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A FINITE ELEMENT METHOD FOR THE GENERALIZED ERICKSEN MODEL
OF NEMATIC LIQUID CRYSTALS

SHAWN W. WALKER*

Abstract. We consider the generalized Ericksen model of liquid crystals, which is an energy with
8 independent “elastic” constants that depends on two order parameters n (director) and s (variable
degree of orientation). In addition, we present a new finite element discretization for this energy, that
can handle the degenerate elliptic part without regularization, with the following properties: it is stable
and it ['-converges to the continuous energy. Moreover, it does not require the mesh to be weakly acute
(which was an important assumption in our previous work). Furthermore, we include other effects such
as weak anchoring (normal and tangential), as well as fully coupled electro-statics with flexo-electric
and order-electric effects. We also present several simulations (in 2-D and 3-D) illustrating the effects
of the different elastic constants and electric field parameters.
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1. INTRODUCTION

Liquid crystals (LCs) are a classic example of anisotropic matter. Indeed, LCs are considered a meso-phase
of matter, between a liquid and a solid, which is directly due to the anisometric shape of the LC molecules
(i.e. LCs are an anisotropic material). The most famous application of LCs are in display devices [47,78], but
many other novel uses are being found in material science, such as self-assembly of composites, optics, and
biotechnology [53].

The mathematical modeling of LCs is rather sophisticated. The Landau-deGennes macroscopic order param-
eter Q is derived via an ensemble type of averaging [84,87]. With this, and the tools of classical continuum
mechanics, one can formulate an energy functional which the LC material minimizes at equilibrium. Mathemat-
ical analysis of the Q-tensor model has been done in several works; for instance, see [10-12,59,61, 74].

In contrast, the Oseen-Frank model is the simplest model of a nematic LC [37,49, 87]. This model uses a
unit vector field n called the director as the order parameter. The corresponding energy functional is given by
Jo, IVn|? (in the one-constant case). Much of the mathematical analysis of Oseen-Frank is related to harmonic
mappings [4,15,16,28,41,45,46,57]. The Oseen-Frank model is a work-horse of the display industry [42,75,81],
however its main drawback is that defects (discontinuities in n) usually have infinite energy.
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The Ericksen model of LCs was developed to allow for defects with finite energy [34,87]. Here, two order
parameters are used, n and s, with a corresponding (one-constant) energy functional given by (5.1). The
preliminary mathematical analysis of the Ericksen model can be found in [5,6,55,56] with later work in [25].

Minimizers of the Ericksen model may yield non-trivial defects [18,20,23,55,56,80]. The variable degree-of-
orientation variable s in (5.1) gives a degenerate Euler-Lagrange equation for n. The advantage here is that
it allows for line and plane defects (of n) in dimension d = 3 with finite energy. Defects are important in
applications, especially those that lie on three dimensional space curves [7,29,43,85].

Many numerical methods have been developed for simulating the statics and dynamics of liquid crystals
[1-3,14,30,77]; see [9] for a survey. The methods in [4,15,28,57] are for harmonic mappings, i.e. nematic liquid
crystals with a fixed degree of orientation. However, until recently, there has not been much numerical work on
the Ericksen model, except for [14, 25].

A method was developed in [69, 70] by the author and collaborators to solve the (one-constant) Ericksen
model of nematic liquid crystals (summarized in Sect. 2.1.1). A discrete form of the energy (5.2) was developed
in [69,70] and shown to T'-converge to (5.2); in addition, a method for computing discrete minimizers was given.
This method was later extended to account for colloidal particle effects and external electric fields [71], as well
as simulating liquid crystal droplets with anisotropic surface tension effects [33,63]. The two main limitations
of the approach in [33,63,70,71] are: (1) it is for the one-constant Ericksen model, and (2) the method requires
the computational mesh to be weakly acute to guarantee convexity of the discrete energy.

Summary 1.1. In this paper, we consider a new discretization of the Ericksen model that is capable of handling
the general form of Ericksen’s model, i.e. not the one-constant model (see Sect. 2.1.4). In addition, the method
only requires a shape regular mesh; the weakly acute mesh condition is no longer required. This is especially
important in three dimensions because generating a weakly acute mesh of a general non-trivial three dimensional
domain is an open problem. The reason is that the current discretization uses a mass lumping technique, which is
different than in our previous work [70,71], where the weak acuteness condition cannot be dropped. Furthermore,
we fully couple non-linear electro-statics to the Ericksen model, including flexo-electric and order electric effects
[1,24,64]; previously only a given electric field E was considered.

Moreover, we are able to prove convergence of our finite element method using the tools of I'-convergence
[21,31]. The Euler-Lagrange equation for the Ericksen model is not easy to analyze because the PDE for the
director n is degenerate, i.e. the coefficient of the elliptic term is s which can vanish. Regularizing the s term,
with a small positive parameter, is not desirable because it destroys the main purpose of the Ericksen model
(see Rem. 2.3). Using I'-convergence, we can avoid dealing with the Euler-Lagrange equation entirely.

An outline is as follows. Section 2 describes the continuum equilibrium model and develops several analytic
results needed in our I'-convergence proof, and Section 3 describes our finite element discretization of the
continuous problem. In Section 4, we prove that our finite element scheme I'-converges to the continuous
problem; several technical results are built up to accomplish this. Numerical results are given in Section 5,
followed by some concluding remarks in Section 6. Several technical results are collected in Appendix A.

2. EQUILIBRIUM MODEL

We describe the different (energetic) parts of the liquid crystal model. Section 2.1 gives the general Ericksen
(free) energy, as well as its basic mathematical formulation. Section 2.2 describes how weak anchoring effects are
modeled, and Section 2.3 gives the non-linear electro-static model with flexo-electric and order-electric effects.
We conclude in Section 2.4 with some analytical results for the continuous model.

2.1. Ericksen’s model

Let © be a bounded Lipschitz domain in R? with d = 2, or 3. The director field n : Q@ — S% ! is a vector-
valued function with unit length. The degree-of-orientation s : 8 C R — [f%, 1] is a real valued function. The
variable n, by itself, cannot properly describe a “loss of order” in the liquid crystal material because it has unit
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length. The s variable models the “local order” of the liquid crystal molecules. See [71,87] for a description of
the meaning of n and s.

Remark 2.1. Since the Ericksen model uses a director (vector) field n, clearly Ericksen cannot model half-
integer defects, which is an obvious limitation in modeling nematic LCs in some situations. Indeed, nematics
are best modeled by using a line field (essentially, vectors without orientation). If a line field is orientable, then
it can be replaced by a vector field with no adverse effect [11,12], i.e. a vector field is sufficient to model the
nematic state.

For non-orientable line fields, a possible remedy is to adopt the approach in [48,61,92] that enforces the
equivalence of +n. Unfortunately, their method assumes s is a constant parameter, which is not true for the
Ericksen model. In addition, their method uses an explicit time-stepping scheme, so is not efficient. However,
the main idea in [48,61,92] (also see [17]) could potentially be combined with our approach, but this is left to
future work.

In this paper, we explore the general Ericksen model with the vector field approach because vector fields are
adequate in some situations and the numerical realization of the generalized Ericksen model has not been done
before. Moreover, nematic vector field models may be useful for other physical applications where orientation
is important.

We begin by recalling the Ericksen one-constant model, followed by its theoretical framework and the more
general Ericksen model. In doing so, for a generic domain D, we will use the following L?(D), [L?(D)]4,
[L2(D)]™? inner products: (u,v)p = [puv, (0,v)p = [yu-v, (M,Y), := [, M : Y. For simplicity, we
will write (u,v) := (u,v), when integrating over €; integrals over co-dimension 1 subsets, e.g. I' C 092, will
always have a subscript I'.

2.1.1. Ericksen’s simple energy

The equilibrium state of the liquid crystal is given by a pair (s, n) that minimizes a bulk free energy functional,
whose simplest form is the following (dimensional) energy:

1
J(s,n) = Es(s,n) + [ ¥(s)dx, E(s,n) := 5/ (b0|Vs\2 + k052|Vn|2> dz, (2.1)
Q Q
where bg, kg > 0 are model parameters. Typical physical values for kg are on the order of 107 J/m ([76],
Tab. 1, p. 168). Unfortunately, we are unaware of available experimental data for by, thus we assume by is of
roughly the same order as k.
The double well potential 1) is a C? function defined on —1/2 < s < 1 that satisfies [5,34, 56]

(1) lims_,l w(s) = limsi,,l/g w(s) = 00,
(ii) (0) > 9 (s*) = minge[_1/2,1)¥(s) = 0 for some s* € (0,1),
(iii) ¥'(0) = 0.

Remark 2.2. The form of ¢ follows from the (uniaxial) Landau-deGennes theory of nematic LCs [32, 87].
Usually, the following choice is made:
A/ 9 B/ C/

=5 — =5+ —s* (2.2)

v(s) =5 3 1

where the parameters A’, B’, C' are material dependent with B’, C’ positive and A’ has no definite sign. Usually,
A’ depends on temperature T [39] having the form A’ o< (T'— T*), where T™* is the super-cooling temperature.
Physical values for A’, B',C" are on the order of 10° J/m? ([76], Tab. 1, p. 168).

Property (iii) of ¢ is automatically satisfied by (2.2). If A’ is less than a sufficiently small positive number
Aj, then property (ii) is also satisfied; this corresponds to having a stable nematic phase. In other words, if A’
is too large (positive), then the only stable phase is the isotropic phase, meaning s = 0 everywhere. Property
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(i) is not satisfied by (2.2). However, the s* term can be modified near the bounds s = —1/2,+1 to enforce
property (i), without affecting the stability of the nematic phases.

For ease in our numerical implementation, we assume the form of (2.2) for v, but one can certainly add
barrier /penalty functions to enforce property (i) numerically.

When the degree of orientation s is a non-zero constant, the energy Fonep,(s,1n) in (5.2) reduces to the
Oseen-Frank free energy fQ |Vn|2. The degree of orientation avoids singular energies when defects are present.
In fact, discontinuities in n (i.e. defects) have finite energy provided they occur in the singular set

S:={zxeN: s(z) =0} (2.3)

Existence of minimizers was shown in [5,56] and analytic solutions for minimizers with defects were constructed
in [87]. Minimizers with other types of defect structures were discovered numerically in [70].

Remark 2.3. One cannot simply regularize E; by ES(s,n) = 3 [, (bo|VS|2 + ko(s? + 62)|Vn|2) for some

finite € > 0 as was done in [14,25]. This fundamentally changes the Ericksen model into a variant of Oseen-
Frank, i.e. point defects in two dimensions, and line defects in three dimensions, will give ES(s,n) = +oo. If
defects are important in the physical model, then regularization is not appropriate. In a sense, the finite element
discretization automatically regularizes the problem without needing an extra term.

For simplicity throughout this paper, we assume the parameters have been normalized, i.e. kg = 1, and bg
and v are non-dimensional (see Sect. 5.1).
2.1.2. Function space framework

An auxiliary variable u := sn and identity was introduced in [5,56] that allows the energy Eone b, (s, 1) to be
rewritten as

1
Fone.by (5,1) = Eone p, (5,1) := 5/ ((bo —1)|Vs* + |vu\2) dr, (2.4)
Q

which uses Vu = n ® Vs + sVn and the unit length constraint |n| = 1. Whence, even with 0 < by < 1, the
minimization problem for Eoye p, (8, 1) is well-defined [5,56] over the following (closed) admissible set:

A:={(s,n) € H(Q) x [L®°(Q)]¢ : (s,u,n) satisfies (2.6), with u € [H'(Q)]?}, (2.5)
where
u=sn —1/2<s<1lae inQ, andnecS¥ ! ae inQ, (2.6)
is called the structural condition of A. If we write (s,u,n) in A, we mean that (s,n) in A, u in [H'(22)]¢, and
(s,u,n) satisfies (2.6). Note: the identity (2.4) only holds for (s,u,n) in A.
2.1.3. Boundary conditions

Boundary conditions are captured by functions g : R — R, r, q : R — R¢ that satisfy the following.

Assumption 2.4 (Boundary data is regular). There exists g € WL (R?), r € [WL(RY)]4, q € [L>=(R9)],
such that (g,r,q) satisfies (2.6) on R?, i.e. r = gq and q € S¥~1 a.e. in R, Furthermore, we assume there is
a fixed po > 0 such that

—1/24+po < g <1 - po. (2.7)

Note that q € [Wh({|g| > €})]¢, for all € > 0.

