holds. Otherwise, we need to compute (114), which can be problematic. Fortunately,
since ¢, is a piecewise polynomial, the set E in (114) must equal the entire facet F, which delivers some simpli-
fication. But (114) is still non-linear in the perturbation #,,. In our computations, we simply choose a side of F,
either T, or T_, which is automatically done by ngsxfem because the domain boundary is never allowed to fall
exactly on a mesh facet. See Section 6.3 for more discussion on this, as well as Figure 3.

5
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Figure 3: Superellipse (p = 4) shape optimization results. Background grid of the design domain is shown along with the exact
interface in blue and the numerical interface in red. (a) Polynomial degree k = 1. (b) Polynomial degree k = 2. (c) Polynomial degree
k = 3.
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5.4 Shape optimization algorithm

Our algorithm is essentially gradient descent. Let B(wy, 1) be a bilinear form defined for all wy, #;, in By; for
example, we may take B(wy, 1) = (op, ”h)m@)‘ Moreover, we introduce the following restricted finite ele-
ment space Q, = {@, € B, | @,ls = 0}. Then, given a current domain £, (¢;,), we find a descent direction
o¢, € Qy that satisfies

B(5¢hanh) = _J,((I)h) (m) V1, € Qy 27

We then update ¢, by ¢, < ¢, + ad¢,, where @ > 0is a step-size determined through a back-tracking line
search. Note that the choice of the facet patches for stabilization stays fixed during the line search.

As mentioned earlier in Section 5.1, we want the level set function ¢, to satisfy |V¢,| = 1or atleast |V, | >
%. To satisfy this requirement, we start with an initial level set function which is the signed distance function
for our initial shape, hence |V¢,| = 1 almost everywhere. The shape optimization algorithm however does
not preserve this property and over many iterations we may no longer have |V¢,| = 1. To remedy this, we
reinitialize ¢, to that of a signed distance function after a set number of iterations.

Several methods for level set reinitialization on unstructured grids exist, such as the DRLSE algorithm [55],
in which the reinitialization involves solving a fully explicit difference scheme. Other methods include [56],
which use local projections and [57], which uses a fixed-point method.

In our algorithm, we compute the signed distance function directly by sampling the boundary, comput-
ing the signed distance using a sample from the entire mesh, and then computing a regularized least squares
problem. One can also use the method in ref. [58].

6 Numerical results

We present some numerical tests to confirm the accuracy of our shape derivative formulation. Next, we solve a
pure geometric shape optimization problem (no PDE constraint) using the algorithm in Section 5.4. Finally, we
solve a shape optimization problem under the linear elasticity PDE constraint described in Section 2. All numeri-
cal tests were preformed using the NGSolve library [53] with the add-on package ngsxfem [54] for implementing
the unfitted scheme. Note that the order of the geometry approximation matches the order of the finite element
space used to solve a PDE constraint (when present).

6.1 First order accuracy test

For some fixed initial shape, given by ¢,,, we define a perturbation #;, and compare our shape derivative formula
with a finite difference approximation:

T @y = Lt 6'1:) — J(¢p)

for a sequence of decreasing ¢. The design domain is defined to be ’}5 :=1(0.0,2.0) X (0.0,1.0) and the ini-
tial shape is Q::@\B,(xo), where B,(xp) is the ball of radius r centered at x, with r = 0.2 and x;, =
(0.3,0.3). Here, the exact level set representation of Q is ¢(x) = r — |x — x,| and the exact perturbation is
n(x) = sin(3.3x + 2.5y). The cost functional J(Q; &,) is (5), where i, solves (24) on Q(¢,). All elasticity and
numerical parameters are the same as those used in Section 6.4. The exact shape derivative ]éxact(gbh)(nh) is
given by (126).

We use degree k = 1for B, and set ¢, = I,¢ and i, = I;n, where I, is the standard nodal interpolant
for B,,. In doing the comparison, we compute the following

! 4

exact FD|
£le) = ot~ S|
€
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Table 1: Shape derivative test accuracy results.

€ [N J@y + €np) bxact Jio ¢
1.0E-01 0.75860 0.95387 0.38283 1.95275 15.69922
1.0E-03 0.75860 0.75899 0.38283 0.38804 5.21949
1.0E-05 0.75860 0.75860 0.38283 0.38287 4.94585
1.0E-07 0.75860 0.75860 0.38283 0.38283 6.47544

Table 2: Translation test accuracy results.

t S 1) J@C, 1) + €my(-) S I ¢
0.00 0.75860 0.75860 0.38283 0.38283 6.47544
0.05 0.74186 0.74186 0.13959 0.13959 12.51948
0.10 0.73253 0.73253 0.03503 0.03503 3.21555
0.15 0.72807 0.72807 0.02159 0.02159 4.34587
0.20 0.72670 0.72670 0.05205 0.05205 0.03602

The finite difference approximation is a first order accurate approximation of the exact formula, so if { remains
bounded as € — 0, then first order accuracy is confirmed; see Table 1. Note that taking ¢ smaller than 10~7 leads
to a loss of accuracy because of round-off errors.

