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Abstract

We develop an unfitted finite element method for simulating the dynamic Landau—de Gennes
(LdAG) @-tensor model in moving domains. The model is partially based on the Beris—Edwards
system, except the fluid velocity is prescribed. This leaves a dynamic equation for the evolution of
@ that involves the corotational derivative. The motivating application is simulating the dynamics
of colloidal bodies immersed in a liquid crystal.

We establish unique solvability and stability for the semi-discrete and fully discrete finite
element schemes, which use Nitsche’s method and stabilization for cut elements. In particular, we
extend unfitted techniques to handle nonlinear parabolic equations, with tensor-valued solutions,
in time-dependent domains. Moreover, we provide a convergence analysis that accounts for both
geometric and PDE error contributions.

Numerical experiments are presented that demonstrate the method’s accuracy and flexibil-
ity in capturing defect structures and colloid-colloid interactions under varying anchoring (i.e.
boundary) conditions.
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1 Introduction

Liquid crystals (LCs) are an anisotropic material that exhibits long-range orientational order which yields
interesting optical properties and easy modulation by external fields (e.g. electric or magnetic) [16, 21, 28].
Moreover, colloidal particles immersed in an LC act as inclusions that induce local distortions and defects
in the medium and present a rich landscape of physical phenomena [2, 31, 40]. These effects are not only of
fundamental interest in soft matter physics but also have practical importance for the design of responsive
materials, photonic devices, and self-assembled structures [13, 14, 38].

In this paper, we consider the time-dependent Landau—de Gennes (LdG) @-tensor theory, which captures
both the orientational order and the formation of topological defects [45, 49, 37]. Colloidal objects are treated
as rigid bodies immersed in the LC (i.e. inclusions) with prescribed anchoring (boundary) conditions on
their surfaces, which influence the surrounding director field and give rise to elastic distortions and topological
defect structures [40]. Furthermore, the colloidal particles move with a prescribed motion as a first step toward
modeling the full dynamics of self-assembling colloids [6, 42, 48].



The main contribution of this paper is the development of an unfitted finite element method (FEM)
for simulating these systems. A traditional mesh-based approach would require complex or costly remeshing
to conform to the moving geometry of the immersed colloids [8, 1, 3, 29]. On the other hand, our unfitted
scheme allows the colloid boundaries to be embedded within a fixed background mesh using level set functions
to represent the colloids [11, 10, 34]. The formulation requires penalization of boundary conditions (e.g.
Nitsche’s method) as well as stabilization of cut elements, but this is fairly well understood now [9, 24, 12].
The unfitted approach allows flexible handling of complex geometric motion of interfaces, while maintaining
high accuracy and stability in the numerical solution.

Our variational formulation of the dynamic LdG system involves half of the so-called Beris—-Edwards
system [5, 51]. As a simplification, we assume the colloid motion is prescribed and that the resulting velocity
field of the LC medium is also prescribed. Thus, the Navier—Stokes part of Beris—Edwards is not needed.
This leaves the dynamic Q-tensor equation which involves the corotational derivative of @) that is required
to maintain objectivity [23, 45]. Therefore, another contribution of this paper is to extend unfitted FEM
techniques to handle non-linear, parabolic systems with complex boundary conditions. Moreover, our method
provides a test-bed for investigating defect-mediated interactions, colloid alignment, and the role of confinement
and boundary geometry in directing LC behavior. Hence, this work should be useful for applications.

The paper is outlined as follows. Section 2 reviews the Landau—de Gennes model of LCs, including the
dynamic Beris—Edwards model when the fluid velocity field is prescribed, and the weak formulation of the
model. In Section 3, we first consider a time discretization of the dynamic model but no spatial discretization
and we establish unique solvability and stability of the semi-discrete method; we highlight that the stability
estimate is not exponential in the final time 7. Next, we consider the fully discrete problem in Section 4
where we use unfitted techniques to handle the spatial discretization. The details of the unfitted method are
described and stability is established. Section 5 provides the error analysis of our scheme which accounts for
both the geometric error and the usual “PDE error.” Several numerical experiments are given in Section 6
that demonstrate the effectiveness of our scheme that show defect structures and colloid—colloid interactions
with different anchoring conditions. We conclude in Section 7 with some remarks and future outlook.

2 The Landau—de Gennes Model

2.1 Order Parameter

The material representation of liquid crystals (LCs) uses a mesoscopic, tensor-valued order parameter @ [16].
It is symmetric and traceless and, in three dimensions, @ belongs to [15]

So ={Q e R¥? Q" = Q, tr(Q) =0} (1)

The order parameter @ is related to the covariance matrix for the probability distribution of the orientation
of LC molecules. It can be shown that [49, 37], in three dimensions, the eigenvalues of @ lie in the range
[—1/3,2/3].

When all eigenvalues are equal, they vanish and @ = 0, which represents the isotropic state (a uniformly
random distribution of LC molecule orientations). If all eigenvalues are distinct, then @ is in a biazial state.
Most nematic LCs have a preferred state of a single largest eigenvalue with the other two eigenvalues equal;
this is called a uniaxial state and @ has the form

st(nm_;z), (2)

where n satisfies |n| = 1 and is the eigenvector for the dominant (distinct) eigenvalue. The vector is called the
director and represents the main average direction in which the LC molecules are pointing. The scalar order
parameter s € [—1/2,1] is called the degree-of-orientation and is a measure of the orientational order of the
LC molecules, i.e. how well aligned they are with n.

2.2 Free Energy

We let Q C R? be the domain of the LC material, and is time-dependent, where @ : Q@ — S is a tensor-valued
function that specifies the state of the LCs throughout the domain. We assume €2 has Lipschitz boundary I



with outward pointing unit normal vector v. The free energy of the LdG model is defined as [36, 37, 40, 27]:

PlQ = [ 1QVQix+ [ w(@dx+ [ 9@ isx)+ [0(@dsx) - [ x@ax @
with the elastic energy given by
7(Q.VQ) = 3 (BIVQP +6IV - QF +6(VQ) 1 VO + 4677Q : (=-Q)), @)

where {&-}?:1 (units of J-m~!) and 7o (units of m~!) are material dependent elastic constants, where 7o
models cholesteric twist. More specifically,

\VQP = Qij,inj,ka \V : Q|2 = Qij,jQik,k7
(VQ)': VQ = QijrQirj: VQi(e-Q):=¢nQikiQi; =—(VxQ):Q,
where we use the convention of summation over repeated indices, €,; is the Levi-Civita tensor, and (VX Q),; :=
€exQik,¢ 1s the row-wise curl of Q. Note that taking ¢; = 0, for i = 2,3, and 79 = 0 gives the often used
one-constant LdG model. More complicated models can also be considered [37, 16, 45].
Next, the bulk potential ¢ is a double-well type of function that is given by

Q) = a0 — T(QY) — T(QY) + F ((@Y)”, (6)

which governs the isotropic-to-nematic phase transistion. Above, ag, as, a4 are material parameters (units of
J-m™3) such that as, az, as are positive; ag is a convenient constant to ensure ¢ > 0. Stationary points of 1
are either uniaxial or isotropic @-tensors [45].

The surface energy, composed of the quadratic g(Q) and higher-order boundary potential ¢(Q), accounts
for weak anchoring of the LC (i.e. penalization of boundary conditions). For example, a Rapini-Papoular type
anchoring energy [4] can be considered:

9(@) = DI - Qe + Q- QP 6(@) = “2(Q”P - s, (7)

(5)

where wg, wi, and wy are positive constants (units of J-m=2), Qr(x) € Sp for all € T, and s is the scalar
order parameter of the uniaxial ¢ that minimizes the double well. We set @ = Q + %1, and define the
standard projection onto the plane orthogonal to v, that is, Q@+ := IIQII where Il = I — v ® v. We define Qr
to be uniaxial of the form

szs()(u@v—;I). (8)

The wy term in (7) models homeotropic (normal) anchoring, while w; and ws model planar degenerate
anchoring.

For the analysis, we modify the quartic term to have quadratic growth. Let p : [0,00) — R be a smooth
cut-off function, i.e.

p(r)=1 if r < by,
p(r) = monotone if by <7 < by,
p(fr) =0 if r > b27

where 1 < by < by are fixed constants. We then modify the boundary potential

3(Q) = ¢(Q)p(1QF) + wi|Q* (1 = p(IQ)) , (9)
which then implies the following estimates

w2o Sg

6(Q)] < +alQP, [P @I<al@Ql  19"(Q) < e (10)

where cg, ¢1, and ¢y are positive constants. For the remainder of the paper, we omit the tilde and simply write
o.

The function x (-) models external forcing on the LC system which can arise due to an external electric
or magnetic field. Usually, x (Q) is taken to be linear in Q, i.e. x(Q) = Uq : @, where Ug : @ — R3*3 is a
given function.



Figure 1: Diagram of the liquid crystal domain ©(¢). The boundary partitions as 0Q(t) = I'(t) =
0D UT(t), where I'(t) indicates the actively moving parts of the boundary.

2.3 Time-dependent Flow

Since the domain = (t) is time-dependent, and the LC state Q = Q(t, ) changes with time, we consider
an evolution equation for @ that is motivated from the Beris-Edwards system [52]. The domain evolution is
assumed to be bounded Q(t) C © for all ¢, and the outer boundary 9(t) N 9D = 9D does not change with ¢
(see Figure 1). Indeed, I'(t) := 0Q(t) = 9D UL'(t), where I'(Z) € C™*L, for some m > 1, is the smooth inner
boundary. The outer boundary, 85) is assumed to be piecewise Cc? _and Lipschitz and is stationary.

Moreover, we assume there exists a diffeomorphism W : D — D such that Q(t) = U(Qeg), where Qpey is
a fixed reference domain, and U € C™*+1(]0,T] x D). With this, we define the material velocity v(£, -) of Q(t)
via

v(t,U(t,y)) =0 ¥(t,y), forallte[0,T], andally € D,

and we assume further that v is divergence free. Note that the strain and vorticity tensor, respectively, are
given by

Vv + (Vv)i Vv — (Vv)! (11)
2 2

Next, we define the notion of non-cylindrical space-time domain for posing the PDE. To this end, let

S =8(Vv) := W =W(Vv):=

C =Uicon{t} x Qt), O(C) = Ueo,m{t} x O(Q(t)), C€cO(C)CR?, (12)

where O(D) is an open neighborhood containing the set D; similarly, we also have G = Uie(o,1){t} x 09Q(t).
Then, Q(t,x) satisfies the following parabolic system on C:

20+ (v VI0+ L pvv.q) s

B(Vv,Q):=WQ — QW +po (Q5 +5Q) —2po(5: Q) (Q +1/3),

where to is the relaxation time, pg € [—1,1] is a material parameter, ~ is the symmetric traceless part of
a tensor, and the boundary conditions come from the weak anchoring conditions. We call B (Vv, Q) the
modified Beris—Edwards term and note that B (Vv,Q) + 2” 0.5 is symmetric and trace-free.