Next, set I' := 99 and let I'y C T’ be the open set on which we set s = g; further assume I'y decomposes as:

Ty =int (Cj>s, Ul s|<d0) »  Tjsjzo0 := {Is] = d0}, Tjsj<so = {ls] < o}, (2.8)
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FIGURE 1. Illustration of liquid crystal domain 2 and boundary conditions on I' := 92 with
unit outer normal vector v. Note that I'\g>5, 1= I'sss, U< _s,, where 1,02 > 0 and ¢ :=
min{dy, da} (refer to main text for notation). Moreover, I'y := T[5>, -

for some fixed dg > 0. Next, let I, C I be the open set on which we set n = q. For simplicity, we demand that
'y C I >s,, which implies that q is W1 in a neighborhood of I'y, and n is H! in a neighborhood of T'y, (see
Fig. 1 for an illustration). So setting boundary conditions for (s,n) is meaningful. Thus, the admissible class,
with boundary conditions, is given by

A(g,q) :={(s,n) e A: s

rs =9, 1'1|1"n = Q}> (29)

Note: we use a similar abuse of notation as above when writing (s, u,n) in A(g, q).
In proving our I'-convergence result in Section 4, we require the following technical assumption regarding
boundary data.

Assumption 2.5 (Multiple boundary pieces). Suppose 9Q =T = UM, T; decomposes into M > 1 disconnected
components, where each component I'; is connected. We assume that I's = T|g>5, = I'n = Ugilfik, where
M <M and iy € {1,..., M} for all 1 <k < M. Moreover, we further assume that

lg| >d0 onT, CT, for some dy > 0. (2.10)

Note that (2.10) implies that T's<5, = 0 (recall Fig. 1).

2.1.4. Ericksen’s general energy

The general form of Ericksen’s free energy can be found in [34,87]. Starting from [87] page 325, we have
1
Eex(s,n) = 5/ W(s,Vs,n,Vn)dz, (2.11)
Q

where the free energy density W : R x R% x R? x R4*¢ — R is given by:

W(s,g,n,M) := ky5% tr(M)? + kos?([n]x : M)? + k3s?|Mn|? + (kg + kyq)s> [(MT : M) — tr(M)?]

) " ' . (2.12)
+bilgl” + ba(g - n)” + bys(g - n)tr(M) + basg - Mn,
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where [a], € R is the anti-symmetric matrix defined by [a]xb := a x b (if a,b € R?), and {k;}}_, and
{b;}4_, are bounded constants. More specifically, one can show that

W(s, Vs, n,Vn) = kys*(divn)? + kys?(n - curln)? + k3s?|n x curln|?
+ (kg + kq)s*[tr([Vn]?) — (divn)?] + b1 |Vs|? + ba(Vs - n)? + bzs(divn) (Vs - n)
+b4sVs - [Vnln, (2.13)

where we use the identity tr(M?Y) = M : Y = >i;MijYij, and the identities n x curln = [VnJn and
n - curln = [n], : [Vn], which hold when |n| = 1. Note that the coefficients can be generalized [34,87], where,
for instance, k;s? is replaced by k; = k; (s), i.e. a general function of s. However, for simplicity, we take (2.12)
as our model. Note that a derivative of n is always paired with a factor of s. For simplicity, we assume the
coefficients are non-dimensional (see Sect. 5.1).

For conciseness later, we introduce the following multi-linear forms:

Wk, (8,2, M,Y) := k1 (str(M), ztr(Y)), wg, (s,2;n,v; M]Y) := ko (s([n]x : M), z([v]x : Y)),
Wiy (8,20, v; M,Y) := k3 (sMn, 2YV), wg, (8,2, M,Y) := (ks + ky) [(SMT, zY) — (str(M), ztr(Y))} ,
(2.14)
wyp, (g,h) : =01 (g,h), wp, (g, h;n,v):=by(g-nh-v),
wey (235 v;Y) :=b3 (h-v),2tr(Y)), wp, (25h;v;Y) :=0by (h,2YV), (2.15)
where we use “;” to separate disparate terms. With this, we have

1
Eox(s,n) = 3 [wkl (s,8;,Vn,Vn) + wy, (s, s;n,10; Vn, Vn) + wy, (s, s;n,1n; Vn, Vn) + wy, (s, s; Vn, Vn)
+ wp, (Vs, Vs) +wp, (Vs, Vs;n,n) + wp, (s; Vs;n; Vi) + wyp, (s; Vs;n; Vn) ]

We will also consider a “stabilized” form of (2.12), i.e. let 6 > 0 and define

—

W(s,g.n,M):=W(s,g,n,M)+0s’M"n]>, wy(s,2;n,v;M,Y):=0(sM"n,2Y"v). (2.16)
In this case, the energy functional becomes
Eerk(s,n) = 3 / W(s,Vs,n,Vn)dz = Eqx(s,n) + SWo (s,s;n,n;Vn, Vn). (2.17)
Q
Note that if |n| = 1 a.c., and n is sufficiently smooth, then n”[Vn] = 07; thus, [n“Vn| = 0 and Eu(s,n) =
FEer(s,n). In Section 3.3, §|nTVn|? will play the role of a stabilization/consistency term.

Proposition 2.6. The energies (2.11), (2.17) are bounded on A, i.e.
Eerk(S,Il) S Eerk(s,n) S C (||VS||%2(Q) + ||Vu||%2(9)> < 0

for all (s,u,n) in A, where C > 0 only depends on {k;}}_,, {bi}i_1, and 0.
Proof. Follows by straightforward bounds. O

We also need coercivity of (2.11), (2.17) over the admissible class (2.5), which requires certain inequality
conditions [34]. To this end, define the following auxiliary coefficients:
b3 / b
M=y o
4[(br + ba2) — 340] 4[by — 2¢]

Il = kl — (218)
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where £y > 0 is the “coercivity” constant. We assume the coefficients obey the following strict inequalities:
Ky — |k — ko — ka| > 200, ko — |ky| > 20y, Kby > 20y, by > 20y, by + be > 3lg, (2.19)
which implies that k1, k3 are bounded. With (2.19), we obtain the following theorem.
Theorem 2.7. Assume the dimension is d =3 and assume (2.19) holds with a fizved constant ¢y > 0. Then,
W(s, g n,M) > 6 (2jg]* + s*M|?) (2.20)
foralls € R, n e S, all g € R?, and all M € R¥*¢, provided that 6 > 0 satisfies
0 > max {£5" ((03/4) + 2|k1 — ko — ka|?) — 300, Lo (ko + ka)* + Lo} . (2.21)

Furthermore,

W(s, g0, M) > b (2[g]* + s* M%), (2.22)
foralls € R, neS¥ ! allg € R, and all M € L(n,R?), where L(n,RY) := {A € R™¥9: nTA = 07}.
Proof. The result follows by following the same arguments in [87], pages 125, 325 with some modification to

account for §ln”M|? and proving strict coercivity.
(]

Corollary 2.8. Assume the hypothesis of Theorem 2.7. Then,

~

Eax(s,n) > Eqx(s,n) > lyEone2(s,n), forall (s,n)e A (2.23)
Proof. Let (s,u,n) € A. For any € > 0, we have that n € H'({|s| > €}), which implies that n”(Vn) = 07 a.e.
in {|s| > €}. Hence, (2.22) is true a.e. in {|s| > €}. Integrating (2.22), we get (for all € > 0)

oo > QECYk(San) 2 / W(s,Vs,n,Vn) Z 60/
{ls|>€} {ls|>€}

where we used Proposition 2.6 and (2.4). Thus, by the monotone convergence theorem,

(2|Vs|® + s%|Vn|?) :50/ (IVs]* + [Vul?),

{Is|>€}

Y/ ~
Eerk(Sa Il) > *0/ (|VS|2 + |Vu\2) = EOEone,2(57 u) = éOEone,Q(Sv 1’1),
2 Ja\{s=0}

where we used the fact that |[Vs| = 0 a.e. on {s = 0}, as well as |[Vu| = 0 a.e. on {u = 0} = {s = 0} (see
Lem. A.3). O

Remark 2.9 (Stabilization). In the continuous formulation, because |n| =1 a.e., we have that n?[Vn] = 07.
In our finite element discretization (see Sect. 3.3), n[Vn] # 07 because n only has unit length at the mesh
nodes. Thus, one can think of #|n? Vn|? as a “stabilization” term to handle this inconsistency.

Remark 2.10 (Ericksen inequalities). The non-negativity of (2.13) was proved in [34,87] under the inequalities

By — |k — ko —ka] >0, ko—|ka| >0, ky>0, b1 >0, by+by>0, (2.24)
where
=k b Ky =k b (2.25)
k = — = —_ .
UM T by +by) BT Ay

These inequalities are less restrictive than (2.19), but they only ensure non-negativity; stronger assumptions
are needed to enforce full coercivity over the admissible set (2.5). Setting ¢y = 0, we see that (2.19) reduces to
(2.24). Therefore, (2.19) is a reasonable modification of (2.24) to ensure coercivity instead of just non-negativity.

Note that one can show that the pair of inequalities kj — |k] — ko — kq| > 200 and ko — |k4| > 2€y is equivalent
to 2k/1 — k‘Q — k‘4 Z 260 and kg — |k/’4| Z 2&).
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The following result is used in proving the weak lower semi-continuity of the discrete version of Eerk (see
Lem. A.21).

Corollary 2.11. Assume the hypothesis of Theorem 2.7 and note that the directional derivatives 0f)7\/\ and W
are given by

DgW(s,g,n,M)-h = DgW(s, g, n,M)-h=2bg -h+ 2b(g-n)(h-n)+ bss(h-n)tr(M) + bysh - Mn,

(2.26)
DvW(s,g,n, M) - Y = 25? [kytr(M)tr(Y) + k2([n]« : M)([n]x : Y) + k3(Mn) - (Yn)
+ (k2 + ko) (M 1Y) — tr(M)tr(Y)]] + bss(g - n)tr(Y) + basg - Yn
DyW(s,g,n,M) - Y = DyW(s, g, n,M)-Y + 5°0(M™n) - (Y'n). (2.27)

for all (h,Y) in R? x R¥*4. Then, W(s,g,n,M) is convex with respect to (g, M) in R x R4 for all values
of s€R andn €S, je.

W(s,g,1n,M) > W(s,h,n,Y) + DgW(s,h,n,Y) - (g — h) + Dy (s, h,n,Y) : (M- Y), (2.28)

for all (h,Y) in R? x R4, Similarly, W(s,g,n, M) is conver with respect to (g, M) in R? x L(n,R%) for all
values of s € R and n € ST~ 1,

Proof. For any given s and n, W(s, g,n, M) and W(s, g,n, M) are quadratic functions of g and M. Furthermore,
by Theorem 2.7, W and W are non-negative. Hence, they must be convex. O

2.2. Weak anchoring

For LC droplets, the orientation of the LC molecules are influenced by the two-phase interface. This is usually
modeled by adding a weak anchoring energy to the total energy of the system [87]. In the sharp interface setting,
one adds an energy of the form F = fr ~v(v,n)dS, where v is the oriented unit normal vector of T and v is a
weak anchoring energy density function. One possible choice for v is given by [87]:

1
y(v,n) = 3 (ar(v-n)?+ol—(v-n)?), ar,q >0, (2.29)
where the first (second) term tends to make the minimizing director field n perpendicular (parallel) to v. The
weak anchoring energy function we take is similar and can be found in [71]. Let E,(s,n) := BanFan(s,n) +
ﬁa,sEa,s(s)7 where ﬂa,naﬂa,s > Oa and

1

E,n(s,n):= B (al (s,8,n,1n) +a (s, 81, n)) ,oal (s,z;m,v) = (e s(n-v), z2(v-v))p,

(2.30)
a (s,zm,v) = (qs(n@v),z2(vov)), — (qsm-v),z(v-v)),,

where we included the degree-of-orientation s to model the loss of anisotropy when orientational order vanishes,
and we add an energetic term penalizing s to agree with s, on the interface:

1 1
E,s(s) = / Qori(5 — 82)2dS(2) = =lori (5 — 84,5 — 5a) s Gori (5, 2) 1= (ois, 2)r, (2.31)
r

2 2
which is needed to ensure that s does not trivially vanish on the interface, and so cause (2.30) to vanish as well
[33,63,71]. The parameters v, o, Gori : I' — [0, 00) allow for different weighting and the ability to model more
general physical settings; throughout the paper, we assume a_, |, o in L>(I'). The derivation of (2.30),
(2.31) (found in [71], Sect. 5.2.3) follows from the classic Rapini-Papoular type anchoring energy [13,64] for
Q-models. Note that other types of anchoring energies could be considered as well. For simplicity, we take the
weight parameters G, n, a,s to be non-dimensional (see Sect. 5.1).
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Remark 2.12. The part of the weak anchoring energy that is defined over sub-domains I'y and I'y, of T" (i.e.
where Dirichlet conditions on s and n are set) only contributes a constant part to the energy; thus, those parts
can be removed from the total energy if one desires. However, for convenience, we define the weak anchoring
over the whole boundary I' = 99).