6.2 Translation test

This is a similar test as in the previous section, except we translate the hole with a given velocity. Specifically, we
define Q(t):= @\Br(x(t)), where x(t) = x, + tv with x; =(0.3,0.3), v = (2.0,1.0), r = 0.2, and set ¢(x, ) to
be the signed distance function of €2(t). We again choose the compliance functional with the same parameters,
and set 7(x) = sin(3.3x + 2.5y) as our perturbation and fix e = 10~7. We use degree k = 1 for B, and set
drx, 1) = I,px, t) and n,(x) = I,n(x). Table 2 gives the results.

6.3 Geometric problem

Consider the following purely geometric shape optimization problem. Let u = u(x, y) be given by

2 2
_1(1,. 1, (1,11 pa 2 _ (X! !
u(x,y) p(ax +ﬂy> = Vu (ax ,ﬂy > |Vul ( p + 5 (128)

foranya,f > Oand p > 2.Next,let A > 0and A, > 0be given, and define the following shape functional:
](Q)=/Q|Vu|2dA—/1(|Q|—AO), (129)

and note that u does not depend on Q. Standard shape differentiation yields
5](Q;U)=/BQ(|Vu|2—A)U~vdS (130)

for all smooth U. For any critical point Q" of (129), we have §J(Q*; U) = 0 for all smooth U, which yields the
optimality conditions:

2 2
-1 -1
Vux, 2=4 V(x,y)€0Q, |Q =4, = <Xp >+(yp >:1, (131

av/2 pV2
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which means dQ" is a superellipse depending on A. Furthermore, the area constraint determines a unique
relationship between A and 4, through the following relation from [59]:

KapA)r <F<1+—2”17‘2>> = 4,, (132)

where " represents the Gamma function.

In our numerical test, wetakea = 1, = 2, 4 = 0.18,and p = 4. The design domain is@ :=(-1.0,1.0) X
(—11,1.1) and the initial guess for the optimal shape is a disk of radius 0.5 centered at the origin. We use
k = 1,2,3for B, in the level set approximation ¢,. See Table 3 for a list of converged J and J’ values for different
mesh sizes.

The computed values of ]’ are the vector 2-norm of the coefficients of the basis representation of the linear
form: J' (¢ )(p) = ((|Vu|2 — M|V, nh)dﬂh(d)h)' Since p = 4, the superellipse can be represented exactly
by a discrete level set function using degree 6 piecewise polynomials. Thus, we computed the exact value of the
cost at the minimizer, which is [, = —0.3702425373188486 and we confirmed that | . | =33-107%.

The ngsxfem add-on package to NGSolve uses an isoparametric mapping for implementing higher order
unfitted schemes. But this is technically outside of our theory because we assume exact integration on the higher
order interface without invoking an isoparametric map. On the other hand, ngsxfem provides an alternative
method for integrating with higher order interfaces that uses subdivision of the underlying mesh. Essentially,
with enough subdivision levels, one can get a sufficiently accurate approximation of the various integrals, which
is the approach we use in this superellipse experiment.

Figure 3 shows plots of the numerical minimizers compared against the exact minimizer. We now discuss
the practical issue of when the discrete boundary, 0€2,, lies along a mesh facet (recall Section 4.5). First, note
that if d€2;, has a non-trivial intersection with a facet F, then it must lie along the entire facet, because 09, is
represented by piecewise polynomials. Moreover, the ngsxfem package avoids these ambiguous situations by
adding a small number, e.g. 1074, to the nodal values of the level set function ¢, that lie along the facet. In effect,
this forces the derivative formula (114) to “choose a side.”

Nevertheless, when the boundary does lie along a facet, the derivative of the cost is discontinuous at that
facet. The practical effect on the optimization is that the numerical interface, €2, can be “faceted.” In Figure 3a,
aside from the rounded corners where the numerical minimizer (red) deviates from the exact minimizer (blue),
we see that the red interface (mostly) follows the mesh facets along the nearly straight portions of the interface.
The exact interface, for the most part, does not lie along any mesh facets. This is particularly noticeable at the
top of Figure 3a.

It is not surprising that the exact discrete minimizer has some mesh dependence. In these experiments, and
others we have run, this effect is fairly mild. Moreover, this faceting effect is significantly reduced when using
higher order methods, as Figure 3b and c indicates.

Table 3: Superellipse (p = 4) shape optimization results. The degree of B, is k. The stopping criteria for each simulation was when the
difference in J between successive iterations was less than 1078,

k=1 k=2 k=3
max h
/= jexactl Ull /= .Iexactl Ull lJ— jexactl U,l
0.1 1.1700e-03 1.7223e-02 3.6038E-05 1.5115E-06 1.9625E-07 9.0576E-08
0.05 7.3293E-04 5.0726E-03 4.8018E-06 3.7531E-07 9.5482E-09 4.3523E-08
0.025 1.7098E-04 2.2085E-03 2.0907E-07 1.2123E-07 1.9605E-10 1.6617E-08

0.0125 5.7855E-05 7.8292E-04 9.4514E-08 7.6382E-08 5.7451E-11 1.5158E-08
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6.4 Shape optimization elasticity

We solve the shape optimization problem in (117), with the compliance shape functional (5), using our unfitted
FEM framework. The material parameters are A = 0, 4 = 5, and the area penalization is a, = 0.3. Moreover,
we choose the facet stabilization parameter y, = 2 with layer thickness parameter 6 = h, and choose Nitsche
stabilization parameters y, = 10p4 and yy = 0.