Next, we non-dimensionalize the PDE. In particular, We note that the dimensional ¢’(Q) is replaced by
=2 (Q), where n > 0 and [¢/'(Q)| = O(1); similarly, the dimensional ¢'(Q) is replaced by w™1¢/'(Q), where
w >0 and |¢'(Q)| = O(1). Then, taking to = 1 for simplicity, the full strong form is given by

(13)

5Q + (v-V)Q — 4070V x O — B(Vv, Q) — div (AVQ) + %1/7@ —Ta+ s e,

3
5@+ 2700 X Q + wo(Q — Qr) +wn (@ — Q1) + 9 (Q) =0, ong,
Q(0.2) = Qs, on £(0),



where (v X Q);5 := €1 Qi (row-wise cross product) and A is a 6-tensor such that

ac (;Q, P) := 01 (Qijr, Pijr)g + L2 (Qijjs Pikk) g + €3 (Qijks Pirj)g = (AVQ, VP)q , (15)
at (4 Q, P) = 20170 (g3t (Qjk, Pij) + €kt (Piras Qij)g) = —20110 [(V X Q, P)g + (V x P,Q)g],  (16)

and
[div (AVQ)]ij = 01Qij ik + (L2 +€3)Qik gk,  [OwaQlij = LrviQijk + L2 Qik ke + L3k Qik -

By invoking the map ¥, and mapping back to the reference domain Q,.f, one can show that (14) has a unique
solution by the standard theory of parabolic PDEs [18, 30].

2.4 Variational Formulation
The function space for posing the weak formulation of the time-dependent LdG problem is given by Q =

Q(Q) := HY(Q;Sp), which is posed on Q(t) for each t € [0,7]. In case we impose Dirichlet conditions (strong
anchoring) on 09, we define

Q(Q) ={P € H'(Q;S0) | P = Rlq, for R € HL(D;Sy)}.
Note that Sy can be uniquely identified with a five dimensional vector space [19], i.e. there exists 3 x 3,
symmetric traceless basis matrices {Ei}f:1 such that any Q € Sy can be uniquely expressed as Q = ¢; E?, for

some coefficients ¢, ..., qs. Therefore, Q is isomorphic to H*(£2;R?). Moreover, we choose {Ei}?:1 to be an

orthonormal basis with respect to the Frobenius inner product. Upon setting q := (q1, ¢2, g3, 44, q5)T, we note
the following properties [19]:

Q:P=q-p, [QF=ld* |VQ]=|Vq|. (17)

2.4.1 Preliminaries

We summarize some basic results that are needed in the well-posedness of the weak formulation. The following
theorem [15, Lem. 4.1] establishes this result for the ¢1, {2, {3 terms in the elastic energy. Throughout this
subsection, we suppress time notation t.

Theorem 1. Let a.(€;-,-) : Q X Q — R be the symmetric bilinear form defined by (15). Then ae (;-,-) is

bounded. If 01, €2, {3 satisfy

3 1

——l — —l3 </ 18
FRUETING < t2, (18)

then there is a constant ¢ > 0 such that a. (Q; P, P) > c|[VP|§ ¢, for all P € Q.

0<£17 —{4 <€3<2€1,

The next result can be found in [26, Prop. 5.
Proposition 1 (Coercivity). Let as(Q;-,-) : Q x Q — R be the symmetric bilinear form defined by

as(Q;QaP):wO(Qap)F+wl(QfQLap)F' (19)
There exists a constant a1 > 0 such that
ae (% P, P) + as (4 P, P) > oy || P||T g, VP € Q. (20)

We also have the bilinear form a; (2;-,-) : Q x Q — R from (16), which is not coercive, that accounts
for the twist term that satisfies the bound

a (2 Q, P) < 26m0V27[|Ql1.0llPlog + [PlielQllo.q] - (21)
For later use, we define one bilinear form to contain (15), (19), and (16):
d(Qanp) = Qe (QaQaP) +ag (QvQ7P) +GS(Q;Q,P), (22)

which satisfies the following continuity result.



Proposition 2 (Continuity). There holds

ac(Q,P) <celQlialPlia, a:i(2Q,P) < cQll1allPllho, (23)
as (4 Q, P) < cl|Qllor|[Pllor,  a(%Q,P) < ol @1,/ P10
for all Q, P € Q, where
Ce = 81 + 362 + 53, Ct = 2@@17’0, Cs = Wo + 311.)1, Co = Ce +Ct + 5365, (24)
where B3 > 0 is a trace embedding constant depending on €.
2.4.2 'Weak Form
Using (22), we can now write E[Q] in the form
1. 1 1
EQ]=5a(%Q,Q) + p (@) g + ~(2(@), Vr — (x (@), 1)g
(25)
So wo 9 w1 (802 2
—wo (Qr, Q)p — w1 (—gl’ ® V,Q)F + 7||QF||L2(F) + 9 (g) [v® V||L2(F)7
which gives the first variation of F as:
3QE[Q; Pl = a(Q(t); Q, P) + (1/n*) (¥'(Q), P)ogy + (1/w) (¢'(Q), P)ry
(26)

S
— (¢(P): Dy — w0 (Qr. Plrgy — w1 (~Fv e v, P)

Then, by (13), we have the weak form of (14):

NOR

2% (S, P)ogy» YP € Q(Qt)), (27)

for all t € [0,T]. Next, for convenience, we define a right-hand-side linear form Is:

(0:Q, P)oqy + ((v- V)Q, Pl + 0QE[Q; Pl = (B(VV,Q), P)gy) +

S 2p
s (P) = (Ua, P)gyyy + w0 (Qr, Ppyy + w1 (—EOV @, P)F + S22 (S, Plagy - (28)

(t)
Then, after invoking a modification of the advective term [34], we rewrite the weak form as follows. Find
Q(t,-) € Q(2(t)) such that
1 1 1
(0:Q, Py + 5 (v V)Q, Plgyy = 5 (v V)P, Q)au) + 5 (V- v)Q, P)ry,
- 1 1
+a(Q0;Q )+ 5 (@) Pl + (/@) Phryy = (B(Vv,Q), Plagy (29)

=lns(P), VP € Q((t)),

for a.e. ¢t € [0,T], where Q(0,-) := Qo(-) € Q(£2(0)).
For the analysis, we note that ¢ and ¢ satisfy ¥'(0) = ¢'(0) = 0, and we make use of the following convex
splitting:

Y =10 —Pe, =i — Pe, (30)
where 1., Ve, ¢, and ¢, are all convex with 1. and ¢. quadratic, i.e.
. 1 a a3
we = 51&'@‘2’ with ﬁw = 7+72+735 (be = B¢|Q|27 (31)
4 2 day

where B4 > 0 is sufliciently large. Moreover, ¥. > 0 and ¢. > 0. Due to our specific ¢ and ¢, we note that
1. is quartic and has a similar form as (6) and that ¢. has quadratic growth like (9) and satisfies inequalities
(10). More specifically, we have

V(@) Q > %IQP + %IQF‘. (32)

This will be useful in some of the proofs in the following sections.



3 Time Semi-discrete Method

We first discretize in time the problem (29). We take a uniform time step given by At := T'/N, where T is the
final time and N is the number of time steps to be taken. Also, let t,, := n/At and denote Q" (x) := Q(tn, )
with analogous definitions for Q", I'*, Ug}, Qf, v™, etc.

We need an extension operator in order to compare functions on domains at different times. If F is a
domain, then let O5(E) := {x | dist(z, E) < §} be a slightly larger domain with extra thickness § > 0. We
require that

Q" c Os;(Q"Y, forn=1,..,N, (33)
which is guaranteed if
§=csviL AL, Vi = trer%&)qg] IV vlpe@ey, cs>1. (34)

The time-discrete version of (14) is given by replacing 9;Q with

Qn _ anfl
At '

Here, we use the implicit Euler method for the time derivative, which is well-defined because of the extension

operator £ : H1(Q"71) — HY(Os5(Q" 1)) (see Appendix A.1).

3.1 Variational Formulation

We begin by defining some convenient linear and bilinear forms:

Q. P) = (0" Q.P)+ 5 (v V)Q g — 5 (V- )P, Qg + 5 (- V)Q, P -
1 (P) = (U, g + w0 (@ P + w1 (- Fv @, P) + 20 (5, P)g.,
where a™ (-, -) satisfies the following elementary coercivity result.
Proposition 3 (Garding inequality). There holds
a" (P, P) > SHPlin @ = 011l (36)

for all P € Q, where 6, = (40179v/27 + % v- V||Loo(1"n))2 /(2a1) and Crn > 0 is a trace embedding constant.

Proof. We start with

a” (P,P)=a(Q";P,P)+ % (v -v)P,P)pn

1
> a1|| P31 any — 4170V 27|V Pl 12 (0m) | Pll L2 ) — PLLAR IR Pll72(rm)

CF n

> a1 || Pl gny — (45170V27+ V'V||L<x>(rn)) Pl e m) | Pll L2 @ny s

where we used a trace estimate. By a weighted Young inequality, we get (36). O

The weak formulation for the time semi-discrete version of (29) is as follows. For each n = 1,2,...N, find
Q™ € Q™) such that for all P € Q(2"™) we have

G (Q",P) = = (Q" P)gw +a™ (@, P) + 5 (/(Q"), P + - (4(Q"), Py
At n w (37)
~(B(V,Q"), Pg. = [(P) + 1 (EQ", P, = O(P),

where Q¥ := Qg is the initial state.



3.2  Solvability

We will establish the unique solvability of (37) for a sufficiently small time step. First, we derive a kind of
Garding inequality.

Lemma 1 (Lower bound). For all Q € Q(Q™), we have

" (Q.Q) = (B(VV.Q). Qo + 75 (#(Q). Qo + 3 (¢/(Q). Qe

(38)
[e%] Gy
= ZHVQH%?(QM + @HQH@(Q”) — Q72 am)

Can 02,2 ,
where ¢/ = [zSt 4 ¢, — 38— L] and G = 22 4 v vlpm ey and G = 25 4 2 19|V +
%HVVHgO, where By and By come from the convex splitting in (31).