2.3. Electro-statics

The LC can be coupled to other effects, such as external fields, which we now illustrate by incorporating
electro-statics.

2.8.1. Dielectric permittivity
Due to the anisotropic nature of the LC molecules, the relative dielectric permittivity tensor of the material
is modeled by [1,19, 38, 64]

1 .
e(s,n) =l +e,s (n@n—SI) = (E—s%)l—l—eas(n@n):é(l—s%)l—i—eas(n@n), (2.32)

which is a symmetric matrix, where & = (g +2c1)/3, €a = € — €1, 7a = €a/(3¢), and ¢, €1 are positive.
The eigenvalues of € are €(1 — s7,), €(1 — $7a), €(1 — 57a) + €a8, thus, since —1/2 < s < 1, defining ey =
min {EJ_, el }, Emax = Max {5J_, E”} we see that € is uniformly positive definite and satisfies

Emin S |€(S,1’1)|2 S €max- (233)

2.3.2. Electro-static energy

The electric field E, in the LC domain, can be described by a potential function ¢ : © — R [36], with
E = —Vo. Indeed, ¢ can be associated with an energy minimization principle [54]. Given (s,n) € A (fixed),
define the dimensional electro-static energy as BeiJel, where o) = e9 LoV, &¢ is the permittivity of vacuum, V;
is the voltage scale, and Jg is dimensionless [89]:

1
Je1(p; 8,m) := 5/&2 Vgp-s(s,n)Vgpdx—/ﬂP(s,n) -Vpdx, (2.34)

where the (non-dimensional) polarization vector P = P(s,n) is given by

P(s,n) :=P¢(s,n) + P.(s,n), P¢(s,n):= fistr(Vn)n+ f35(Vn)n, P.(s,n):=ri(n-Vs)n+ rVs,
(2.35)

where P¢(s,n) = fis(divn)n + f3s(n x curln), fi, f5 are relative (indefinite) flexoelectric parameters, and rq,
ro are relative (indefinite) order electric parameters (all non-dimensional), which models flexo electric and order
electric effects induced by the LC [1,24,64]. The dimensional versions of f1, f3, 71, ro are obtained by scaling
with €0Vp; possible physical values for |f1], |f3] are on the order of 5 x 10712 C/m [62].

Note that P = 0 a.e. in {s = 0} C €, i.e. P vanishes when the material is isotropic. Furthermore, if (s,n) € A,
then

HP(S,H)HL2(Q) < CfHSVnHLz(Q) + CTHV5||L2(Q) <Cp (||VS||L2(Q) + ||Vu||L2(Q)) < 00, (2.36)

where Cp > 0 is a uniform constant; thus, P(s,n) € L*(Q) for all (s,n) € A.

Let g in H!(2) and assume ¢ = ¢q on the boundary T, i.e. we fix the potential on I'. Then, for fixed (s,n) in
A, the electrical potential ¢ is characterized as the unique minimizer of (2.34): ¢ = arg minneHéo(Q) Je1(n; 8,1),
where the admissible set H), () := {n € H'(Q) : 7 = @o, on I'} accounts for the boundary conditions. It is
convenient to define = ¢ — ¢y and separate the boundary condition. In this case, minimization problem is
equivalent to finding ¢ in H}(Q) such that

Jel(Qb; svn) = %e (95 + o, 95 + 900;6(87 1’1)) - (P(S’ Il), V(@ + 900)) ) (2'37)
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is minimized over H{(€2), where e (¢, n;€(s,n)) := (Ve(s,n), Vn). Setting the first variation of (2.37) to zero,
while holding (s, n) fixed, we obtain the Euler-Lagrange equation in weak form: find ¢ in H} () such that

e(p,m;e(s,m)) = —e (¢, m;€(s,n)) + (P(s,n), V), for all n € Hy(Q). (2.38)
For later use, we let T': A — Hg(£2) denote the solution operator for (2.38), i.e. ¢ = T'(s,n) solves (2.38). Note
that the strong form solution of (2.38) is given by:
—V - (e(s,m)V@") =V (e(s,n)Vep]) = V-P(s,n), inQ, =0, onI. (2.39)
2.8.8. Contribution to LC energy
The electrical energy contribution to the total liquid crystal energy is given by [1,19, 38, 64]:

Ee1(5,n) = el(T(S7n);S7n) = - el((ﬁ;S,n)
1 1 B _ (2.40)
= _56 (‘P» ©3 5(87 n)) - 56 (9007 ®o; 5(87 n)) —¢€ (9007 ') 5(57 n)) + (P(S, n)? V(SD + 900)) .

Note the minus sign, which is connected to the fact that the potential ¢ is fixed on the boundary [36]; see [89]
for a first principles derivation.

We emphabize that ¢ is not an independent variable in the liquid crystal energy minimization we consider in
(2.43); ¢ is determined uniquely for any given (s,n) in A. In fact, this leads to a useful identity. Setting n = ¢
in (2.38) implies e (@, p;e(s,n)) = —e (¢o, P;€(s,n)) + (P(s,n),th), and plugging into (2.40) yields

Eel(sv 1’1) = %8 (@a ()57 6(8’ 1’1)) - %6 (9007 ©o; 6(8’ 1’1)) + (P(S7 1’1), v‘pO) ) (241)

which essentially states that F.) is convex in V. This is used in Section 2.4 to show that the total energy is
bounded below.

2.4. Total energy

The total energy we seek to minimize is defined to be

E(S7 Il) = ﬂerk (Eerk(su I’l) 7Edw( )) + /Ba,nEa,n(Sy Il) + ﬁa,sEa,s(‘S) + ﬁelEel(Sy n)7 (242)
€dw
for constant weights Berk, €dw > 0, Ba.n; Ba,s; Bel = 0 defined earlier. The minimization problem for F is then
(s*,n*) = argmin FE(s,n). (2.43)

(s;n)€A(g,q)

The energy (2.42) is bounded below by the following argument. From (2.41) and (2.33), and using a Cauchy
inequality, we have

1 1 0
Fals,m) 2 seminl V8320 — gemax|Vooliaa) — 55 (s, mlEa(0) — 31V e0l2a(a):
for some 6 > 0. And by (2.36), this reduces to
1 . Cp 2
Ea(s,m) > Zeminl V&l 220y = (Co+ DI Veollia — 5 (Vs + I Vullie) - (244)

Next, since Egw, Ean, and E, ; are non-negative, we bound (2.42) below by

E(S Il) > 5erkEerk(5 n) + ﬁelEel(S n) (ﬁerk ﬂel ) (HVS||2L2(Q) + HquiQ(Q))

= Baa(Co + 8) | Vepoll72 0y

using (2.23), (2.4) and (2.44). Choosing ¢ > 0 sufficiently large (depending on fixed parameters), we find that
the total energy is bounded below by a uniform constant C; > 0 that only depends on the fixed parameters of
the problem, i.e. E(s,n) > —C, for all (s,n) € A.
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3. FINITE ELEMENT SCHEME

3.1. Domain approximation

Let © be a Lipschitz domain. Moreover, we assume 2 is polyhedral and discretize it by a conforming set of
simplicial elements, denoted 7;, = {T'}, and let N}, be the set of nodes of 7, with cardinality |[N},|. Moreover,
the boundary T is represented by simplicial elements of co-dimension 1 that are embedded in 7},. Furthermore,
the mesh is assumed to be shape reqular [22,26]. We do not assume the mesh is weakly acute, which was needed
in [70] to prove convergence of the finite element scheme.

Remark 3.1. The polyhedral assumption allows us to avoid dealing with a variational crime [22,26] related to
the approximation of the domain.

3.2. Finite element spaces
The following finite element spaces are used in discretizing the energy:
Sy, := {s, € H'(Q) : sp,|r is affine for all T € T3},
Up = {uy, € [H(Q)]? : up|r is affine in each component for all T € 7;,},
Ny, :={ny, € Uy, : |ny(z;)| =1 for all nodes x; € N},
Vi := {vp, € HY(Q) : vp,|7 is affine for all T € T3},

(3.1)

where N, imposes the unit length constraint at the vertices of the mesh.
Let I, denote the piecewise linear Lagrange interpolation operator on the mesh 7; with values in either Sp,,
Uy, or Vj,. Mimicking (2.5) at the discrete level, we have

Ap = {(sn,np) € S X Ny, : (sp,up, np,) satisfies (3.3), with up, € Uy}, where (3.2)

u, = In(spny), —1/2<s, <1inQ, and n, € N, (3.3)
is called the discrete structural condition of Ap. Note: if we write (sp,up,np) in Ap, we mean that (sp,np) in
Ap, up, in Uy, and (sp, up, ny,) satisfies (3.3).

Next, let gn := Ing, rp := Iyr, and qp := Iq be the discrete Dirichlet data, where g, automatically satisfies
(2.7). Note that the interpolant of q is well defined in an open neighborhood of T, (because q € [W1°°]¢ near
I'n C I'Yg>5,)- Wherever q lacks the regularity (W12 (Q)]?, set qp := e;. Therefore, the discrete spaces that
include (Dirichlet) boundary conditions are

Sh(Ts,gn) == {5n € Sh : snlr, = gn}y  Un(Tu,rn) :={up € Uy : wp|r, = rp},
Ni(Tn,qn) :={nn € Np, : npr, = aqn}.

The discrete admissible class with boundary conditions is given by
An(gn,an) :={(sn,np) € Ap : sp € Sp(Ts,9n),np € Np(Tnyaqn)} - (3.4)
Note: we use a similar abuse of notation as before when writing (s, up, ng) in A (gn, qr). Boundary conditions
for the electric field are enforced via the space V;, N HJ (£2).
3.3. Discrete Ericksen energy
We will utilize the following discrete L? inner products:

(u,v)%h = Z /Ih(uv), (u,v)%h = Z /Tlh(u.v), (M,Y)%h = Z /I;L(M:Y), (3.5)

— JT ~ JT
TeT), TeT), TeT)

where T' € 7T}, are tetrahedral elements in the mesh of €2, TC Th, D = Uy 7 T, and the function arguments are

polynomial functions over each element (possibly discontinuous across element edges). We write (u, v)h = (u, fu)?2
when integrating over €2; integrals over subsets will have a subscript.
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3.3.1. Lumping

We require a “lumped” form of the discrete Ericksen energy. Let s, € Sy, np € Nj and consider their
restriction to an element T' € 7, (note that Vs;, and Vny, are discontinuous across 9T'). By Theorem 2.7 and
(2.20), and setting s = sp|r, n = 0|7, g = Vsp|r, M = Vny|r, we have that

17\/\(8;“ Vsh,np, V) (x;) > £ (2|Vsh|2 + s%|Vnh|2)

(3.6)

T=T;

holds at each node x; € T, because |ny| = 1 at the nodes. Therefore, we define the discrete (stabilized) Ericksen
energy to be

1 /—~ h
Egrk sh,nh Z / IhW S;L,Vsh,nh,Vnh)d 5 (W(Sh,VSh,nh,vnh), 1) . (3.7)
TETh
By (3.6), (A.5), we see that
~ 4
Eé”rk(smnh) > 50/ (2\Vsh\2 + si\VnhP) dz = foEone’Q(Sh,nh)7 (38)
Q

where we used that Vs, Vny, are constant on T'. Clearly, (3.7) is non-negative for all h. So, by finite dimensional
optimization theory [68], E?rk has a minimizer.