We mimic the setup of [18] in order to compare our results. The design domain is D= (0.0,2.0) x (0.0,1.0)
and the initial shape is depicted in Figure 4 (left), where the 10 (smaller) holes have a radius of 0.1, while the
two “holes” centered at the top right and bottom right corners have radius 0.25. Furthermore, I'y = @ and fD
consists of the line segment between (0.0, 0.0) and (0.0, 0.15) and a second line segment between (0.0, 1.0) and
(0.0, 0.85). Also, gy = (0.0, —1.0) on the line segment between (2.0, 0.4) and (2.0, 0.6), which is contained in fN,
and gy = (0, 0) everywhere else. Figure 5 shows the initial domain shape for the optimization. We used a mesh
sizeof h = 0.02. .

Note that the level set function is constrained to not change along ¥ C 0% as depicted in Figure 4 (right).
This is to ensure the feasibility of the resulting shape. During the shape optimization process, we choose an
initial step size of 0.4, and do a backtracking line search to determine the update of the shape.

The resulting optimal shapes for both piecewise linear and piecewise quadratic B, are nearly identical (see
Figure 6). The optimization history is given in Figure 7. The optimization for degree k = 2used the isoparametric
mapping approach in ngsxfem because the subdivision method would have been prohibitively expensive. Since
the mesh size was h = 0.02, the isoparametric mapping was only a small perturbation from a linear triangle
element. Nevertheless, this does induce a small error in our shape derivative, which introduces a small error
when computing a descent direction. This is evidenced by the red curve in Figure 7a stopping at iteration index
~340.

Figure 8 shows the accepted step size a versus iteration index. For degree k = 1, the step sizes do not get
excessively small; toward the end of the optimization @ = 0.025. The same holds for degree k = 2, though it
does prematurely stop at index ~340 as discussed earlier.

We also performed a numerical optimization (not shown) with 4 = 3.846 - 10° and A = 5.769 - 10° chosen
to model a slightly incompressible material. The optimization performed similarly with reasonable step sizes
and optimized shapes.

| Figure 4: Left: initial shape for optimization algorithm.
Right: level set function constraint set = C %) denoted by
solid lines.

l~ 1.4e+00

T

—05

l 0.0e+00

Displacement Magnitude
Displacement Magnitude

(a) (b)

Figure 5: Initial shape for the optimization algorithm. (a) The initial guess and an exaggerated displacement of the cantilever is shown.
(b) Same initial shape, but with the mesh shown.
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Figure 6: Resulting optimal shapes using degree k = 1and k = 2 for B,. (a) Optimal shape (exaggerated displacement) with degree
k = 1. (b) Optimal shape (exaggerated displacement) with degree k = 2.
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Figure 7: Optimization history. Blue indicates degree k = 1for B,; red indicates degree k = 2. (a) Cost J versus iteration index. (b)

Norm of |/'| versus iteration index.
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Figure 8: Accepted step size versus iteration index. The maximum step size allowed was &« = 0.4. (a) Degree k = 1 for B,. (b) Degree

k = 2for B,

7 Conclusion

We presented a numerical shape optimization technique that takes advantage of unfitted finite element meth-
ods. We showed how to compute the exact discrete shape derivative of bulk shape functionals, under mild
assumptions, and establish the Fréchet differentiability of discrete bulk shape functionals. This is done using
both the perturbation of the identity approach, as well as direct perturbation of the level set representation of
the domain. Our formulation allows for including a discrete PDE constraint and our discrete derivative mimics
the shape derivative formula from the continuous problem. In other words, our method enjoys advantages of
both the discretize-then-optimize and optimize-then-discretize philosophies.
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We illustrated our method by considering the shape optimization of an elastic body. Specifically, we used a
Lagrangian approach to deal with the linear elasticity PDE constraint. Furthermore, our level set based shape
derivative approach allowed for directly optimizing the level set representation of the domain. No ad-hoc exten-
sion velocities were needed to update the level set function. Our numerical results demonstrated the effective-
ness of our approach. For instance, the step sizes chosen by our gradient descent method are not excessively
small, which can happen with some optimize-then-discretize approaches.

Our method can be easily applied to a two-phase material problem, such as an elastic body with a fixed
shape but with two different material regions, €2, and €2,, inside. In this case, the level set function marks one
of the phases, say €2;, and the weak formulation involves a sum over the two sub-domains. As long as there is
no boundary integral over 0€2; N 0€2, in the weak form, our methodology can be applied.

A point of future work is to extend our method to handle boundary functionals. Most likely, this will require
some kind of regularization of the cost functional. Another area to investigate is the connection of our method
to time-dependent problems, i.e. to extend our approach to solving PDEs in time-dependent geometries, as well
as shape optimization with time-varying shape constraints.
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