Proof. We begin with

" (Q.Q) = (B(VV.Q). Qon + 75 (#/(Q). Qg + = (¢(Q. Qe

= 6(2Q.Q) = (B(YV.Q). Qan + 5 (- V)QQ)pn + = (#/(Q). Qg + = (¢(Q). Qe

(39)
1
> CY1HQ||§11(Q") +a: (2%Q,Q) — (B(VV,Q),Q)gn — 5”” | V||L°°(F")||Q||%2(Fn)
1 1
T2 (¥(Q), Qan + ~ (¢'(Q), Q)pn »

where we have used Proposition 1. We will also use equation (21) to handle the a; (2";Q, @) term. Hence
a, (27%0Q,Q) < 4170v27|Q1,0||Qllo,o- To deal with the Beris—Edwards term, we start with

~(B(V.Q). Qo = ~2 (T, @) +2m | (TV:Q)(Q: Q)de
" (10)
> =290l V¥l QU ey = 200l V¥ | 1QI7d:

Since |po| < 1, ¢.(0) =0, 0 < [¢.(Q) — ¢L.(0)] : (@ — 0) (by convexity), and a weighted Young’s inequality, we



get

1 1
" (Q.Q) = (B(Vv,Q), Q)gn + 15 (¥(Q), Qan + ~ (¢'(Q), Q)pn
1 1
> a1| Q17 o) — 4o V27V Q|2 @) Q1 L2y = 51V - Vil o IQUIE2 () + po (¥e(Q) = ¥e(Q), Q)gr

1
+;(¢£(Q)*¢Q(Q)7Q)rn*2po||VV||oo||Q||%2<m ~ 2l Vvl [ |Q\3dw

> a1|QlE (ny — 4070V 27 VQllL2(2n)

1Qllz2on) — *||V V|| Loo (rm) |Q||L2(rn) +53 2 HQ||L2(Q”) + 53 2 3 ||QHL4(Q"

26 2B
QI am) = = 1QN1E2(re) = 200 VYo Q12 = 200]I VVlso / QP dx

z?HVQHizmn)+a1IIQIIiz(Qn)7 . v||Loo<rn} QU ) + gz 1@y
o (2202 pov s oz )| 1@
> SV ny - Con Qe [@lnany + sl QU + |1+ 515 = o] Q0 any
> VI ~ FEL QU ) — TN QW + 151y + o1+ 537 = 1@l
= L IVQI ) + ﬁuczn%w) [ B L Qi = 4o

(41)
2,2
where (; = 2’8‘1’ + 3w v peerny and (o = 21%1170 + 2;% +2|| Vvl + %HVVH@O, which gives the assertion. [J

We establish the solvability of (37) using monotonicity methods. Note that we cannot use a minimization
approach because B (Vv, Q™) cannot be written as the variational derivative of some function.

Theorem 2. For anyn=1,..., N, and any A\t > 0, there exists a solution of (37).

Proof. We consider (37) at time step n € {1,..., N}. Let { P}, be an orthonormal basis of Q(2") and make
a finite dimensional approximation of Q":

k=1
where v,  is chosen so that Q. solves
G" (Qy,, Py) =0(P), fork=1,...,m, (43)

where 1 < m < co. We now show that for each m = 1,2, ..., there exists @, of the form (42) that solves (43).
Define the continuous function w : R™ — R™, with w = (w1, ...,wy) by

Z% O(P), fork=1,..,m, (44)

where v = (71, ..., Ym) and Q = 27:1 v; Pj. Then,

w(y) v=G"(Q,Q) - 0(Q), (45)



and note that [0(Q)| < Col|Q| g1 (any < Colvy| by the orthonormality of {P:}. Thus, with the help of (37)
and (38), we obtain

(o751 1 a4
w(y) v = ZHVQH%?(Q") + EHQ”%Q(Q") + 47772”@”%4(971) — ('1Q72@ny — Colvl

(46)
Qg4
> CillQlfs oy~ Cobl + [ 5101t~ C1QPdz,
for some constant C; > 0.
If ¢’ > 0, then set wy = C’naZl/Q and rewrite (46) by completing the square to get
o2 2
W) 7= Cilyf? = Colal + | (2477'@'2 - w0> dx — |0 > Oy — Coby| ~ =307 (47)

Clearly, w(vy) -~ > 0 if |y] = r and r is sufficiently large. Hence, by [17, Sec. 9.1, Lemma], there exists a
Ym € B(0,7) such that w(vy,,) = 0, i.e. there exists Q7, of the form (42) that solves (43).

Next, we need an a priori estimate. Multiply (43) by vy, and sum over k to get G™ (Q1,, Q) = O(QL,),
and using (38) gives

Z”va”%Q(Q”) + EHQmH%Z(Q") + @HQme(m) — Q72 my < Coll @l (- (48)
Using a weighted Young’s inequality, one can show that

Q%17 (@) — C2 < Csl|Q a2 o), (49)

for some positive constants Cy, C3. Another weighted Young’s inequality delivers ||Q}, || z1(qn) < C4 for some
constant Cy > 0 that is independent of m.

Therefore, Q7, — Q™ in H*(2"), which implies that Q", — Q™ in L5=¢(Q") for any ¢ > 0. By standard
arguments, one can show that Q™ satisfies (37). O

Corollary 1. Assume At satisfies 0 < At < max(&g,0)~% where

By 1 02, 3a2 4320372 By, 22 , 1 o
==+ |v- oo (Fn = 4 [|VV|loo + —|IV ————. (50
o= (24l vimen ) S 28 B L By v By, - -2 60)

Then, for any n =1,...,N, there exists a unique solution of (37).

Proof. We consider (37) at time step n € {1,..., N}. Assume that QF and Q% are both solutions of (37).
Subtracting the equations, we get

1 = ~ 1 1
27 (@ P 0™ (Q7P) + 3 (0(QF) = /(@9). Phas +  (6/(QF) = ¢/(Q5), P
~ (B(VV,Q}) ~ B(Vv.Q}) . P)g. =0. VP €Q("),

where we set Q" := Q7 — Q3. We also note the identities:

(51)

az \ - -
WL(QT) — Q)] P = (1 n ) Q" P as(QMQ} +Q3)): P

+ 5 QI +1Q5Q" : P+(Q": QT +QIN(P: (QF +@8)] . (52)
B(Vv,Q}) — B(Vv,Q3) =WQ" — Q"W +po (Q"S + SQ")
—2p0(S : Q") (@5 +1/3) — 2po(S : Q1)Q™
Now, we estimate
1 - _
Ty == [W(QF) — vi@D)]: Q" — (B(Vv, Q) = B(Vv. Q1)) : Q"

1 /1 2 ~ ~ - - _
G <2 " 2> Q' ~ S(QU(QF + Q1) Q"+ 5 QTP +1QSPIQ +1Q": (@1 + @) Y

— (200 (@) : Q") +2po(S : Q") (@3 : @") + 2po (S : QT)|Q"|*.
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Then, using weighted Young’s inequalities,

1 /1 a 2a " ay n n An
Toznz(+3—3) @'+ 5 + QPGP

2 2(14
— [VVQ"? = [VvIIQ"1Q311Q" — IVvI|Q™IQY]IQ" -
L1 ag 2‘13 2, ayq 9 o1 A2 54
> 9 _ 79 n n n n
— 2 (2 * 2a,4 ) Q" + 772(|Q1| +1Q317)1Q"|

= |[VVI|Q" — e[ Vv ?lQ"* — Z (1Q117 +1Q31%) Q"

where € > 0 is chosen to be € = 2n?/a4. Thus, we get

1 /1 a2 2a2 2n? ~
Ty > {2 ( + 35 3) —vv| - L wv ] 1Qn 2. (55)
n Qa4

2 2a4 ay

Now, setting P = Q™ in (51) and using the convex splitting, we find that

1 = . = 1 ~ _
Al @ iz +a" (@, Q") = 5 (Ve(Q1) —ve(@5). Q")gn — (¢ (QF) = ¢e(@5), Q")
+ 5 (WL(QD) ~ VL(@3).Q") . — (B(VV.Q1) = B(Tv.@3).Q"),, (56)
2 (6LQF) — 6@, Q") =0,

and combining with (55) yields

1 AN n(An On B n
1R 122 0my +a™ (Q7.Q") = 2UIQ" [F2om)

(57)
1 /1 a2 242 21 2| 1A 2
—lz+—=-—- —|Vv| - —|V " ny < 0.
#| (54 22 - 2= by ) - 1991 - 2] 10" oy <
Next, we use coercivity and a trace estimate:
1 AN AN / AN AN
EHQ H%Z(Qn)+@1||Q ||§—11(Q")_4£1T0 27IVQ" || L2 (@) |Q™ | L2 ()
NET oG [
+ 5l Viip=@n) ) Canl|Q" 2@ Q" a1 om) (58)
2a3 | By 2 1 An 112
- — +||VV|loo + —[|VV|5 — = — " ay < 0.
[an+n+” oo + 2L - 5 (3 )] 10 e <
Again, using weighted Young’s inequalities, we get
4320378 B 1 C3.
[_ — (¢ - 2||V'V||Loo(rn)) .
o w (5]
) ) (59)
3as B 2n 9 1 o
— B B OV — TV 4 oy + .
o = = 9Vl = SV + g G 107 e <

If 0 < At < max(&,0)~", where & is given by (50), then the left-hand-side bracket in (59) will be positive,
which implies that Q™ = 0, so then Q} = Q5. O

3.3 Stability of the Semi-discrete Method

Using the lower bound in Lemma 1, we derive a stability estimate that is not exponential in the final time 7T'.

11



Lemma 2. Let Q™ solve (37) forn =1,2,...N. Then, we have the following stability estimate:

k
o
(14 CaADIQ ey + -5 D 1Q psgany < CollQ N gy + D, for all b =1,.sN,  (60)
n=1
w?s? n 4 n .
where D = At Z {HUQHL?(QH) + wOHQF||L2(Fn) + =52 * + po ||S||L2(Qn + 2a4/€0\9 |} with

" = [2(’ 409" + 4 —|—2] ko = max(0,¢" + Co + a1/4), and Cy, Cy are constants that depend on the

estimates of the extension operator.