It will be useful later to write (3.7) in terms of various forms. We define the discrete forms {wj }{_; in the
same way as (2.14), (2.15), except we use the discrete inner products (3.5). Therefore, we obtain

~

h h , h , , h . .
Eg(snsmp) = 5 |wy, (8h, 805 Vg, Vi) +wi, (Sp, Sps 0, 0y; Vg, Vo) + wy, (Sp, Spi0p, np; Vog, Vo)

2
+ wk4 (5n, S1; Vg, Vng) + wh (s, sp; 0y, np; Vg, Vng,) + wb (Vsh, Vsp)
+ wb (Vsh, Vsp;np, Ilh) + wb3 (Sh, Vsp;np; Vnh) + wb4 (Sh, Vsp;np; Vl’lh)}
(3.9)

Next, we express each of the terms in (3.9) in a slightly modified form that will be convenient in later sections.
For instance, defining W), = {v € L?(Q) : v is constant on each T' € T3}, and taking sp,z, € Si, np, vy € Uy,
and My, Y}, € [W,,]?*?, we have for w,ﬁfg:

k3wl (sny 2ninn, Vi M, Ya) = (s, (My)ng, 2, (Ys)va)" Z / In {snzn[(Mp)ng] - [(Yr)val}
TeTh

Z / In {snzpmp @ vi bt (MEY ) = (I {spzpmy @ vi b, MLY),)
TeT,
(3.10)

where My, Y}, are pulled out of I, because they are constant on each element T € 7;. Similar arguments yield
the discrete versions of (2.14)-(2.16):

w,}f (Sh, Zh; M}L,Yh) kq (Ih{shzh}, tr(Mh)tr(Yh)) ,
w;}éQ (Shy 2h3 0, Vi My, Yi) i= ko (I {spzn[0n]x ® [Valx }, Mp @ Y3),
wpt, (Shy 2ni 0, Vi My, Y3) = ks (I {spznny, @ vi, } , ML Y),) (3.11)
Wyt (shy 20 My, Y3) o= (ka + ka) [(In{snzn}, MEY3) — (In{snzn}, tr(Mp)tr(Y5))]
) =

WY (8h, 213 0k, Vs My, Y3) = 0 (In {spzpny, @ vi} , ML Y]
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wp (gh,hy) == b1 (gr hn), Wl (8h, hasnp, vi) = bs (I {np @ vi}, 81 ® hy),

wb hs h; h; h) = 03 h hVhi, h h)s U)b4 hs h; h; h) = 04 h hVhy, hilh)

where we also take gy,, hy, € [W,]%.

3.3.2. Double well energy

The double well energy Eqy(-) is discretized in the usual way: E}, (sn) := [, ¥(sn(2)) dz. In our numerical
minimization scheme (Sect. 5), we use a convex splitting [82,83,91] of EX_(sp).
3.4. Discrete weak anchoring energy

Let s, € Sp, n, € Nj and define the discrete (weak) anchoring energy for the director similarly to (2.30):
Eg’n(sh,nh) = Ean(sn,np) = %(U/J_ (8n, snsmp,ny) 4 ay (sh,sh;nh,nh)). For the degree of orientation, we
have E;L)S(sh) = E, s(sp) = %fr Qori(sh — 82)2dS(z) = %aori (Sh — Sa, Sh — Sa). Therefore, the total anchoring
energy is

E;”(sh, Ilh) = 5a,nEgﬁn(5ha nh) + ﬁa,sEZ,s(Sh) (313)

3.5. Discrete electric energy

We discretize the dielectric permittivity tensor in the obvious way, i.e. € = e(sp,ny) (recall (2.32)), which
satisfies the same bounds in (2.33):

Emin < |€(Sh, 1) |2 < Emax, for all (sp,np) € Ap. (3.14)
For the electro-static problem, we use a standard discretization, i.e. replace (s,n) with (sp,np). Hence,

the discrete electro-static problem is as follows. Let ¢g, € Vj, be the elliptic projection of ¢y (A.6). Given
(sh,np) € Ay, (fixed), find @p, in Vi, 0 := Vi, N H(Q) such that

_ 1 . .
JA(Pn; snymp) = 3¢ (@n + ©o,n, Pn + wo.n;€(Sh, 1)) — (P(sp,np), V(G + vo,n)) (3.15)

is minimized over V, .
The corresponding discrete version of (2.38) is: find @, in V4o such that

e (Pnsnn; €(8n,m1)) = —e (90,1, Mn; €(sn,18)) + (P(sn, 1), Vin) (3.16)

for all ny, € Vi,0. Let T}, : A, — Vi, 0 denote the solution operator for (3.16), i.e. @p, = Tj(sp, np) solves (3.16).

As before, the contribution to the LC energy is Egl(sh,nh) = — eﬁ(Th(sh,nh);sh,nh) = — Eﬁ((,éh;sh,nh).
Moreover, we have a result similar to (2.41). Setting 1, = @ in (3.16) implies

e (Pn, Pns€(snyn)) = —e (po,n, Pns €(sh,01)) + (P(sp,mp), Vi),

and plugging into E(sy,ny,) yields

1 . 1
E(sp,mnp) = §€(<,Oh,s0h;€(8h,nh)) - §€(¢(),h7900,h35(5h7nh)) + (P(sn,n1), Veon), (3.17)

which essentially states that E” is convex in V@y,. This is used in Section 4.2 to show that the total discrete
energy is bounded below.
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3.6. Discrete total energy

The total (discrete) energy we seek to minimize is defined to be

~ 1
Eh(sh7 nh) = Berk (Eébrk(sh, l’lh) + 62ng(8h)) + 6a,nE;L7n(5h; Ilh) + ,Ba,sE;L’S(Sh) + 561Eg1(8h7 nh). (3.18)
dw

The minimization problem for E" is: (s}, n}) = arg MiN(g, n e A, (gnoan) E"(sp,np). We show that the total
discrete energy is bounded below in Section 4.2.

4. I'-CONVERGENCE OF THE FEM

We show that the finite element approximation of the discrete energy (3.18) T'-converges to the continuous
energy (2.42). The result presented here is not the same as the result shown in [70,71] or in [33], all of which used a
special discretization of the Ericksen energy that is limited to the one constant approximation (5.2). Furthermore,
their discretization requires the underlying mesh to be weakly acute in order to prove I'-convergence of their
method; the weakly acute assumption is quite severe for three-dimensional meshes [51,52, 86].

In contrast, our method has the following advantages: (a) no assumption is made on the mesh structure (other
than being shape regular); (b) the Ericksen energy can be very general (not just the one-constant approximation);
(c¢) the method non-linearly couples full electro-statics, which was not done previously. Therefore, our result is
more general than in [33,70,71].

4.1. Main result

We begin with some preliminaries before stating the main I'-convergence result. The discrete energy

E"(sp,myp,) is defined on Zj := Si x Nj, but convergence cannot be insured for a sequence (sp,np,) € Zp,
because n;, will not (in general) converge on the singular set S. However, we can guarantee convergence for
(sh,up) € Xp, := Sy x Uy, i.e. u, is well-behaved. Thus, Theorem 4.1 is a minor modification of the usual

definition of I'-convergence 21, 31].

To this end, we define the continuous space to be X := L?(Q) x [L%(2)]¢, and note that X;, C X and Z;, C X.
Next, the continuous energy F : X — R is defined as follows: E(s,n) is given by (2.42) if (s,n) € A(g,q), and
set E(s,n) = oo if (s,n) € X\ A(g,q). Likewise, define the discrete energy E"(ss,ny,) by (3.18) if (ss,np) €
An(gn,an), and set E"(s,n) = oo if (s,n) € X\ Ax(gn,qn).

Theorem 4.1 (T'-convergence). Given (s,n) € X, where |n| = 1 a.e., define the corresponding element (s,u) €
X, where u := sn. In addition, given (sp,ny) € Zy, define the corresponding element (sp,up) € Xj, where
up, := In(spnp). Let {7} be a sequence of shape regular meshes. Then, under Assumptions 2.4 and 2.5, the
following properties hold:

— Lim-inf inequality. For every sequence (sp,np) € Zp C X, such that the corresponding sequence (sp,up) €
X}, C X converges strongly to the corresponding pair (s,u), we have

E(s,n) < liﬁningh(sh,nh); (4.1)

— Lim-sup inequality. There exists a sequence (sp,np) € Zp C X such that the corresponding sequence
(sn,up) € X;, C X converges strongly to the corresponding pair (s,u), and

E(s,n) > limsup E"(sp,, ny). (4.2)
h—0

In the following sections, we build up several intermediate results which are used to prove Theorem 4.1.
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4.2. Bounded below
Lemma 4.2 (Coercivity). Adopt the hypothesis of Lemma A.13. Then,

Eone,l(sha nh) 2 ||V5h||%2(9)7 Eone,l(shanh) Z ’YOHVU}Z”%P(Q)a (43)
where v9 > 0 only depends on the shape reqularity of the mesh Ty,.

Proof. The first inequality is trivial. For the second, we use (A.8) to get

Va2 < [[V(un — spng)lr2) + IV (senn)l2@) < Cl|VsullLz) + [[Vsn @ npl|L2q) + [[sn Vgl 2 )
<(CH+ D Vsallzzo) + s Van| z2 (o) -

Since Eone,1(sp,np) = %(HVS}L”%Q(Q) + ||shVnh||2L2(Q)), we obtain the assertion with v = 1/(4(C +1)?). O

The discrete energy (3.18) is bounded below by the following argument. From (3.17) and (2.33), and using a
Cauchy inequality, we have

1 N 1 1 )
Eli(sn,mp) > §5min||V<Ph||%2(Q) - fmaxHVSDO,hH%z(Q) - 2*5||P(5h=nh)||%2(9) - §||V<P0,h||2L2(Q)7

for some 6 > 0. And by the discrete version of (2.36), this reduces to

1 _ Cp 2
Egl(shanh) 2 §5min||V<Ph||2L2(Q) —(Co+ 5)||V<P0,h||2L2(Q) s (Hvsh”%z(ﬂ) + ||Vuh||2L2(Q)) . (4.4)

Next, since EX_ | Egyn, and Ee}ul,s are non-negative, we bound (3.18) below by

E"(sp,0p) > Benc By (sn, 1) + Ba EY (s, 1)

by ~ C
> <ﬁerk20A - 5e15P> <||V5h||2L2(Q) + ||Vuh||2L2(Q)) = Bar(Co + 0)IVeonll 720

using (3.8), Lemma 4.2, and (4.4); note: A > 0 is a uniform constant independent of A > 0. Choosing § > 0
sufficiently large (depending on fixed parameters), and noting that ||V n| r2() < C||Vg00||%2(m, we find that

the total discrete energy is bounded below: E"(s;,n;) > fCN'l, for all (sp,np) € Ap, where C; > 0 is a
uniform constant independent of h.

4.3. Recovery sequence

In proving the lim-sup part of Theorem 4.1, we break it up into the following lemmas. The existence of a
discrete sequence is given by Lagrange interpolation, which is then shown to deliver a recovery sequence for the
Ericksen energy, double-well energy, weak anchoring energy, and the electrical energy.

Lemma 4.3. Assume the hypothesis of Lemma A.17. Moreover, assume that (s,u,n) € A(g,q) also satisfies
—1/241/k < s <1—1/k for some k > 1. Then there exists a sequence (sp,up,ny) € Ap(gn,qn), converging
in the sense of Lemma A.17, such that

Eexk(5,1) = Beni(s,0) = lim Ely((s1.01), Eaw(s) = lim Bl (s1), Ea(s.0) = lim Ef (s, mp).

Proof. First, we show that limy,_.q Efrk(sh, ny) = Eerk(s, n). By Lemma A.18, we only need to show that

lim (W(sh,vsh,nh,Vnh),1> _ (VT/(S, Vs,n,Vn),l)‘ 0. (4.5)
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We demonstrate this for one of the terms in (3.9); the other terms follow by similar arguments. First, we
consider wy,, and show that Gy := | (sp(Vnp)ng, sp(Vny)n,) — (s(Vn)n, s(Vn)n) | — 0. Fix € > 0. Since
sp — s, np, — nin Whe(Q\ S,), it is clear that fQ\S s7|(Vny)ng|? — fQ\S s2|(Vn)n|2. On the other hand,

using (A.8), for h > 0 sufficiently small, we have

[ T < fsnTmnlags,y < € (195, + [V0lEacs, ) < € (196025, + IVulacs,,)

€

for all € > 0. Ergo, limp,_,o Hsh(Vnh)nthLz(&) <C <||Vs||%2(52‘) + HVu||2L2(SZE)>, for all € > 0. So, taking e — 0
and using the monotone convergence theorem, we get

lim Gy, < C / \v5|2+/ |Vul? | =0
h—=0 {s=0} {u=0}

where we used Lemma A.3. Therefore, this shows that
wzd (Sh,y Sh;np, Np; Vp, Vng) — wi, (s,8;0,0n;Vn, Vn),  as h — 0.