Proof. Recall (37)

5@ P+ (@ P) + 5 (@), Play + 3 (¢/(Q"). P = (B(V%.Q") . Pl

n NG
" . (61)
=1 —Q" " Pd
rhs( )+ an AtQ T,
and choose P = 2AtQ" so that we get

A VAN
20Q" ) + 200" (@ Q")+ 5 (1/(Q): Q" + - ((Q7), Q) = 20 (B (Y%, Q7). Q")
= 2t (Q™) + 2/ Q" Q" dx.
Qn
(62)

And now, rearranging terms and applying Lemma 1, we obtain the following:
(1 =206 1Q" 122y + At HQnHL‘l(Qn) + 5 AtIIVQ”IILzmn < 20t05,,(Q") + 1Q" T IZaany, (63)

where we estimate " (Q™) as follows:

rhs

1(Q") = (" (@) D+ w0 (Q, Q")+ (=P @1,@7) 4+ 22 (5,

3
2100

= (U, Q")gn +wo (QF Q") + 01 (—%Ou @v.Q") 4= (5.Q"q

1 n w2 n w p n n
< §||UQ||2L2(m) + 70||QFHQL2(F”) + == 1 0 v @ w72y + 70||5H%2(m) + Q12 20m) + 11Q" 122 (rm)

wlso

2p3
r"? + 0HSIILz any T 1Q™ 172y + Can Q| L2 () 1Q™ | 1 (am)

IN

108172 am) + ||Q 720y +

wlso

2p3
T2 + 0HSIILz @)

IN

'LU
§||U6||2L2(m) + 70”@?”%2@‘”)

20{22" n n
T e \\Lz<m>+ HIVQ o)

(64)
So then, by combining (63) and the above estimate, we get

(1 - A" [l IILz(m)+N2 Sl IZacom) + 5 AHIVQ™ T2y < AD™ +11Q" [ F2(amy,  (65)

where D" = ||UQ||L2(W + W QR 2y + BB + 252, (. is part of the initial data and that
" = [2(’ 409” + %+ 2] Now using Lemmas 3.4 and 3.5 from [34], we get the following estimates for
1Q™ 172 qny

||QO||L2(91) <@ 2(05(00y) < C1l1Q% 17200y

_ _ n— aq — (66)
1Q" HZ2my < N1Q" 720, n-1y) < (1 + CoAD(Q™ 2 (gn-1) + gAtHVQn HIZ 2 an-1y-

12



Applying (66) to (65):

n n al n
(1= A)Q™ |72 (qny + At IIQ 124 (m) +otvVE 172 m)
< AtD™ + C1||Qn 1||L2(Q"*1), for n =1, (67)
< AED" + (14 CoA) Q™2 gn1) + %AtIIVQ”AHQLz(mfl), forn=2,...k.

Next, we take advantage of the quartic term ||Q™ |4 La(an)- First, note the trivial inequality: 2¢||Q™||? 12(an) <
|Q™ Hm(m) + €2|Q"| for some € > 0. Then,

a4 | n n 2 a4 n
10" W = C1Q" sy = (She = ¢") 1@Us oy ~ el

7]2 (68)
= (T +0) 1Qlaam — 5rdl2"]
by choosing € = n%a; *ko, with xg = max(0,¢” + Co + a;1/4). Combine this with (67) to get
02
(14 CotQ oy — Dtz —r3I2"| + T AHIQ" I e
< AtD™ + C1||Qn 1||L2(Qn—1), forn =1, (69)
n n— al n—
S AtD + (1 + CQAt)”Q 1“%2((271,71) + gAt”VQ 1||i2(9"71)7 fOr n = 2, ceey k
Now, sum up (69) over n = 1,..., k, and make some cancellation to obtain
(1+ CoA)[[Q (|7 20x) + Atz 1Q™ 372 @y < CrllQ°|[F2(qoy + At Z "+ *53 Z €27 (70)
O

4 Discretization in Time and Space

4.1 Preliminaries

4.1.1 Level Set Functions

The time-dependent domain §2(¢) is contained in an open “hold-all” domain D C R? for all t. For convenience,
we use a level set function ¢ : [0,7] X D >R (at least C?) to represent the exact domain Q(t) = {x €
D : ¢(t,x) < 0}. The boundary of Q(¢ ) partitions as 9Q(t) = T'(t) = 9D U I'(t), where I'(t) := {x € D :
¢(t,x) = 0} is compactly contained in @ for all ¢ (see Figure 1). To ensure I'(t) is well-defined, we assume
that ¢=1 > |Vo(t, )| > ¢ > 0, for all £ € [0,T] in a neighborhood of T'(t), for some constant ¢ [43, 44].

The discrete domain is represented by a discrete version of ¢, denoted ¢;. To this end, let ﬁ ={T} be
a conforming shape regular mesh of 35, where all T' € ’771 are treated as open sets, and define the background
(Lagrange) finite element space

BE = {v, € C°D) : vp|r € Pi(T), VT € Ty}, for some k > 1. (71)

Then, for some fixed ¢ > 1, we let ¢p,(t,-) € B, for all ¢, and define the discrete domain Q(t) = {x € D :
on(t, ) < 0} with 09, () =T, (t) = 0D UT,(¢), where I'y(t) := {x € D : ¢p(t,x) = 0}. Again, we assume
¢! >|V¢n| > ¢ >0 a.e. in a neighborhood of T'j,(t) to guarantee €2, is well-defined and I'j,(t) has dimension
d—1.

13



4.1.2 Subdomains and Meshes

At each time step, we extend the discrete domain Qf = Q,(¢,) to a larger set, denoted Os, (), where
on = c5, Vi At with ¢s > ¢5, > 1 specified later. With this, we define the active mesh and corresponding
domain [44]:

T =T () ={T €T : 05, (U)NT # 0}, Df =05, () ={x T :TeT;(Q}, (72

where the discrete extended domains D§ are jagged versions of Og, (€2}). Furthermore, we demand that § > 0
is sufficiently large so that

95

L C O0s(Q"), and Qp C O5(Q1)), t € [th1,tn), forn=1,...,N, (73)
and we require that cs, is sufficiently large so that the following containment holds:
o C@E"L_l, forn=1,...,N, (74)

which is a discrete version of (33).
Next, we define the tubular (or shell region) that contains I'}:

Sp =5, (T7) = {w € D : dist (x,f;;) <o), (75)
i.e. the shell region always contains the zero level set. The corresponding mesh is
5 =Ty, (T ={TeTh: TNz #0}, (76)
and we also have the set of shell facets:
5, = {FedTy : F=TyNTy, forsome Ty € T', T5 € %, » such that Ty 5 T»}, (77)

where 07§} := {0T : T € T4 } denotes the set of all facets within the active mesh. Note that the facets on the
boundary of ®j, 5 are not included in (77).

4.2 The Unfitted Finite Element Scheme

Let QF = Qp(t,) be the discrete domain at time index t,, i.e. Q) = {x € oF on(tn, ) < 0}; we use similar
superscript n notation for other quantities. We let M, (£2,5) be the space of continuous, piecewise Lagrange
polynomial functions on 2}, 5, subordinate to the mesh 7} s of 2, 5, with polynomial degree m > 1, i.e.:

My (Qp5) == {v € C°(Dps) : vi = Uplo, ,, for some o), € Bi'lo, , }, (78)
We discretize (14) by approximating @ by a finite element function Q. To this end, define
Sh(Qn,5) :={P € C°(Dn,5:80) | P = @inE’', qin € Mp(Qm5),1 <i <5}, (79)

and let Qp, € Qn(Qn.s) == Sn(Qns). Thus, Qn = ¢ pE?, and ¢, € HY(Q) fori=1,...,5.

The unfitted approach requires a special facet stabilization term in order to ensure a well-conditioned
linear system to solve at each time step [9, 11, 10]. We define sy, (F; ¢, p), for ¢,p € M (2p.5), to be the global
stabilization form given in [34, eqn. (4.8)], and extend this to sj, (F;Q, P), for Q,P € S,(Qh,s), using the

basis matrices {E’}. We will often make the abbreviation s} (-, ) := s, (}'géh R

The facet stabilization requires a multiplicative constant factor, 7, that is based on properties of the
underlying background mesh. To this end, we adopt [34, Assumption 5.3] and let K < (1 4 d,/h) be the
constant described there. Then, we set 75 = ¢, K, where ¢y > 0 is independent of i and At. The following
lemma is a summary of Lemmas 5.5 and 5.7 from [34].
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Lemma 3. Under [34, Assumption 5.3], there holds for v, € My, (Qp.s):

lonlles, py < lvnlly < llvalléy + Kh?sp (vn,vn)

2 2 < 2 n (80)
IVonllo,, g < IVonlioy S IVonllay + Ksh (vn, on),
and for any € > 0, we also have
lonll®,, @p) < (1 + Cale)At) oGy + Co()ar Atl|Vorgy + Cele, h) ALK sy (vn,vn) , (81)
where
Cule) :=cpres, v (1+€e 1Y), Cyle) :=cres, vie/ar, C.(e, h):=cpes, v (e +h? +h%e1),
for some independent constant cy,.
Next, we define our discrete bilinear and linear forms:
. o 1 1 1
ap (Qn, Pr) = @ (3 Qn, Pr) + 5 (V- V)Qn, Pr)ay = 5 (V- V) Pr, Qu)gy + 5 (U V)@ Py
An (Qn, Pr) = ap (Qn, Pr) + 55y, (Qn, Pr) (82)
s 2
Us.n (Pr) = (UG 1, Ph)Qz + wo (QF 1, Ph)FZ +w; (_EOV}L Q vp, Ph)F" + % (S, Ph)Q;IL :
h

Furthermore, Ug, , and QF ), are the interpolants of U, and Q7 respectively that have been suitably extended
such that the following estimates hold (see Assumption 1):

UG, — Ugllaro@ny = b, [|QF ), — Qrllar oy ~ b, (83)

on some extended region O(Q™) that contains Q. Also, the velocity v is a suitable extension on O(2"*) and

for simplicity we assume that v is defined on the entire domain ®.

We now state the weak formulation of the fully discrete, unfitted finite element scheme: Find Q} €
Qn (€2, 5) such that for all P € Qu(€2); 5) we have

1 n n n 1 !/ n 1 / n n
- EQ}L s Prdx + A (Q), Pr) + o (¥ (Qh)vph)gg + o (#'(Qn), Ph)r;; —(B(Vv,Qp) 5Ph)QZ
h

1

ap Ot

(84)
= lihs,n (Pn) + Qnt: Puda,

for each n =1,2,...N. The following “coercivity” result is immediate.

Lemma 4. For all Qp, € Sp(Q}), we have

ap (@n, @n) = (B(VV,@n), Qn)gp + 77% (V' (Qn), Qn)gy + % (¢'(@n), @n)ry

ai 2 aq 4 / 2
> IHVQhHLz(Q;;) + 4772||Qh||L4(Q;1‘) = Gll@nullz2(any,

2 .2

where (;, = a— tG - — Pl and (1, (o are taken from Lemma 1.

Proof. This is the same proof as in Lemma 1. O
The following unique solvability result is a discrete version of Theorem 2 and Corollary 1.
Theorem 3. Assume At satisfies 0 < At < max(£p,0)~! where & is given by (50). Then, for any n =

1,..., N, there exists a unique solution of (84).
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Proof. We introduce a discrete norm:
(&3] n
QLI = 1@nlIZ2 ) + 5 IVQnIIZ2 o) + 55k (@n Qn) (86)

and note that the bilinear form

1
EQh : Prdx + A}, (Qn, Pr)
o

is both continuous and coercive with respect to (86) under the assumed time step restriction. The rest of the
proof is similar to the proofs of Theorem 2 and Corollary 1. O

We also have the discrete version of Lemma 2.
Theorem 4. Let Q} solve (84) forn =1,2,...N. Then, we have the following stability estimate:

k k
aq n n n n
(1+ C2At)”QIZH%2(QI;) + Atz [8Qh||%{1(gﬁ) + s Z Sh(}_ggc;Qh’Qh)]
n=1

n=1

< C1l|QplI72(qp) + Dh for allk =1,..., N,

N § 2( 2 4 2 2 .
where Dy, = At 21 [HUSHiz(Qm + w(%”Q?HQL?(F;;) + wlgso IThI? + %HSH%Q(QZ) + ﬁ”%mm} with
n=

2
n
Qh

4C,
Y= [ZC;L + gt 2} and ko = max(0, () + Co + a1/4), where ¢, is taken from Lemma 4.

Proof. The proof is an obvious modification of the proof of Lemma 2 to account for the facet stabilization;
see the definition of A} (-,-) in (82). O

5 Error Analysis for the Fully Discrete Method

5.1 Geometry Approximation

Recall from Section 2.3 that T'(t) = dQ(t) = 9D UT(t), where I'(t) € C™F!, for some m > 1, is the smooth
inner boundary. For technical convenience in this section, we assume that all of I'(t) is C™*!. This implies
that we have solution regularity Q(-,t) € H™1(Q(t);Sg) for all ¢ € [0,T], and by the extension operator in
Section A.1, we consider @) to be extended onto D with Q1) € H"H‘l(@; So) for all ¢ € [0,T]. Of course, if
the outer boundary 99 is only convex, then we are limited to H? (@, So) regularity.

We codify the geometric approximation in the following assumption.

Assumption 1. We assume that QF = Qp,(t,,) is the sub-zero level set of a discrete level set function ¢p(ty, )
having polynomial degree q such that m > g > 1, and that QF approzimates Q™ = Q(t,,) to order q as described
in (88), (89), and (90). We also define our finite element space Qp, to contain piecewise polynomials of up to
order m.

For describing the geometric approximation results, we temporarily suppress the time index notation.
Following the same approach as in [22] and [34], we have an approximation of the discrete domain €, with
the discrete level set function ¢y, satisfying

dist(Q, Qp) < A9t (88)

where ¢ > 1 is the order of the geometry approximation (i.e. ¢ is the polynomial degree of ¢;,). In addition,
we assume that there exists a mapping ® : O, () — Os,, () (uniform in ¢) with the following properties:

‘}(Qh) =Q, q’(otsh (Qh)) = 05h (Q),

. (89)
@ —id|| 1~ (0, () S T IV® — Iz~ (0,, () S hY (1 det(V®) — 1|1~ (0,, @u)) S hY
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where ® is a continuous well-defined map that is invertible for sufficiently small h (and uniformly in ¢), and
v=Vo¢/|[V¢|onT, v, =Ve¢,/|Vey| on T',. Moreover, for surface elements, we note the following estimates
from [22]

dS(®(a)) = pndS(a), |pn = Urew,) Sh v —vallpe(r,) S 0% (90)

~

where dS}, (dS) represents the Lebesgue measure for I', (I'). We abuse notation and use dS for either I" or
I', depending on the context. The function puy is the Jacobian resulting from the change of variables for the
surface integral.

For any Qj € Qp,, we define Q% := @, o ®~! and note the following estimates:

||Qfl||2L2(05h(m)) = HQhHiz(oéh(Qg))» ||Qfl||2L2(m) = ||QhH2L2(QZ)v
HVQ€LH%2((’)5}L(Q”)) >~ ||VQhH%2(oéh(szg))» IVQ4IF20n) = IVQnll720y)-

We also collect some basic estimates in Appendix A.2 that will be used repeatedly.

5.2 Consistency Estimate

Taking (29), and setting t = t,,, we have
1 1 / n n n
o 615@“ : Pdx + a" (Qn7p) + ? (w/(Qn)ap)Q" =+ a ((b (Q )7P)F" - (B (VV,Q ) aP)Q" = rhs(P)7 (92)

and we choose P = P} := P, o ®~! for arbitrary P, € Q. Now, subtracting (84) from (92), we get the
following:

Er — Enfl
/ ———  Puda + aj, (B, Py) + Yosn(Fye i ", Pu) = Eo(Ph) + E(Ph) + Eu(Pu) + E(Pr),  (93)
Q

W
where we have the following definitions
= QM- Q) n,
Eo(Pr) = E1(Pr) + E(Pn) + E3(Pn) + Ea(Pr),

n _ n—1
81(Ph) = M : PhdiL’ — 8,5@” : P}fdw,
an At Qn
SQ(Ph) = CLZ (anph) —a” (Qn’ Pil;) )
83(Ph> = ,}/ssh(]:gi; anph)a
e (94)
Ea(Pr) = l5,s(Py) — lfhs,h(Ph)v
E(Pn) = (B(VV,Q"), Py) g — (B(VV.QR), Pr)oy
1 1
Ep(Pr) = — [ (QR): Pudz — = | 4/(Q"): Pyda,
n Jay n Jar
1 1
Es(Py) =~ [ ¢'(QF): PdS—~ [ ¢(Q"): PldS.
w F;LL w Tn

Recall the decomposition Q" = ¢"E® and we define the Lagrange interpolant of Q™ denoted by Q7 € Qy, by
taking the Lagrange interpolant componentwise of q* = (¢}, ¢%, %, q%, q%)*. Now we further split (93) using
the Lagrange interpolant )7 given that Q" is sufficiently smooth. Next, define

E"=Q"-Qr+Q7 —Q; Vn.
—_——  —\—

epeQn

(95)
Then, we get the following

n n—1

€, — €
/ hTth : Phd.’B + aZ (GZ,P}I) + ’)/Ssh(]'—;?;ez,Ph) = 5](Ph) —+ 50(Ph) 4+ 5B(Ph) + gw(Ph) + 5¢(Ph),
Qp

(96)
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where
e — en—l n/.n n n
Er(Py) == —/n —ar Pndx —ay, (e", Pn) — ’yssh(]:zéi;e , Pr). (97)

Lemma 5. Assume the following regularity of the exact solution:
Q e Wr=(C)n L=([0,T); H™H(Q(t)).  9,Q € L>([0,T]; H™(Q(1))),
where C:= |J Q(t) x {t} is the space-time cylinder. For any n > 0, we have an estimate for Er(Pp):
E1(Pn)| S 302K sup (I|QI? Q) + 5 [P + 57 (Pas )
LSV NI p Hm+1(Q(t)) tll () m Rl EL () n (L, Pr)l -

t€[0,7)

Proof. The proof follows from Proposition 2, and (17), and applying Lemma 5.12 in [34] to each component
of @) along with a weighted Young’s inequality. O

Lemma 6. Assume Q € W2°°(C) N L>([0,T]; H"T((t))) and Assumption 1. Then, we have the following
estimate for Ey(Py) for eachmn =1,...,N:

Eo(Pu)| S 18+ 2T+ W] [I1Q" lwaeey + sup |1 Qi)
t€[0,T]
+ Ul o) + IVllwaeiey + 1QE Imeag + €] [IPullr gy + 5k (Ph P2

Proof. For £1(Py,) we use Taylor’s Theorem with the integral form of the remainder:

tn—1
Q(watn—l) = Q(wa tn) + Qt(watn)(tn—l - tn) + / Qtt(t7 w)(tn—l - t)dt
t

n

Then, upon noting that Q" is extended for all n, we have

Qn _ Qn—l

(c:]_(Ph): T:Phdx_ Q?P}idx
" (tn t) ¢
= Qi(x, ty) : Py +/ 7Qtt(m t) : Ppdtde — Q7} : P dx
Q"" tn—l At Qn
tn
/ / Qtt(:v t)dt : Podx 4+ | Q(x,t,) : Pydx — | QF : Pldx
’VL ’VL QTL
h
/ / Unor =8 6 w )it Prda+ | Qul,tn) : Pada — / (Q" 0 ®) : P, det(V®)d,
o/ tn—1 2 1
(98)
where in the last line we performed a change of variables. And now we split the above into two parts:
tn 1 tn
L L et i el < 1Qulsn o Pl [ st
n 1 n—1
(99)

1 1,
EHQ“”L”(O%(C))\|PhHL1(Q;;)§At

S At|Qllwzos ey |1 Pall L2y s
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where we have used Hoélder’s inequality and some standard techniques. Next,

Q+(x,ty) : Prdx — /Q (QF o @) : Py det(V®)dx

n
Q

< QF P, —(Q} o ®) : Prdx

Qr

wnt [ 1Qro®): Pilde (100)
op

Shott IVQE | oo 05, ) 10l gy + PUIQE ([ Lo (05, (p [P0l 2 2

ShQllwez )| Pall 20y,

where we have used the fundamental theorem of calculus for line integrals, Lemma 13, the geometry approxi-
mation between the discrete and exact domains, and some other standard estimates.
Next, we consider & (Py) = a} (Q™, Pr) — a™ (Q”, Pf) and split it with the triangle inequality:

|E2(Pr)| < Iy + In + I3 + Iy + I,
I .= ‘(AVQnva}L)QZ - (AVQH’VPif)Qn
Iy := |as( Z?anph) — Qs (Qn;Qn’Pf;)| ’

1
13127/
21Ja
1
14227/
21/

L=t / (Wh-V)Q" : PodS — | (v-v)Q" : PLds]|.
r

'

)

(v-VQ"):Phda:—/ (v-VQ") : Pldx

n n
h

(v-VP,):Q"dx — / (v-VP):Q"dx|,

n n
h

W
Estimating the first term, we have

I = |(AVQ",VPy)g, — (AVQ", VF;)

Qn

= / (AVQ™) : VP, — (A(VQ" o ®)) : (VP) o ® det(V®)da
Q

n
h

A

/Q (AVQ") : VP, — (A(VQ" 0 ®)) : (VPL) o ®dz| + h||(A(VQ" 0 ®)) : (VFL) 0 B 110

n
h

A

/ (AVQ™) : VP, — (A(VQ" 0o ®)) : (V®) 'V P,dx
Q

n
h

+ Al [VQ"™ | o= (2 I(VR) TV Pal 1oy

A

/ (AVQ™) : VP, — (A(VQ" 0 ®)) : VPydz
op
S TV (AVQ™) | Lo 05, (p IV Pall L py + W Alloo |Qllwz.o0 () | Pl 1 )
S I Alloo IV2Q™ | oe (o) | Pall 1y + B Alloo Qw2 () | Pl 21 2y
<

Qw2 )| Prllm ap),

+ h [ Allool|Qllw2. ) | Pall r1 p)

(101)

where we used a basic change of variables and Lemmas 10, 11, and 12. The estimates for I, I3, and 14 follow
from a very similar method. Lastly, for Is we have
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/n (vh - V)Q™ : PhdS — /n(u -v)Q™ : PfdS

h

2

/n(l/h . V)Qn : Ph — (I/h . (V o (I’))(Qn o ¢I>) : Ph,uhdS

A

+ h[(v o @)(Q" o @) Pyl (1)