By similar reasoning, we get that w,’c’i — wy,, for 1 <¢ <4, wg — wy, and wl’}i — wy,, for 1 <4 <4,

Thus, we have shown that Egrk(sh,nh) — Aerk(s,n) as h — 0. Furthermore, note that
wy (8, s;n,1n; Vi, Vn) = 0, because (s,u,n) € A(g, q), which implies that Eerk(s, n) = Eqk(s,n).

Next, we show that Ef (sp) — Eaw(s) as h — 0, i.e. [,1(sp) — [, (s), as h — 0. Since s, is piecewise
linear, by hypothesis —1/2 + 1/k < s, < 1 —1/k for all h > 0. Thus, ¥(sp) is bounded uniformly in h,
and 1(s) is also bounded. Since 1 (sp) — ¥(s) a.e. in Q, the dominated convergence theorem implies that
Jo ¥ls) — Jo 09)

Finally, taking advantage of strong convergence in L?*(T'), we get convergence of the anchoring energy:
limh_,o E;L(Sh, Ilh) = Ea(s, Il).

(Il

Lemma 4.4 (Recovery of electrical energy). Assume the hypothesis of Lemma A.17. Moreover, assume that
(s,u,n) € A(g,q) also satisfies —1/2 +1/k < s < 1 —1/k for some k > 2. Then there exists a sequence
(sh,un,ny) € An(gn,qn), converging in the sense of Lemma A.17, such that Ee(s,n) = limy_o E" (s, np).

Proof. First, we must show that the sequence of solutions to (3.16) {Pn}r>0 converges as h — 0, and that
the limit solves the electro-static problem. Let ny, = I, (n), where n € C2°(Q); clearly n, — 7 in H}(2). Next,
we show that (P¢(sp,np), Vi) — (Pe(s,n), Vn) and (Py(sp,np), Vor) — (Pr(s,n), Vn). The arguments are
similar to the proof of Lemma 4.3, so we will focus on one term in Py, i.e. show that

Gfl (Q) :==(Vsp-np, Vi -np) — (Vs-n,Vn-n) — 0, as h — 0.

Fix € > 0. Since s, — s, nj, — n in WH®(Q\ S,), it is clear that G? (2\S.) — 0 as h — 0. On the other hand,
by the stability of the interpolant, we have

/ (Vsh . nh)Vnh -np < ||vshHL2(SE)
S

Vinlrzs.) < CillVsllLzs)IVallzs,)-

Ergo, limy, o |G7}}1 (Q)| < (Cl + I)HVS||L2(3€)

Vnllz2(s.y, for all € > 0. So, taking € — 0 and using the monotone

1/2
convergence theorem, we get limj, o |GP (Q)] < (C1 +1) (f{s:O} |V5|2> IVl z2() = 0, because Vs = 0 a.e.
in {s =0} (see Lem. A.3).
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Note that the permittivity tensor e(sp,n;) converges to e(s,n) a.e. in 2, using similar arguments as in
Lemma 4.3. Next, choosing n5, = @5, in (3.16) and using (3.14), we find that

€min\|v‘ﬁh”%2(ﬂ) < Emax ( Vo, }LHL2(Q) "‘ ||V<Ph||L2(Q)> ||P(8h7nh)HL2(Q) "‘ ||V<Ph||L2 Q)

where c¢1,co > 0 are to be chosen. Upon recalling (2.36), and using the stability of the interpolant, we have that
P (sh,01)]| 12(q) is uniformly bounded for all & > 0. Choosing c1, c; sufficiently large, we find that |V @y 220y <
C < oo, for all h > 0 for some fixed constant C' > 0. Thus, @, — @ in Hg ().

Furthermore, €(sp,n,)VnL — e(s,n)Vn? in L?(Q) by Lebesgue’s dominated convergence theorem. So,
combining with the weak convergence of @p,, we see that [, V@re(sy,ny)Vnl — [, Ve(s,n)VnT. Thus,
combining with the convergence of the other terms in (3.16), we see that ¢ = T'(s,n) solves (2.38) with data
(s,m).

Next, we must show that Jei(@n; sn, np) — Jei(@; s,n). For this, we must show that @, — @ in H}(Q) (strong
convergence). Let Prp € Vj, be the elliptic projection of ¢ (A.6). Similar to the previous inequality, we have

emin[[ V@R — V@||72(q) < /QV(% — @)e(sn,mp)V(on — @)"
= / V@ne(snnp)V(Prg — @) + / Vne(snnn)V(@n — Pru@)”
Q Q

+ [ Voelonm) Ve - )" =Tl 41 4T,
Q

Since Pp$ — @ in HL(Q), and €(sy, ny,) is uniformly bounded, limj,_.o TP = 0. For T, use the discrete problem
(3.16) with data (sp,np):

/ Véne(sn, nn)V(gn — Pup)’ / Voone(sn,ny)V(@n — Prp)’

+ (Pe(sh,mn), V(Sn — Prp)) + (Pr(sn,0n), V(Pr — Prp)) — 0,

by utilizing both weak and strong convergence, i.e. P(s,ny,) — P(s,n) strongly in L?(Q). Lastly, T8 — 0
because V@e(sp,np) — V@e(s,n) strongly in L2(2), and V(4 — ¢p,) — 0 weakly in L2(€2).

Therefore, we find that V@, — V@ strongly in L2(€2). From this, we obtain that Joi(®n; sp,np) — Jai(@; s, 1),
which of course implies Eo(Qn; sp, nn) — Eel(; s,1). |

Theorem 4.5 (Recovery sequence). Suppose Assumptions 2.4 and 2.5 hold. Let (s,u,n) € A(g,q). Then there
exists a sequence (sp,up,ny) € Ap(gn,qn), such that (sp,u,) converges to (s,u) in H*(Q), as well as nj, € Ny,
converging to n in L?(Q\ S), such that

E(s,n) = }llli% E"(sp,mp).

Proof. This follows by combining Lemmas A.17, 4.3, 4.4, with Lemma A.9. First, note that we can assume
E(s,n) < oo (otherwise, the result is trivial). Given k > 1, by Lemma A9, there exists (ss,,us,,n5,) €
A(g,q), with 6, > 0 sufficiently small, so that |E(ss,,ns,) — E(s,n)| < 1, and moreover (ss,,us,) — (s,u)
in [HY(Q)]*!, and ns, — n in [L2(Q\ S)]%. Thus, with & > 0 being a glven integer, one can choose d; > 0
sufficiently small so that [|(s,u) = (ss,, us, )| 1) < k=L |n — ng, Ir2\s) < k1

Next, by Lemma A.17, for each fixed k there exists discrete functions (sp,un,nz) € Ap(gn,dqn) such that
(sh,up) — (8s5,,u5,) in [H}(Q)]9HL, and nj, — ng, in [L2(Q\ S)]? as h — 0. Moreover, Lemmas 4.3, 4.4 imply
that

}lli% Eh(sh,nh) = E(s(;k,n[;k).

Whence, for each i, we may choose hy sufficiently small so that |E(sp,,np,) — E(ss,,ns,)| < k71, and
[(s61515,.) = (Snpes un ) ) < k=L |Ins, — 28y < k=1, The assertion then follows by applying the
triangle inequality. O
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4.4. Proof of main result

Proof of Theorem 4.1. Lim-inf. Let (sp,up,np) € Ap(gn,qn) be any sequence. Without loss of generality,
assume there is a constant A > 0 such that liminf,_¢ Eh(sh,nh) < A, for otherwise there is nothing to
prove.

Combining (3.8) with Lemma 4.2, yields that ||sp||g1(q), ||unl/m1) are uniformly bounded with respect
to h > 0. Whence, there is a subsequence (not relabeled) (sp,up) that converges weakly to (s,u) € A. By
Lemma A.16, there exists a n € L?(2) such that |n| = 1 a.e. in Q and u = sn a.e. in Q. Furthermore, by a
trace Sobolev embedding, we have that s = g on I'y, and n = q on T'y, ergo (s,u,n) € A(g,q).

Note that Fatou’s lemma implies that liminf, o Eqw(sn) > Eaw(s), because s, — s a.e. in Q. Therefore,
combining Lemmas A.21-A.23, we obtain

liinigleh(smnh) > E(s,n).
Lim-sup. Let (s,u,n) € A(g, q), for otherwise F(s,n) = +00 so the result is trivial. The existence of a convergent
sequence satisfying the necessary properties follows by Theorem 4.5. (Il

Corollary 4.6 (convergence of global discrete minimizers). Let {7} be a sequence of conforming shape-regular
triangulations. If (sp,np) € An(gn,qn) is a sequence of global minimizers of E"(sp,ny,) in (3.18), then every
cluster point is a global minimizer of the continuous energy E(s,n) in (2.42).

Proof. Follows from the usual I'-convergence arguments [21,31]. O

This implies existence of global minimizers of (2.42), and convergence of global minimizers of (3.18) to global
minimizers of (2.42), along with convergence of the discrete energy to the continuous energy. Note that this
result does not yield a rate of convergence, though first order is expected for (sp,u;) in most situations (see
[71] for an example).

5. NUMERICAL RESULTS

We use an alternating direction minimization algorithm, similar to what is in [33, 63,70, 71], for finding
discrete (local) minimizers of E". In addition, we use a line search to ensure that the energy decreases at
each step. This is due to two reasons: the lack of monotonicity when projecting (normalizing) n to unit length
(c.f. [71], Thm. 8) and the presence of the electro-static PDE-constraint. An alternative method could be to use
a Newton iteration, as described in [40,77].

We implemented our method using the MATLAB/C++ finite element toolbox FELICITY [88]. For all
3-D simulations, we used the algebraic multi-grid solver (AGMG) [65, 66, 72, 73] to solve the linear sys-
tems for updating n and s, as well as solving the electro-static equation (3.16). In 2-D, we simply used the
“backslash” command in MATLAB.

5.1. Non-dimensionalization

We assume the following dimensional scales in the numerical experiments: kg = 1.5 x 10711 J/m and Ly =
77.5 x 1079 m, which gives Bex = 1.1625 x 10718 J. The other constants are A = 10*J/m?, which gives the
(dimensionless) double well coefficient eqy, = (0.5)72, ap = 9.5 x 1073 J/m?, V = 1.84 or 2.9 Volts, and recall
that g9 = 8.854187817 x 10712C/(V - m).

Next, we non-dimensionalize the simple Ericksen energy in (2.1) following a similar procedure as in [39]. Note
that s and n are already non-dimensional. Let Aj, be the characteristic scale for the double well (see Rem. 2.2),
and define eqy := \/ko/(A)L3), where Lo = diam(2) is the length scale. Then, (2.1) can be written as

5:0) = oL (B o) 4 =)}« Bans)i= [ 006)da = (501 006) = 5ro(s). - 6.1

dw
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FIGURE 2. Disk domain with two holes (Sect. 5.2.1). Arrows depict the director n. Color scale
is based on the degree-of-orientation parameter s. Weak (normal) anchoring is imposed on all
boundaries. Some “defect” regions can be seen around the upper right hole. (A) Erk. coefs:
k1 = ko = k3 = 1. (B) Erk. coefs: k1 = 1, ko = k3 = 0.25.

Eope s, (8,1) := %/ﬁ (50|Vs|2 + 52|Vn|2> dr = % (b0 (Vs,Vs) + (sVn, sVn)], (5.2)
where by = bg/ko, V(s), Eonebys and Eay are non-dimensional, as well as the domains. The general energy
density (2.13) is non-dimensionalized in a similar way, i.e. define ko := max(ky, ko, k3) and set k; := k;/ko,
and b; := b;/ko, for 1 < i < 4. For the weak anchoring, fan = fas = aOL%, where ag has units of J/m?,
and I' and o, a), aor are already non-dimensional. We normalize 3, n, Bas, and Be by Berk; hence, the non-
dimensional value for Bk is always unity. For each experiment, we list dimensionless values for 3, n, 8. s, and
Be1. All domains are (at least approximately) unit size. For simplicity of notation, we drop the “bar” from the
non-dimensional quantities.