/F (I/h . V)Qn : Ph — (Vh . (V o @))(Qn o @) : PhdS

n
h

S WV - )Q (s, ) | Pall gy + AUV o (o | Q" | o (v

S IV lwrse (@) 1@l w2, () 1Pu L 1 2y + AV | oo (omy | Qw200 (o) | Pl oy

PhllLinm

S PUQlwzo )| Prll e an)-
Then, putting everything together we get:
1E2(Pn)| < [ @Qllwzo ) 1P| 21 -
Now, we handle £3(Py,) using a Cauchy-Schwarz inequality and [34, Lem. 5.8]:

|E3(Pa)| = [yssn(Fpe; Q5 Pu)| < yssn(Fope; Q" Q") 2sn(Fypas P, Pr)'/?
Eé 26 26

(3

S @l a0 ysn( Zéi;Ph,Ph)l/Q S W@ rmeanysi( ;(si;Ph»Ph)l/z-
Next, we estimate E4(Py):

2po

E(P)] < | (U8 0 ® = Ufi o, Pa) g | + 52 |(S 0@ = 5, Py

)

+ ‘wo (QFo® —Qf Pa)y,

—l—wl%o ‘((V@I/) o® — ®Vh,Ph)p;:
where we applied a change of variables. Proceeding analogously to our other estimates, we obtain
E4(PI S 17 (10810 + IV llweos (o)) I1Pallzzop) + B (1QE Iie0p) +C) I1Pull g
<1 (U8l op) + ¥ lwes oy + Q20 + C| 1Pl o,
where C' depends on the regularity of v.

Next, we bound the consistency error for the Beris—Edwards term.

Lemma 7. Assume Q" € H™1(Q") and Assumption 1. Then, we have the following estimate:
|€B(Ph)‘ S ||VV||L°0(33)”Q? - Z"LQ(SZZ) (1 + ||Q7LHL4(QZ) + ”QZHL[‘(QZ)) HPhHHl(QZ)
+ (0 R [OV] e ) 1Q ey (14 1Q7 zscop) ) IPallirs o)

BVl ) 19" 20y + 1Q" s )| 1Pl 2260

Proof. We first note the following identity:

En(Pi) = (B (VV, Q) Pioy — (B(VV,Q}), Py + (B(Yv,Q"), Pf) g, — (B(VV,Q}), Pa)gy -

::SE(P;L) =:€%(Ph)
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Estimating £5(P,) delivers

|51§(Ph)’ <

/Qn [B (VV, QT[L) - B (VV, QZ)] : Ppdx

h

< ||VVHL<>0(5S)||Q? - QZHLZ(Q;;)

Pallzaa) +2 /Q (S QDQ7 — QF) + (S (QF — Q)QY : Pudr

15
SIVV] e ) 197 = @illzzcop) (14 1Q" zacop) + 1@kl scop ) I1Pallin o)

where we used a Holder inequality. Then, using a change of variables, we have

|E5(Pu)| < +

/m [B(Vv,Q") — B(Vv,QY})]: Prdx

[ B(Tve®,0"0@) - B(V.Q"): Pude
Q

n
h

+ B(Vvo®,Q"o®): Py[det(VP) — 1]dx

Qy

=0 +1+ Is.

Estimating I;, similar to |5113(Ph)|, yields
1 S 19 e ) 17 = QF ey (14 1Q" sy ) I1Pallrs o)

Next, we estimate I5:

I, < +

/ [B(Vvo®,Q"o®)— B(Vv,Q"o®)|: P,dx
Q

n
h

/Q [B(Vv,Q" o ®) — B(Vv,Q")] : Pydx

n
h

SVl ) [1Q7 12204, 00 + 1Q 05, ] I1Pellz2cap)

9V @)1 0 @ = Qe (IPallzaiapy + 1Q" (s, opn 1 Pa )
STVl ) [1Q7 |20, ) + Q" s 04, 0| 1Pl

+ 199l e 3y 2T IV Q 12005, ) (I1Pu 2y + Q" (05, I Pallscey))

where we used properties of the extension. As for I3, using the geometric approximation, we get

LSh || B(Vvo®Q"o®): Pde

Qp

S WVl (1972205, 00 + 19713105, gy | 1Pl 2o
Then, taking advantage of the regularity of @™ and interpolation theory, we note that
1Q" — QFllz2apy S A ™ HIQ™ | w1 -
Then, using the properties of the extension and combining the results, we obtain (104). O

The next two lemmas are needed to deal with the nonlinearities and the convex splittings of the double
well potentials.

Lemma 8. Assume Q" € H™1(Q) for m > 1 and Assumption 1. Then, we have the following estimates:

PEs(Ph) = ((QR) = ' (Q1), Pa)gy + 1€y (Pr),

_ ~ (105)
’7725w(Ph)’ SBR[ opy | Pullar apy + IV Q™ L2 o) | Prll gy + ChA Pall2apy.

where the (implicit) constants in the inequality, and C >0, depend on 1Q" | z2(ap)-
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Proof. We first note the following identity:
E(Pn) = (W' (QR) — ' (Q1): Pa)gy + (V' (QF), Pu)gy — (¥'(Q"), Pr) g

=2y (Pr)

Next, we use a change of variables and the mean value theorem for integrals with ¢; € [0,1]:

n?Eu(P)| < L, U (EQ] + (1= e)@)(QF ~ Q") : Pude
+ [ Q) (@) 0 @l Pudel +| [ Q70 ®): Pyldet(V9) ~ Tl
S | f, ¥ @Q0 + (= e)@")(QF ~ Q) : Puda
+ o U (2Q" + (1 — 2)Q" 0 ®)(Q™ — Q" 0 ®) : Prdz| + h?||[Y/(Q™ 0 ®)| L2 (o) || Pl 2y

where we used the geometry approximation and, again, the mean value theorem for integrals with ¢y € [0, 1].
Now, we take advantage of the regularity of Q", use a generalized Holder’s inequality, and invoke a Sobolev
embedding theorem which says that P, € HY(QF) = P, € L5(Q7) for QF C R3. Thus, we get

P2E0(P)| S 1" (@1Q3 + (1= )@l ogap) 1QF — Q" lzcop) I Pallzocay)
+ |97 (2Q™ 4+ (1 — ¢2)Q" © ‘I’)HLs(Q;;) Q™ — Q™ o @2y |1 Pl Lo (o)

) (106)
+ h? [HQ"”iG(Qg) + HQHH%A(QZ) +1Q 2y | 1 Prllz2(0p)
SEEHNQ™M | gt oy | Pl ey + hETHIVQ™ | L2 o) | Prll gy + éthPhHL?(Q;;y
where the (implicit) constants in the inequality, and C > 0, depend on 1Q™ | 2(ap)-
O

Lemma 9. Assume Q" € H™1(Q) for m > 1 and Assumption 1. Then, we have the following estimates:
wEH(Ph) = (¢ (QR) — &' (QF), Pa)ry + wEs(Pn),
(W€ ()| S [H1Q" Natmss gy + BT Q" 2y + B 1Q" 1oy | 1Pl oy

where the (implicit) constants in the inequality are independent of Q™.

(107)

Proof. We first note the following identity:
wEs(Pr) = (#'(QR) — &/ (@), Pu)ry + (8(@1), Py — (6/(@"), P

=wEy(Pp)

Next, we use a change of variables and the mean value theorem for integrals with ¢; € [0,1]:

wam| <| [ ¢/@Q} +(1-e)Q)(@) - @) : Puds
+ [ 9@~ (@) o @1 Py ¢ | [ #1Q" @) P~ 11aS
S| [ 4@t + 0@ (@f - @) Pads
#] [ 9@+ (- )@ 0 @)Q" ~ Q0 @) FudS + 16(Q" 0 @) ey Pl
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where we used the geometry approximation and, again, the mean value theorem for integrals with ¢y € [0, 1].

Now, we take advantage of the regularity of @™ and the fact that ¢ has quadratic growth and satisfies
(10), i.e. |¢” ()| is bounded by a constant. Moreover, we use Cauchy-Schwarz, and invoke a standard trace
theorem: [|Q"||L2ry) S Q" 1 (ap)- Thus, we get

’Wga&(Ph)‘ S {HQ? = Q"lL2rp) + |Q" — Q" 0 @|| 21y + hq||Qn||L2(F;;)] [ Prllz2crp)

(108)
S {hmHQn”H"”rl(Qg) +hVQ" |52y + thQ"llHl(Q;;)} | Prll a0y

where the (implicit) constants in the inequality are independent of Q™. O

We now prove the main consistency estimate using similar techniques as in Theorem 4 and the previous
lemmas. In this case, the constant factor is exponential in the final time T'.

Theorem 5 (Consistency Estimate). Assume Q™ € W2°°(C)NL>([0,T]; H™T1(Q(t))), 8:Q™ € L>([0,T]; H™((2))),
and Assumption 1. Then, we have the following:

k k
ay n n (mn N
B2 gy + S0 S I gy + At D o (B7, ) .
n=1 n=1

S Z (493T€Xp (2(02 —+ 02)T) . (At —+ h? —+ hm)2 + HOth) ) fOT k= 1, 2, ey N,

where O, O3 depend on various constants in the problem (but not on the exact solution), A depends on the
ezact solution and given data, and Cy depends on the extension operator.

Proof. Recall (96) and test with P, = 2Ate}

2/ (eff — el epda + 2Atay (e, ef) + 2ysOtsp(Fgxsensep)
Q )

(110)

n
h

= 24t [Ex(ep) + Eoley) + Enlen) + Eyler) + Es(ep)]

and note the following trivial relation:

2 [ (=) seide = ek ey — b I + [ ehieR =26 et
h h

= llenlZaiap) — len Tz + e —en 22y
> HBZHQL?(Qm - Hez_l”%zmg)-
Then, using the discrete version of (36):
af (ehsep) = SRl o) — Oule Iaay),
gives the following:
(1 =201 At)[lef | F2an) + a1 Dtlleqllz qp) + 20Lts, (e, i) < 2AtE™ + HETIH%(QZ)a (111)

where " := Er(e) + Eolen) + Ep(ef) + Ey(ef) + Es(e}).
Next, we note several estimates for the terms in £”. From Lemma 5, we have

n VI 2m 1 n n/n _n
£l £ YR ERIQ) + 5 [k ap) + ok (efeh)] (112)
for any 7 > 0, where R;(Q) depends on the exact solution Q. From Lemma 6,

n o m 1 n n/ n _n
Eale)I S 2 (8 + T+ 1 RQuv. U @0) + 5 [l + s (ehel)] . (119
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for any 9 > 0, where Ry depends on the exact solution and the given data. For the Beris-Edwards term,
Lemma 7 gives

[EICHIBS 7(h 1+ h)’RE + %H%H?p(gz), (114)

for any vp > 0, where Rp depends on the exact solution and given data. Next, we note the estimates for the
double-well terms. For the bulk potential, Lemma 8 gives

Es(e) = 172 (W(Q]) — V(@) Py + Eulel) < 072 (WL(QF) — VL(Q). ef)ay + Eulel),

where we used the convex-splitting and convexity of 1.. Thus, we get

m ]‘ n
Eulei] S o5 [m||eh||L2(m)+ (R + B’ R(Q) + gwlleh@pmm] (115)

for any v, > 0, where R, depends on the exact solution. Similarly, for the boundary potential, Lemma 9
gives

n 1 ’y m 1 n
Eolei] 5 | 2Oy + (07 + PRAQ) + ek B | (116

for any 4 > 0, where Ry depends on the exact solution.
Then, choosing 77, Y0, YB, Yu» V¢ appropriately, and plugging into (111), we arrive at

(1- At92)||eh\|%2(ng) + EAtneh”%Il(Qz) + s Dtsy (e, ep) (117)
< llep M2 gp) + s RAE (A + T 4 B™)?,

where 05, 65 depend on various constants in the problem (but not on the exact solution), and R depends on
the exact solution and the given data.
Now, we use (17), and apply Lemma 3 componentwise, to get the following estimates for Hez_lH%Q @)

that hold for all 1 < n < N for constants Cy,Co, C3 that do not depend on n:

He%HQL?(Ql < ||62||%2((95(Q%) < Cl||62||2L2(Qg/) +ClKh232(€27€2)’
n—1
||€ ||L2 Q) < ||€h ||L2(05(Q“ 1) (118)
< (1+ CotDllen 2oy + AUV 2agnony + CoStE 37 (el e ™).

Now, by summing up (117) over n = 1,..., k, we get the following;:

k k k

(1 — Aths) Z HehHQL?(Q;;) + 7At Z ”ehll%{l(ﬁﬁ) + Aty Z sp (€h-en)
n=1 n=1 n=1
) (119)
<D ller M e gy + O3 R (At +h?+h™) ZAt
n=1 n=1

Then, by applying (118) and choosing 5 > 2C3 K, we get

k k
aq Vs
(1= 25182) e B+ 2250 S el gy + A28 3 s e ef)

n=1 n=1
i (120)

S 03ET (At —+ h4 + hm)2 + ClHe(})L”iQ(Q?) + ClK S?L(eh,eh + At Z CQ + 92)”6

n=2

HLQ(Q" 1)'
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Now, choose Atfs < % and note that ) =0 on O5(Q}) to obtain

k k
Oél n n n n
H‘flfi”iz(gﬁ) + ?Atz ||€h\|%11(9;3;) + Aty Z sp, (ek»en)
n=1 n=1
) - (121)
< 205RT (At +h?+ W™ + ALY 2(Co +02) el 720p)-
n=1

Now, by the discrete Gronwall inequality stated in Lemma 14 of the appendix, we get the following:

k k
aj
ek 12 aqast S8 D Nkl + At Y o5 (ef )
n=1

n=1

(122)
< 205RT exp (2(Co + 02)T) - (At 4 h? + h™)*.

Then, by using a triangle inequality with a standard interpolation result we get

k k
(65} r
IE* 17y + 7&2 IE™ (131 gy + Dtys Y sk (E",E™)
n=1 n=1
< 403RT exp (2(Co + 02)T) - (At + h + B™)?
k k
+2e¥ 172 ian) + 1Y €7 (qp) + 20075 Y sh (€ e™)
n=1 n=1

< 09T exp (2(Cy + 0)T) - (B + 1+ 0™+ o 51p. QUi a1
telo,T

for some independent constant Hp, which delivers (109). O

6 Numerical Results

We present simulations with different choices of anchoring conditions that depict how LC defects are induced
by the colloidal objects as well as the interaction of the colloids with the surrounding LC medium. See
[7, 46, 26] for an explanation of defects in LCs. All simulations were implemented in NGSolve [41] with the
add-on package ngsxfem for unfitted methods [33]. We use a standard Newton-scheme to solve the non-linear
system at each time-step. The hardware used for the simulations was the following laptop: Lenovo ThinkPad
P14s Gen 5, Intel(R) Core(TM) Ultra 7 155H, 1400 Mhz, 16 Cores, 22 Logical Processors, 96 GB of RAM.

6.1 Convergence Check

The box domain is taken to be D = [0,1]? in two dimensions and is triangulated with a uniform mesh of size
h = ho2~%, where hg = 0.1 and k > 0 is the refinement level. The LC domain is defined by Q(t) = D \ D(¢),
where D(t) denotes the domain of a moving colloid whose path is parameterized by

x(t) = 0.540.15sin((7/8)t), y(t) = 0.5+ 0.15cos((7/2)t), (123)

where (x(t),y(t)) refers to the center of the colloid, which is a disk of radius 0.2. Time-dependent level set
functions are used to track the domain Q(t) using P, Lagrange elements.

With the velocity of the colloid known, we compute the fluid velocity v in §2 by solving a Stokes problem
using an unfitted method [25, 35, 32, 50]. We use P»-P; Taylor-Hood elements for velocity and pressure with
the following stabilization parameters

el = 0.05, 7, =0.05, ~p = 150. (124)
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The time interval is taken to be [0, 7] with 7' = 2.0 and N = 10 - 2* time steps. The elastic coefficients are
given by ¢; = 1.0, {2 = 0.5, ¢35 = 0.4. The bulk potential is given by (6) with constants:

ap = 1.0, a2 =16.3265, a3 =0.0, a4 =66.6389. (125)

and bulk constant: n = 1.0. Note that ¥(Q) achieves its global minimum of 0.0 when @ has the form of (2)
with s replaced by sg = 0.7. The weak anchoring constants are chosen to be

wo =10, w; =10, 1/w=10, (126)

and the Beris—Edwards parameter is pg = 0.5.
Our numerical scheme uses Ps Lagrange elements for approximating @) with the following unfitted pa-
rameters defined similar to [34]:

§=12Atv", K =int(1+ceil(§/h)), 7 =c K, ¢, =11, (127)

where v is computed from the known colloid velocity.
Since we are in two dimensions, there are two symmetric traceless, orthonormal basis matrices { E!, E?}
that span Sy which are given by

The exact solution is then chosen to be
Q(t, 21, 22) = cos(t) [sin(2mz1) B + cos(2ma2)E?] (128)

and we compute Ug such that (128) exactly solves (14); note: we include an extra “right-hand-side” term in
the boundary condition in (14) to fit the manufactured solution. A strong anchoring condition is given on the
outer boundary of the box 99: @ = Qp which matches (128); similarly, the initial condition matches (128).

Referring to the error estimate in (109), we have ¢ = 2, m = 2. The convergence results are given in
Table 1. Note that the convergence rate is limited by the first order time-discretization error.

L*(0,T; L*((t))) LW(O,T;LQ(Q( ) L*(0,T; H'(()))
1.7411E-03 (—)  1.7630B-03 (— 5.9067E-02 (—)

2.4378E-04 (2.84) 2.0153E-04 (3. 129) 1.2572E-02 (2.232)
9.8959E-05 (1.30) 8.2683E-05 (1.285) 3.2733E-03 (1.941)
4.8485E-05 (1.03) 4.1277E-05 (1.002) 9.5014E-04 (1.785)

W N = O

Table 1: Convergence results for the exact solution in (128). The mesh size is h = ho2~* (where
ho = 0.1), the time step is At = Atg27F (where Atg = 0.2), and k > 0 is the refinement level. The
experimental order of convergence is given in parenthesis.

6.2 Two Colloids Moving Vertically

The box domain is taken to be ® = [0,1.5] X [0,1] in two dimensions and is triangulated with a uniform mesh
of size h = 0.05. The LC domain is defined by Q(t) = © \ (D1(t) U Da(t)), where D;(t) denotes the domain of
the i-th moving colloid. The two colloids have paths parameterized by

x21(t) =04, yi1(t) =0.5+0.2sin((w/4)t),

zo(t) = 1.1, ya(t) = 0.5 — 0.2sin((w/4)t), (129)
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Time Index: 005 o> Timeindex: 036

™' Time Index: 075

Figure 2: Two colloids moving vertically with normal anchoring (Section 6.2). The line segments
depict the director n of the liquid crystal which is the dominant eigenvector of @ (color is |@Q]). The
background color is |v|. Two —1/2 defects are located near the vertical poles of each colloid.

where (z;(t), yi(t)) refers to the center of the i-th colloid, which is a disk of radius 0.18. Time-dependent level
set functions are used to track the domain €(t) using P, Lagrange elements.

With the velocity of each colloid known, we compute the fluid velocity v in € by solving a Stokes problem
using an unfitted method as described in Section 6.1. The time interval is taken to be [0,7] with T' = 16.0
using N = 200. The elastic coefficients are given by ¢; = 1.0, {5 = 0.0, ¢35 = 0.0. The bulk potential ¥(Q) is
given by (6) with constants given in (125) and bulk coefficient: n = 0.1. Note that ¢(Q) achieves its global
minimum of 0.0 when @ has the form of (2) with s replaced by so = 0.7.

The weak anchoring constants are either of two choices:

Normal Anchoring: wo =100, w; =0, 1/w=0,

130
Planar Anchoring: wo =0, w; =100, 1/w = 100. (130)

The Beris—Edwards parameter pg = 0.0. Our numerical scheme uses Py Lagrange elements for approximating
Q@ with unfitted parameters defined as in (127).
A strong anchoring condition is given on the outer boundary of the box 99: @ = @p with

1
Q@b = s0 (el ®ey — §I> ; (131)

where e; = (1,0). The initial condition is given by

1
Qo = so (62 ®ez — §I> ; (132)

where e; = (0,1).

Figure 2 shows snapshots of the simulation with normal anchoring. The liquid crystal director n (i.e. the
dominant eigenvector of Q) is orthogonal to the colloid surfaces; n is aligned with e; on 9. One can see how
n is affected by the relative position of the colloids. Furthermore, two —1/2 defects are at opposite ends of
each colloid which follow the motion of the colloids. The effect of the initial condition is heavily damped out
because of the high anchoring coefficients and the small value of n = 0.1.

Figure 3 shows snapshots of the simulation with planar anchoring. The liquid crystal director n is parallel
to the colloid surfaces; n is aligned with e; on d®. The alignment of the director in the center of the domain

27



Time Index: 005 [;f Time Index: 018 [;1‘;“ Time Index: 036 [;:j

Time Index: 046 l’ Time Index: 060 l;:“ Time Index: 075 l;:‘

Figure 3: Two colloids moving vertically with planar anchoring (Section 6.2). The line segments
depict the director n of the liquid crystal which is the dominant eigenvector of @ (color is |@Q]). The
background color is |v|. Two —1/2 defects are located near the horizontal poles of each colloid.