5.2. Disk with holes

5.2.1. Normal anchoring

The domain is taken to be a disk (of radius 0.6) with two holes (see Fig. 2). Weak anchoring is used on all
boundaries with parameters given by

/Ba,n = /Ba,s =50, o) = 1, a1 =0, au=1, (53)

which yields normal (homeotropic) anchoring. The (non-dimensional) double well potential 1(s), for —1 < s < 1,
is

Y(s) := 5.2403 — 11.6667s? — 27.7778s + 41.6667s*, (5.4)
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FIGURE 3. Disk domain with two holes (Sect. 5.2.2); similar format to Figure 2. Weak (planar)
anchoring is imposed on all boundaries. Some “defect” regions can be seen around both holes
in (a); only the lower left hole has a decreases order parameter in (b). (A) Erk. coefs: k; =
kg = kg =1. (B) Erk. coefs: kl = 1,]{12 = k3 = 0.25.

FIGURE 4. Disk domain with two holes (Sect. 5.2.3); similar format to Figure 2. Electro-static
effects are turned on and weak (normal) anchoring is imposed on all boundaries. Some “defect”
regions can be seen around the lower left hole. (A) Erk. coefs: k1 = ko = k3 = 1. (B) Erk. coefs:
k1 =1,ky = ks = 0.25.
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FIGURE 5. Disk domain with two holes (Sect. 5.2.4); similar format to Figure 2. Electro-
static effects are turned on and weak (planar) anchoring is imposed on all boundaries. Some
“defect” regions are depicted in blue. (A) Erk. coefs: k; = ko = ks = 1. (B) Erk. coefs:
k1 =1,k = ks = 0.25.

with a local maximum at s = 0 and global minimum at s = s, := 0.7. The initial conditions in  for the
gradient flow are: s = s, and n given by a point defect at (0.552,0.46)7 .
The first set of values for the Ericksen constants are

ki =1, ko=1, ks=1, ky=0, by =1 by=by=bs=0, (5.5)

with stabilization parameter 6 = 3.3341, effective coercivity constant is £o = 0.3332, and ek = 1. The results
of this simulation are shown in Figure 2a.

The next simulation changes two parameters only: ks = ks = 0.25; the rest are identical. This yields a
stabilization parameter § = 8.6316 and effective coercivity constant ¢y = 0.1249. The results are shown in
Figure 2b which is not very different from Figure 2a.

5.2.2. Planar anchoring

In this numerical experiment, the exact same setup is used as in Figure 2a, except the weak anchoring
coefficients are
6&,11 = 5a,s = 50, o = 0, ar =1, au =1, (56)

which yields planar anchoring. The double well potential is the same as in (5.4). Same initial conditions are
used.

The first set of values for the Ericksen constants are the same as in (5.5). The results of this simulation are
shown in Figure 3a.

The next simulation changes two parameters only: ko = k3 = 0.25; the rest are identical. The results are
shown in Figure 3b which vary significantly from Figure 3a. The director field “swirls” more because ks, k3 are
lower so bending is not penalized as much.
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FIGURE 6. Cube domain without electric field (Sect. 5.3.1). Arrows depict the director n, which
smoothly transitions from n = (1,0,0)” on the bottom plane to n = (0,1,0)7 on the top plane.
Color scale is based on the degree-of-orientation parameter s (which is nearly constant here).
There are no defect regions. (A) View of the y-z plane. (B) Oblique view.

5.2.3. Normal anchoring with electric effect

This example uses the exact same setup as in Section 5.2.1, except now the electric field is turned on. The
electro-static parameters are

6e1 = 27 g = 5, €1 = ]-7 fl = ]-7 f3 = _1; Ty =T = 0’ (57)

with the boundary condition given by: ¢y = = + y. We start with the “one-constant” approximation, i.e.
k1 = ko = k3 = 1. The results of this simulation are shown in Figure 4a.

The next simulation changes two parameters only: ko = k3 = 0.25; the rest are identical. The results are
shown in Figure 4b which is not very different from Figure 4a.

5.2.4. Planar anchoring with electric effect

This example uses the exact same setup as in Section 5.2.2, except now the electric field is turned on.
The electro-static parameters are the same as in (5.7). We start with the “one-constant” approximation, i.e.
k1 = ko = k3 = 1. The results of this simulation are shown in Figure 5a.

The next simulation changes two parameters only: ko = k3 = 0.25; the rest are identical. The results are
shown in Figure 5b which vary somewhat from Figure 5a. The anisotropic electric field parameters drastically
affect the solution relative to no electric field in Figure 3.

5.3. Freedericksz transition

5.83.1. Off and On

The domain is taken to be a unit cube: Q := [0,1]3 (see Fig. 6). Weak anchoring is not used; the boundary
conditions are:
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FIGURE 7. Cube domain with electric field (Sect. 5.3.1). Similar format to Figure 6. The director
field n is driven to point vertically because of the electric effect, which demonstrates the classic

Freedericksz Transition. Again, the s variable is nearly constant here. (A) View of the y-z plane.
(B) Oblique view.

6.4440-01

(®)

FIGURE 8. Cube domain with flexo-electric effect f; = 1 (Sect. 5.3.2). Similar format to
Figure 7. The director field is drastically affected by the flexo-electric effect. There are no
defect regions. (A) View of the y-z plane. (B) Oblique view.
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FIGURE 9. Cube domain with flexo-electric effect f3 = 1 (Sect. 5.3.2). Similar format to
Figure 7. The director field is again drastically affected by the flexo-electric effect. There are
no defect regions. (A) View of the y-z plane. (B) Oblique view.

n= (1,007, s=s., on0,1]*x{0}, n=(0,1,00", s=s., on][0,1]*x {1}, (5.8)

with a vanishing Neumann condition on the other sides of the cube. The double well potential is the same as
in (5.4) with eqy := (0.5)72. The initial conditions in Q for the gradient flow are: s = s, and n = (0,1,0)”
constant.

The Ericksen constants are

ki=ho=ky=1, ki=0, by =1, by=b3=by=0, (5.9)

with stabilization parameter 68 = 3.3341, effective coercivity constant is £o = 0.3332, and e = 1. The results
of this simulation are shown in Figure 6. Essentially, n - e, = 0 throughout, with a smooth rotation from the
bottom plane to the top plane.

Next, we turn the electric field on with parameters given by

Bel =5, €| = 5, e1=1, fl =0, f3 =0, r=ry=0, (510)

i.e. no flexo-electric effects are present. The boundary condition is given by: (9 = z. The results of this simulation
are shown in Figure 7.

5.8.2. Flexo-electric

In this numerical experiment, we use the same conditions as in Section 5.3.1, except that the flexo-electric
parameters are

fi=1 f3=0, ri=r2=0. (5.11)
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F1GURE 10. Torus domain (Sect. 5.4.1), with different views (A) and (B). Arrows depict the
director n. Color scale is based on the degree-of-orientation parameter s. Weak (planar) anchor-
ing is imposed on the boundary. No defects are present. Erk. coefs: k1 = ko = k3 = 1.

The results of this simulation are shown in Figure 8. The director field is significantly affected by the flexo-electric
effect. Recall (2.35), where f; is connected with divn.
Next, we change the flexo-electric parameters to

fl = Oa f3 = 1) T =Tr2 = 0. (512)

The results of this simulation are shown in Figure 9. The director field exhibits a twisting motion with axis
aligned along the x direction. Note that f3 is connected with n x curln.

5.4. Torus

5.4.1. Planar anchoring

The domain is taken to be a torus with two radii 0.155 and 0.3 (see Fig. 10). Weak anchoring is used on all
boundaries with parameters given by

/Ba,n = /Ba,s = 507 Q| = 07 a)] = ]-7 Qori = 17 (513)

which yields planar anchoring. The double well potential is the same as in (5.4). The initial conditions in Q for
the gradient flow are: s = s, and n a perturbed rotating vector field.
The first set of values for the Ericksen constants are

ki =1, ko=1, ky=1, ki=0, by=1, by=0bg=by=0, (5.14)

with stabilization parameter 6§ = 3.3341, effective coercivity constant is £y = 0.3332, and ok = 1. The results
of this simulation are shown in Figure 10.
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(8)

FIGURE 11. Torus domain (Sect. 5.4.1), with different views (A) and (B). Similar format as in
Figure 10. The director field twists along the torus in order to avoid bending, which is more
heavily penalized by the k3 term. No defects are present. Erk. coefs: k1 = ko = 0.1, k3 = 1

067438

FIGURE 12. Torus domain with electric field (Sect. 5.4.2), with different views (A) and (B).
Similar format as in Figure 10. The electric field has no significant effect relative to Figure 10.
Erk. coefs: k1 = ko = k3 = 1.

The next simulation changes two parameters only: k; = ko = 0.1; the rest are identical. This yields a
stabilization parameter § = 0.2503 and effective coercivity constant £y = 0.049905. The results are shown in
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degree_of_orientation
—7.001e-01

063632

060444 = 060444

F1GURE 13. Torus domain with electric field (Sect. 5.4.2), with different views (A) and (B).
Similar format as in Figure 10. The director field twists along the torus in order to avoid
bending, which is more heavily penalized by the ks term. No defects are present, but s varies
more than the previous cases. Erk. coefs: k; = ky = 0.1, k3 = 1.

Figure 11 which shows the director field developing a “twist” along the torus. This is understandable since k;
and ko are much smaller than ks, i.e. it is energetically favorable for the director field to develop a twist in
order to avoid bending around the torus.

5.4.2. Planar anchoring with electric field

In this case, everything is the same as in Figure 10, except now we turn the electric field on with parameters
given by

Bel = 57 8“ = 57 €1 = 17 fl = 17 f3 = 07 r =Tr2= Oa (515)

The boundary condition is given by: ¢y = z. The results of this simulation are shown in Figure 12. Note that
the flexo-electric term f; does not really play a role here because |divn| ~ 0.

The next simulation changes the following parameters only: k1 = ko = 0.1, and f; = 0, f3 = 1; the rest are
identical. The results are shown in Figure 13. Similar to Figure 11, the director field twists along the torus in
order to avoid pure bending. However, the f3 flexo-electric term causes the director field to distort further (note
the lighter colored areas in Fig. 13b).

6. CONCLUSIONS

We have presented a finite element method for the generalized Ericksen model of liquid crystals, which can
account for electro-static effects and weak anchoring conditions. The method is shown to converge in the sense of
I’-convergence for global minimizers, without requiring the mesh to be weakly acute. A key part of the method
uses mass lumping (different from what is in [70,71]) to give stability.
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Using a simple iterative minimization scheme with line search, we computed discrete minimizers for three
different examples to illustrate the method. The numerical experiments illustrate the effect of varying the
Ericksen constants; this has a direct effect on the form of the minimizers. Furthermore, the electric field can
augment the director field considerably if (3 is large enough.

The main advantage of the method is that it does not need a weakly acute mesh. This allows for modeling
LCs with the Ericksen system on general geometries, without the need for a separate treatment of the boundary
(such as in [33,63]). This has the potential for enabling shape optimization problems related to liquid crystals,
such as optimizing colloidal particles interacting with LCs.

One future direction of our method is to extend it to handle line fields, i.e. enforce the equivalence of £n (see
Rem. 2.1). Moreover, our approach could be extended to modeling and simulating the packing of DNA strands
inside viral capsids [8,60]. The idea here is to treat the DNA strand like an anisotropic material and model
the material state with a director field [50]. There are many applications for this kind of modeling, from basic
science [58,79] to more practical applications [44].

APPENDIX A. AUXILIARY RESULTS

A.1. Elementary analysis

The following convergence result is basic to everything that follows.

Lemma A.1. Let (s,u,n) € A, and suppose {(ss, us,n5)}s>0 C A is a sequence such that (ss,us) — (s,u) in
[HY(Q)]%*1, as § — 0. Then, for any subset D of Q, we have

/ 53| Vns|? —>/ s%|Vn|?, asd — 0.
D D

Proof. This follows easily from the identity (2.4). O

We note a basic compactness result regarding traces (see [67], Cor. 7.2, [27], Thm. 6.6-3, and [27], Thm. 6.6-5).

Theorem A.2. Let Q be a bounded Lipschitz domain in R:. Then, for d =2 or 3,
[ullz2ry < Cllullwrp(e), forall 2 < p < oo,

where C' > 0 only depends on Q and T'. Moreover, the trace operator on T, as a map from W12(Q) — L2(T"), is
compact.

The singular set {s = 0} plays a critical role in the analysis throughout the paper. The following basic result
from [35], Chapter 5, Exercise 17 is used repeatedly to handle the singular set.