“switches” between two distinet directions as the colloids move back and forth. Furthermore, two —1/2 defects
are at opposite ends of each colloid which follow the motion of the colloids. The effect of the initial condition
is heavily damped out here as well.

6.3 Two Colloids Moving Horizontally

~

The box domain is taken to be ® = [0,1.5] x [0, 1] in two dimensions and is triangulated with a uniform mesh
of size h = 0.05. The LC domain is defined by Q(¢) = D \ (D1(t) U Da(t)), where D;(t) denotes the domain of
the i-th moving colloid. The two colloids have paths parameterized by

21(t) = 0.75 + 0.4sin((7/4)t), 1 (t) = 0.75,

2a(t) = 0.75 — 0.4sin((r/4)t), ya(t) = 0.25, (133)

where (z;(t), yi(t)) refers to the center of the i-th colloid, which is a disk of radius 0.15. Time-dependent level
set functions are used to track the domain €(t) using P, Lagrange elements.

With the velocity of each colloid known, we compute the fluid velocity v in Q by solving a Stokes problem
using an unfitted method as described in Section 6.1. The time interval is taken to be [0,7] with T' = 16.0
using N = 400. The elastic coefficients are given by ¢; = 1.0, {5 = 0.0, ¢35 = 0.0. The bulk potential ¥(Q) is
given by (6) with constants given in (125) and bulk coefficient: n = 0.1. Note that ¢(Q) achieves its global
minimum of 0.0 when @ has the form of (2) with s replaced by so = 0.7.

The weak anchoring constants are either of two choices:

Normal Anchoring: wy =100, w; =0, 1/w=0,

. (134)
Planar Anchoring: wo =0, w; =100, 1/w = 100.

The Beris—Edwards parameter pg = 0.0. Our numerical scheme uses Ps Lagrange elements for approximating
@ with unfitted parameters defined as in (127).

A strong anchoring condition is given on the outer boundary of the box 99, Q = Qp, using (131). The
initial condition is given by (132).

Figure 4 shows snapshots of the simulation with normal anchoring. The liquid crystal director n (i.e. the
dominant eigenvector of Q) is orthogonal to the colloid surfaces; n is aligned with e; on 9. One can see how
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Time Index: 005 [;ﬁ» Tme Index: 070 [M Time Index: 090 [;T

Time Index: 120 [;‘("‘ ?' Time Index: 200 [;‘("‘

Figure 4: Two colloids moving horizontally with normal anchoring (Section 6.3). Same format as
Figure 2. Two —1/2 defects are located near the vertical poles of each colloid.

n is affected by the relative position of the colloids. The alignment of n in the center of the domain switches
between two main orientations as the two colloids pass each other.

Furthermore, each colloid has two —1/2 defects that mainly hover near opposite poles of the colloid as it
moves. However, there is some variation here. In the top-left plot, the top colloid “loses” its bottom defect to
the bottom colloid (i.e. the bottom colloid has three —1/2 defects). In addition, the bottom-right plot shows
that the defects are not at opposite poles, but slightly displaced. The effect of the initial condition is heavily
damped out because of the high anchoring coefficients and the small value of n = 0.1.

Figure 5 shows snapshots of the simulation with planar anchoring. The liquid crystal director n is parallel
to the colloid surfaces; n is aligned with e; on d®. The alignment of the director in the center of the domain
smoothly varies as the colloids move back and forth. Furthermore, two —1/2 defects are at opposite ends of
each colloid which follow the motion of the colloids. The effect of the initial condition is heavily damped out
here as well.

6.4 Two Colloids Moving in a Circle

The box domain is taken to be D = [0,1.5)% in two dimensions and is triangulated with a uniform mesh of
size h = 0.05. The LC domain is defined by Q(¢) = © \ (D1(t) U Da(t)), where D;(t) denotes the domain of
the i-th moving colloid. The two colloids have paths parameterized by

21(t) =0.75 + 0.4 cos((w/4)t), wy1(t) =0.75 + 0.4sin((w/4)t),

x9(t) =0.75 — 0.4 cos((w/4)t), wya2(t) =0.75 — 0.4sin((w/4)t), (135)

where (z;(t),y;(t)) refers to the center of the i-th colloid, which is a disk of radius 0.2. Time-dependent level
set functions are used to track the domain €(t) using P, Lagrange elements.

With the velocity of each colloid known, we compute the fluid velocity v in Q by solving a Stokes problem
using an unfitted method as described in Section 6.1. The time interval is taken to be [0,7] with T' = 16.0
using N = 400. The elastic coefficients are given by ¢; = 1.0, 5 = 0.0, ¢35 = 0.0. The bulk potential ¥(Q) is
given by (6) with constants given in (125) and bulk coefficient: n = 0.1. Note that ¢(Q) achieves its global
minimum of 0.0 when @ has the form of (2) with s replaced by so = 0.7.

The weak anchoring constants are either of two choices:

Normal Anchoring: wy =100, w; =0, 1/w=0,

136
Planar Anchoring: wo =0, w; =100, 1/w = 100. (136)
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I
Figure 5: Two colloids moving horizontally with planar anchoring (Section 6.3). Same format as
Figure 3. Two —1/2 defects are located near the horizontal poles of each colloid.

The Beris—Edwards parameter pp = 0.0. Our numerical scheme uses P> Lagrange elements for approximating
@ with unfitted parameters defined as in (127).

A strong anchoring condition is given on the outer boundary of the box 6357 Q@ = Qp, using (131). The
initial condition is given by (132).

Figure 6 shows snapshots of the simulation with normal anchoring. The liquid crystal director n (i.e.
the dominant eigenvector of @) is orthogonal to the colloid surfaces; n is aligned with e; on 9. One can see
how n is affected by the relative position of the colloids. The alignment of n in the center of the domain is
fairly stable except for a sudden transition between time indices 60 and 75 where there is an abrupt change in
orientation. Moreover, each colloid has two —1/2 defects that mainly hover near opposite poles of the colloid
as it moves with some slight distortions. The effect of the initial condition is heavily damped out because of
the high anchoring coefficients and the small value of n = 0.1.

Figure 7 shows snapshots of the simulation with normal anchoring. The liquid crystal director n (i.e. the
dominant eigenvector of Q) is orthogonal to the colloid surfaces; n is aligned with e; on 9. One can see how
n is affected by the relative position of the colloids. The alignment of n in the center of the domain smoothly
varies except for a sudden transition between time indices 115 and 125 where there is an abrupt change in
orientation. Also, the liquid crystal state is different for time indices 5 and 205, even though the colloids are
in the exact same position. Moreover, each colloid has two —1/2 defects that mainly hover near opposite poles
of the colloid as it moves with some mild distortions. The effect of the initial condition is heavily damped out
because of the high anchoring coefficients and the small value of n = 0.1.

7 Remarks

We presented an unfitted finite element method to simulate LCs in moving domains based on a dynamic
Landau—de Gennes model. Full convergence of the scheme is established with reasonable assumptions on
the geometry. Our results highlight the potential of unfitted FEMs for simulating materials with embedded
microstructures and can provide insight into the interplay between geometry, topology, and elasticity in liquid
crystal—colloid systems.

Future extensions of this work would be to couple Stokes to the Dynamic Q-equation; some PDE theory
is already available in [39]. In [20], they consider the problem of a moving colloid in a nematic LC. However,
the main difficulty here is in extending unfitted FEM techniques to problems where the domain motion is part
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Figure 6: Two colloids moving in a circle with normal anchoring (Section 6.4). Same format as
Figure 2. Two —1/2 defects are located near the vertical poles of each colloid.
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Figure 7: Two colloids moving horizontally with planar anchoring (Section 6.4). Same format as
Figure 3. Two —1/2 defects are located near the horizontal poles of each colloid.
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of the solution. As of this time, little work has been done in this area.

A Appendix

A.1 Extension Operator
The following is taken from Lemmas 3.4 and 3.5 in [34]. Given y(t, ) : Q(t) — R, there exists an extension
operator, denoted &, such that

Ey(t,x) : Os(Qt)) — R, (137)

where € has the following properties. For y € L°°([0, T]; H™F1(Q(t))) N W2°°(Q(t) x [0,T]) (see [34] for the
function space definition) we have

1EYll mr 05y < allyllarey, k=0,1,...,m+1
IV(EY)IL20sy)) < c2llVYllz2 ), (138)
I€Yllw2.(05c)) < esllyllwz(c),

where the constants are independent of 6. Also, for y € L°°([0,T]; H™1(Q(t))) with 9,y € L°([0,T]; H™((t)))
we have

10:(EY) | Em (05 2ty < €a (IWllam+r ey + 10l Em 1)) » (139)

where ¢4 does not depend on 6.
As for @, we define its extension by £Q = (£¢;)E* which guarantees that the extension is traceless and
satisfies similar estimates to (138), (139).

A.2 Geometric Approximation Estimates

Lemma 10. Given R € L(Q}), S € LY(T}), T € WHP(O(Qp)), and U € W>P(O(Q})), where 5 +
there holds:

| 1T o®): BT Rlda S b9 T ot | Rl vy

" (140)
[ 0o ®) 5= U: 5148 S B U wasorag 1Sy

h

Lemma 11. Given f € L'(Q}) and g € L*(I'}!), there holds:

fdet(V®) — fdx| < b7 fllLrop), |/ gun — gdz| S h|gllLr ) (141)
F s
Lemma 12. Given v € LP(QF), then we have the following:
[(Ve") " v — vl Loap) S W0l Lrap).- (142)

This result is taken from [43, Cor. 4.13].

Lemma 13. Let R(a,t) := a + tY(a), for all t in a bounded, open interval I, and a.e. a € R?, where
Y € W (R4, Assume that ||Y ||w1. is sufficiently small so that for allt € I, VqR(a,t) is a matriz with
positive determinant and |VqoR(a,t)| = O(1), i.e. R(-,t): RY — R? is a differentiable homeomorphism for
allt € I. Now let g € LP(R?), and define ¢ : R x I — R by q(a,t) = go R(a,t). Then, ¢ € LP(R% x I) and
llall rraxry < O|I|1/p||g||Lp(Rd) for some bounded constant C.
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A.3 Other Results

The following lemma from [47] is needed in the analysis.

Lemma 14. (Discrete Gronwall Inequality) Let {u,} satisfy

k—1
ue <ap+ Y Batn, k>0, (143)

n=0

where oy, is nondecreasing with respect to k and By, > 0 for all k > 0. Then it follows that

k-1
up < ay exp (Z 5n> . (144)

n=0
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