Lemma A.3. Let u € H(Q). Then, Vu = 0 a.e. on the set {u = c}, where c € R.

The following lemma is used to handle the vanishing set Z. in Proposition A.6 (see [90]) during the proof of
Lemma A.7.

Lemma A.4. Let f € LY() be non-negative, and suppose that for each € > 0 the set B, C §) satisfies |Be| < e.
Then, lim._, fBe f=0.
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A.2. Truncation and regularization in the admissible set

Since the double well function 1 diverges at s = —1/2 and s = 1, it is convenient to truncate s away from
s = —1/2,1. The next result, from Lemma 3.1 of [70], indicates that this is only a small perturbation (also see
Lem. A.8).

Lemma A.5 (Truncate s). Assume (g,r,q) satisfies Assumption 2.4. Let (s,u,n) € A(g,q) and define s, :=
max {—3 + p,min{s,1 — p}}, for any p > 0, and set u, := s,n. Then, (sy,u,,n) € A(g,q) for all p < py and
1(s, 1) = (sp,up)llm1 (@) — 0, as h — 0.

The following proposition is a variant of Proposition 3.2 from [70] and is needed to construct a recovery
sequence (see Lem. A.17 and Thm. 4.5).

Proposition A.6 (Regularization in A(g,q)). Suppose the boundary data satisfies Assumptions 2.4 and 2.5.
Let (s,u,n) € A(g,q), with —% +p<s<1-—pae inQ for any p such that 0 < p < po. Then, given § > 0,
there exists a triple (ss,us,ns) € A(g,q), such that ss € WH2(Q), us € [W1>(Q)]%, and

1
(s, 1) = (s5,05)|| 1 () <6, —3tp<ss(z)<l-p Vzel

This implies there exists Z. C Q such that | Z.| < € and (ss,us) converges uniformly on Q\ Z..
In addition, ng = us/ss if ss # 0, and ns can be taken to be any unit vector if ss = 0. Then, ns — n in
[L2(Q\ S)]¢ (recall (2.3)). Moreover, for each fized € > 0:

(i) ng is Lipschitz on Q\ {|ss| < €} with Lipschitz constant proportional to e~ *;
(i) ng — n in [HL(Q\ T)]?, as 6 — 0, where Y, := {|s| < e} U Z..
A.3. Perturbing the energy

The following results show that we can perturb the energy (2.42) within the admissible set. This is used to
construct a recovery sequence in Theorem 4.5

Lemma A.7. Assume the hypothesis of Proposition A.6. Then,
Eerk(séyné) - erk(san)a Ea(S(S;n(S) e Ea(san)a Eel(séané) - 91(571’1)7 (Al)
as § — 0.

Proof. First note that ss — s, a.e. in Q, nsg — n a.e. in Q\ {s = 0}, and Vns — Vn in L*(Q.), where
Q== Q\ T, for any fixed € > 0, where Y, := {|s| < e}UZ. and Z. is taken from Proposition A.6. Now consider
the ks term I,fg (D) := [ s3Ins x curlng|* = [} s3|[ns]xcurlng|? in Eey, for any subset D C €2, and estimate
the difference

1,00~ | s§|[n5]xcuﬂn|2‘ _
Q

€

/ [ [n(;]q;[ng]x] : [(curln ® curln) — (curlng ® curlng)]

€

< (|leurln]2(q,) + lleurlng|2(q,)) |lcurlng — curln|| 2o,y < Cllcurln|| 20| Vns — V|| 12,

which clearly goes to zero as § — 0. Moreover, we have that s%|[ns]xcurln|?> — s?|[n]xcurln|? a.e. in 2, and

s2|[ns]xcurln|? < C|Vn|? € L1(Q) a.e. in Q, which implies that s2|[ns]xcurln|> — s?|[n]xcurln|? in L*(Q)

by the Lebesgue dominated convergence theorem. Therefore, lims_,o |I,‘§3 Q) — I, (Q€)| =0, for all € > 0.
Next, using u = sn, note that

I (Te) < C/ 53|Vns|? < C/ |Vss|* 4+ |[Vus|?, and so
Y. T

lin [ 72,00 = 22,(£2)] <26 [ xer. (195 + [VuP) = I}, (T.),
- Q
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for some independent constant C' > 0. Taking € — 0, we have that

I (Y — (|vs|2+|Vu\2)+hm/ (IVs]* + |Vul?) =
{5=0} e—0 Z.

because Vs = 0 = Vu a.e. on the set {s = 0} (see Lem. A.3), and lim_¢|Z.| = 0 (see Lem. A.4). Hence,
lims_,o {I,fg(Q) — I} ()| =0, so then [, s3lns x curlng|? — [, s?|n x curln|?. The other terms in Eey can be
handled similarly.

For the weak anchoring energy E,, we only consider [, s*(v-n)*dS(z); the other terms are handled similarly.
By Theorem A.2, ssns = us — u = sn in L?(T). Thus, fr 85 v-ns)2dS(z) — [ps*(v-n)?dS(z).

For the electric field, we first note that the polarization vector P(ss, ng) — P(s,n) in L?(Q) by arguments
similar to the above. Next, let @5 solve (2.38) given the data (ss,ns), i.e. g5 = T(ss5,n5). We must now show
that @5 converges to a limit ¢ = T'(s,n).

Clearly, e(ss,ns) converges to €(s,n) a.e. in Q\ S. Moreover, e(s5,n5) — &l a.e. in S, and e(s,n) =&l in S.
Thus, (ss,n5) converges to g(s,n) a.e. in Q. Furthermore, choosing n = ¢s in (2.38) and using (2.33), we find
that

. c1 1 - Co 1 5
Emin[ V@57 2(0) < Emax <2||V¢0||i2(9) + 261||V<P6||2L2(Q)> + §||P(35,n5)||%2(9) + TCQHV‘P(SHQL?(Q)?

where c1,cy > 0 are to be chosen. Upon recalling (2.36), and since (ss,us) — (s,u) in H'(2), we have that
P (s5,105)||2(q) is uniformly bounded for all § > 0. Choosing c1, ¢ sufficiently large, we find that ||[V@s|| 220y <
C < oo, for all § > 0 for some fixed constant C' > 0. Thus, g5 — ¢ in H}(Q).

Furthermore, €(s5,ns)Vn’ — €(s,n)Vn? in L?(2) by Lebesgue’s dominated convergence theorem. So, com-
bining with the weak convergence of @5, we see that

/V¢55(35,n5)V77T—>/V@e(s,n)VnT.
Q Q

Thus, combining with the convergence of the other terms in (2.38), we see that ¢ solves (2.38) with data (s, n).
The following argument shows that 5 — ¢ in H} (2) (strong convergence). Similar to the previous inequality,
we have

8IHIII||V<)06 - V<)OHL2(Q) / v 905 - ) (557n5)v(¢5 - @)T

- / Vioe(ss, 1)V (@5 — §)7 + / P(s5,m5) V(@5 — &) (A2)
Q Q

+ / Ve(ssms)V (5 — @)
Q

where we used the PDE constraint (2.38) with data (ss,ns). By Lebesgue’s dominated convergence theorem,
we have that Voe(ss, ns) — Vippe(s,n) and V@e(ss, ns) — Vpe(s,n) strongly in L2(£2). Moreover, we know
that P(ss,ns) — P(s,n) strongly in L2(£2). So combining with the weak convergence of V@; implies that the
right-hand-side of (A.2) goes to zero. Therefore, we find that Vs — V@ strongly in L?(Q).

This then implies that Ee(Ps; S5, 105) — Fa(@; s,n) and that the limit @ solves the electro-static equation
(2.38) with data (s,n). We have thus proven (A.1). O

The next result shows the effect of truncating s on the total energy FE.

Lemma A.8. Assume the hypothesis of Lemma A.5. Then, E(s,,n) — E(s,n), as p — 0, where s, is given in
Lemma A.5.
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Proof. The result follows by the monotone convergence theorem, and similar techniques as in the proof of
Lemma A.7.
|

We now combine Proposition A.6 and Lemmas A.7, A.8 to obtain the following energy perturbation result.

Lemma A.9. Suppose the boundary data satisfies Assumptions 2.4 and 2.5. Let (s,u,n) € A(g,q). Then,
given k > 1, there exists a triple (s, ug,ni) € A(g,q), such that s € WH2(Q), ug € [WH(Q)], ||(sk, ug) —
(s,w)|lmi) — 0 as k — oo, and —1 + 1 < s, < 1— 1 a.e. in Q. Moreover, |n, — 1|20\ s=0}) — 0,
n; € [WH=(Q\{|sk] < ]9, and |0 —n| g1 o\r.) — 0 as k — oo for any fized € > 0, where Y. is taken from
Proposition A.6, and

E(sg,ng) — E(s,n), as k — oo. (A.3)

Proof. Let k > 1, such that 0 < 1/k < pg and define 5 := max{—1/2+ 1/k,min{s,1 —1/k}}, and 4y := 5;n.
Then the hypothesis of Lemma A.5 is satisfied, so (5k, g, n) € A(g,q) for all k such that 0 < 1/k < po,
and there exist numbers {ax}32, such that [|(5x,0x) — (s,u)||g1(@) = ax and limg_.o ap = 0. Furthermore,
Lemma A.8 implies that there exists numbers {c,, }7°; such that

|E(3k,n) — E(s,n)| = ¢4, and klirgo Cap, = 0. (A.4)

Next, apply Proposition A.6 to (3, Gy, n), i.e. given & < 1/k, there exists a triple: (ss, us, ns) € A(g, q), such
that (ss,us) € [Wl’oo(ﬂ)]l+d, II(s5,u5) — (§k,l~lk)||H1(Q) <é,and —1/2+ 1/k < 85 <1 —1/k in Q. Moreover,
05 —nl| 20\ fs=0}) — 0, n5 € [WE2(Q\{[ss] < e})]?, and [[ns —n|| g1\ r.) — 0 as § — 0 for any fixed € > 0.

Thus, the hypothesis of Lemma A.7 is fulfilled. In addition, to see the convergence of Egy, note that for
fixed 3, ¥(8k) is bounded on Q and 9 (ss) is uniformly bounded for all §. Hence, by Lebesgue’s dominated
convergence theorem, we see that Egw(ss) — Eaw(8k) as § — 0. Therefore, |E(ss,n5) — E(3;,n)| = c¢5, where
cs > 0asd — 0.

Now, choose § = §;, < 1/k sufficiently small so that §, < ag, ¢5, < cq,, and define s = ss,, Ui := us,,
ng = ng, . ‘Whence, ||(Sk, uk) — (8, u)”Hl(Q) < ||(S5k,u(5k> — (§k7 ﬁk))”Hl(Q) + ||(§k, ﬁk) - (S, u)HHl(Q) =0k + Qg
and |E(sg,ng,) — E(s,n)| < |E(ss,,ns,) — E(Sk,n)|+|E (5, n) — E(s,n)| = cs, +cq, . Taking & — oo, we obtain
the assertion. ]

A.4. Interpolation estimates
The next basic result is used in Section 3.3.1.

Proposition A.10 (Lagrange interpolant inequality). Let p be a linear function over a d-dimensional simplex
T, where 1 < d < 3. Then,

[ @i < [ net@ar < a2 [ pe)? (A.5)

T

The following result is useful throughout the paper.

Proposition A.11 (Elliptic projection). Define the bilinear form a(s,z) = (s,z) + (Vs,Vz) and let Py, :
HY(Q) — Sy, be the elliptic projection defined by

a(Pps,zn) = a(s,zp), forall 2z, € Sp. (A.6)

Then ||Prs — s||m1(q) — 0 as h — 0; similar results hold for the elliptic projections onto Uy and V.

We collect here several interpolation and inverse type inequalities, all of which follow by basic finite element
theory.
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Lemma A.12. Let v, : T — R be a polynomial on an element T € T, of dimension d, where d = 2 or 3.
Then, the following trace estimate holds

”UhHL?(é)T) < Cghd(l/Q_l/p) (h_1/2||UhHLP(T) + hl/QHVUhHLP(T)) , forall 2<p<oo, (A.7)

where hy = diam(T) (for any T € Tp,), h = maxy hy, and C > 0 only depends on the shape regularity of the
mesh Tp,.

Lemma A.13. Let (sp,up,ny) in Ay and let D = Upez, T C Q, where T, is any subset of elements of Ty,.
Then, for 1 < p < oo, the following error estimates hold

lspnn — upllLe(py + AV (senn — un)l|Le(py < ChlIVshlle(py, (A8)
sy an — 04l 2oy + BV (s, "an — np) || 2e(py < Chllsy 2L (py (IVsnllzeny + [Vanll e py) - '

where hy = diam(T) (for any T € Tp,), h = maxy hy, and C > 0 only depends on the shape regularity of the
mesh Ty,.

Lemma A.14. Assume the hypothesis of Lemma A.13 and let wy, € Up. Then,

15, = In{si}lLe(py < ChllsuVsnllLoy, or  Ch?|Vspll7enpys
lwh ® Wi = In{wn @ Wi} Lo(p) < Chllwi © VWi |opy, or  Ch*|[VwWall7ep(py, (A9)
57 (0 @ ) — In{sj (0 @ 03) }lLe(py < Chllsnll~pyK1, or Ch*Ks,
Is7 (] x ® [a]x) = In{sh, (na]x @ a]s) Yo () < Chllsnlle ) K1, or  Ch*Ko,
K1 := (IVshlle(py + IVUrlo(py) . Ko = (||V3hH%zp(D) + HVUhH%%(D)) , (A.10)

where C' > 0 only depends on the shape regularity of the mesh Tp,.

Lemma A.15. Let (sp,up,ny) in Ay and let X = Upez, F CT, where Fy, is any subset of Fp, which is the
set of all face elements contained in Tp,. Then, for d =2 or 3, the following estimate holds

||Shnh — uhHLQ(E) < Chl/QHVShHLz(D)7 (A.ll)

where D = UTeth C Q, with ’]N'h ={T e€T,:TNX #0}, and C > 0 only depends on the shape regularity of

the mesh T1y,.

A.5. T'-convergence intermediate results

A.5.1. Characterizing limits

The following result is taken from Lemma 3.6 of [70]. Note that we only get convergence (in general) for sj
and uy; the convergence of nj is somewhat limited.

Lemma A.16 (Characterizing limits). Let (sp,us) in A converge weakly to (s,u) in [HY(Q)]**?. Then,
(sh,un) converges to (s,u) strongly in [L*(Q)]'*9, a.e. in Q, and the limit (s,u) satisfies |s| = |[u| a.e. in
Q (i.e. (s,u) € A). In addition, there exists Z. C Q such that |Z]| < € and (sp,up) converges uniformly to
(s,u) on Q\ Z..

Furthermore, the associated sequence ny, in Ny, defined by u, = In{spny}, satisfies the following properties
for each fized € > 0.

(i) There exists a director fieldn : Q — St with n € [L2(Q)]N[L>(Q)]?, n| = 1 a.e., such that n;, converges
ton in [L2(Q\S)]¢ and a.e. in Q\S and u = sn a.e. in Q. In addition, n;, — n uniformly on Q\ (S, U Z!),
where S. = {|s(z)| < €}.
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(i) ny, converges weakly to n in [H(Q\ Y2)]|¢, where Y. := S. U Z! (c.f. Prop. A.6).

Lemma A.17. Suppose Assumptions 2.4 and 2.5 hold. Let (s,u,n) € A(g,q) such that (s,u) € [Wl’“(Q)]dH.
d+1

Then there exists a sequence (sp,up,np) € Ap(gh,an), such that (sp,us) converges to (s,u) in [WH=(Q)]",
as well as ny, € Ny, converging to n in L>(Q\ S), and ny, converging to n in [WI’OO(Q \ SE)]dH, for every fized
e>0.

Proof. We introduce the Lagrange interpolants s, := I,{s}, u, := I,{u}; moreover, define

ny(x;) = up(x;)/sn(x;), if sp(x;) #0, otherwise np(z;) = any unit vector.

for each x; € Nj,. Thus, (sp,np) € Ap(gn,qn)-
Let s5 = sx¢5, where ¢5 is a mollifier; hence, s5 € C°° and |[s5— 5| g1 (o) — 0 as 0 — 0. Next, use interpolation
theory, and the triangle inequality:

I Tn{s} = sllar @) < Mn{s = sstlaro) + Hn{ss} — ssllar) + lss — slla1 ()
<Cills— $5||H1(Q) + C2h||D255HL2(Q),

where we used the stability of the interpolant. Taking the limit as h — 0, we have limj, o |[In{s} — 8|51 (q) <
Cills = ss|l a1 (), for all 6 > 0. So, taking 6 — 0, we see that |s; — s||g1(@) — 0 as h — 0. Similarly,
[up —ul[ 1) — 0.

Next, we check nj,. Let Q. := Q\ S, and note that n € [W1>(Q,)]? for every fixed ¢ > 0. Since n;, =
In{s~tu} = I {n} on Q, again by interpolation theory, we have that n, — n in H'(Q.). To prove the
convergence in L?(2\ S), one can follow the argument in the proof of Proposition A.6. (]

A.5.2. Estimates for mass-lumping

Lemma A.18 (Remove I, for lim-sup.). Recall (3.7) and (3.9). Let (sp,un,np) € Ay such that (sp,up)

converges strongly to (s,u) in [W1>(Q)]1T<. Moreover, assume n;, — n in [Wl’OO(QE)]d for every fized € > 0,
where Q. = Q\ S.. Then,

lim
h—0

—~ h —~
(W(Sh, Vsh, np, Vnh), ].) — (W(Sh, Vsh, np, Vnh), 1) ‘ — 0. (A12)

Proof. Note that the hypothesis implies ||(sn, un)||z1 () < Ao, for some constant Ay, for all h. We demonstrate
the result for one of the terms in (3.9); the other terms follow by similar arguments. We first show that
|w,@3 — Wi, | — 0 as h — 0. After recalling (3.11), consider the difference:

Gl.(Q) := (In {stn, ®n,},Vni Vn,) — (sin, @ ny, Vol Vny,) . (A.13)

Throughout, we let C' > 0 denote a generic constant. Now fix € > 0 and note that, for A sufficiently small, we
have

|GZ,s (Q \ SE)‘ = '/Q\S [Ih {s,%nh X Ilh} — (Sil’lh ® nh)] : [(anVnh)]

(A.14)
< |n {sinp ®@mnp} = (sinp @ np) |20 V0Pl 2@\,

< Ch([IVsnllL2@) + IVurllL2@) V07~ @5y < CAlVD o5,

where we used (A.10).

Next, we examine the difference over S.. For all h > 0, let 7,* = {T € 7, : TN S, # 0} C T, and note that
for h sufficiently small, we have S, C D, := Urer: T C Sae, because S, and \Ss. are disjoint compact sets, so
they are a positive distance apart.




1214 S.W. WALKER
We obtain for sufficiently small h:
|GZJ(85)‘ = '/ [Ih {Sinh & Ilh} — (S%l’lh ® nh)] : [(Vn[Vnh)]’
Se

< O {stny @y} — (siny @ ny)| 1 p,) C2h ™2

<cc? (Hvé’h”iz(sge) + ||vuh||2L2(Sze)> <C (HVSH%Z(SQE) + ||vu||2L2($2€)> ,
where we used an inverse inequality ||Vny||ze (o) < 5||nh||Lw(Q), as well as (A.10). Thus,
Jim (G, ()] < C (IVsl32(s,.) + [ Vulltas,,) s Ve >0,

Therefore, taking € — 0 and using the monotone convergence theorem, we get

lim |G}, ()] < C / |Vs|2+/ |Vul? | =0,
h—0 {s=0} {u=0}

because Vs =0 and Vu =0 a.e. in {s = 0} (see Lem. A.3).
Therefore, w,@g (Sh, Sp;0p, Ny Vg, Vng) — w, (Sk, Sp; g, g Vg, Vg, | — 0, as h — 0. The convergence
of the remaining terms follows by similar arguments.

(]
Lemma A.19 (Remove I;, for lim-inf.). Recall (3.7) and (3.9). Let (sp,un,n) € A such that (sp,up)

converges weakly to (s,u) in [HY(Q)]*L. Moreover, let (5,,0,) € Si x Uy such that (3,,0;) — (8,R) in
[Whoe ()4 and [0 Lo (o) < C for all h. Let F, := Q\ Y. where Y. is taken from Lemma A.16. Then, for
every fized ¢ > 0,

— h —
lim’<W(sh,V§h,nh,Vﬁh)7l> —(W(sh7V§h7nh,Vﬁh),1) 0. (A.15)

h—0

€ €

Proof. Without loss of generality, the hypothesis implies that ||(sp, us)|| g1 (o) < Ao, for some constant Ay, for
all h. We demonstrate the result for one of the terms in (3.9); the other terms follow by similar arguments.

We first show that |w), — wg,| — 0 as h — 0. Consider the difference G}, (F) (as in (A.13)) where we have
for each € > 0, and for h sufficiently small,

|G, (Fo)| = ‘/F (I, {siny, @0y} — (spn, @ ny)] - [(Vﬁ{vr&h)]’

. A.16
< | In {spnn @0y} — (spnp @ )| L2 | VAR || 22(r,) (4.16)

< Ch(IVsnllzzco) + IVunll20) VA7~ 5,y < CARIVA|L (1),

where we used (A.10). Therefore, |w/,}€‘3 (Shy Sp; 0, p; Vi, Vﬁh)Fe — Wy (Sh, Sp; 0y, Np; Vﬁh,Vﬁh)Fe | — 0, as
h — 0. The convergence of the other terms follows similarly.

O
Lemma A.20. Assume the hypothesis of Lemma A.19. Then,
—~— h —
lim ‘ (DMW(sh,V§h,nh,Vﬁh),Vyh> - (DMW(sh,V§h,nh,Vﬁh),Vyh> L0 (A.17)
— h o~
lim (DgW(sh,vgh,nh,Vﬁh),wh)E - (ngv(sh,vgh,nh,vlah),wh)ﬂ 0, (A.18)

where (th,yn) € Sp X Up and ||(th,yn)l| 1) < A2 for all h.
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Proof. We follow similar arguments as in the proof of Lemma A.19. First note that

DWW (81, Vin, np, Vi) = 252 [kytr(Vig) T+ ko([ng]x - Vi) g« + ks(Vigng,) © oy,
+ (k2 + ka)(VA], — tr(Va)I) + 00y, ® (Vg ny,)]
+ b3sp(V8y - np)I + bysp Vs, @ ny,

DgW(sh, Vép,np, Vi) = 201 Vs, + 2b2(V§, - np)ny + byspnptr(Viy,) + bysy, (Vg )ny,.

(A.19)

We demonstrate (A.17) for the k3 term in (A.19); the other terms follow by similar arguments. Define the
difference:

~ h ~
GQS Q) := (si(Vnhnh) ® ny, Vyh) — (si(Vnhnh) ®ny, Vyh) ,

- . h .
and note that (similar to (A.13)) (s7(Vaxn,) ® np, Vys)" = [, In {siny @ n,} : (VAL Vyy). Then,

|G, ()] = ‘/Q [In {sinn @0y} — (sin, @ my)] : (VAL Vys)]

. A.20
< 1 {7 @ mi} — (5 @ m) 2| Ve s V9 2 (420
< CAsh ([|Vsnllr2) + [Vunll L2 o) V]| L= @) < CAoAsh|| Vi L~ (o),
where we used (A.10). Clearly, limj_¢ |G’,§3 ()] = 0. The other terms follow by similar arguments. O

A.5.83. Weak lower-semicontinuity

Lemma A.21 (Weak L.S.C. for Eerk). Assume the hypothesis of Lemma A.16. If (2.19) holds, then Eé‘rk is
weakly lower semi-continuous, i.e.

liin iglf Egrk(sh, ny) > Eerk(s,n) = Fox(s,n), (A.21)

for any sequence (s, up,ny) € Ay, such that (s,u,n) € A, and (sp,up) — (s,u) in [H1 ()]},
Proof. Step 1: Egorov. Set L := liminfy_ Eerk(Sp, np); we must show that Eex(s,n) < L. Without loss of
generality, we can assume L < co. By Lemma A.16, we have that s, — s, u, — u a.e. in , and n, — n a.e.
in O\ S. Fix € > 0. Lemma A.16 gives that nj, converges weakly to n in [H*(Q\ Y%)]¢, where Y. = S, U Z/,
(sn,up) — (s,u) uniformly on Q\ Z!, and n; — n uniformly on F, := Q\ YT..
Step 2: convexity. Let s; = s * ¢, where @5 is a mollifier; hence, s5 € C*°(Q) and |[|s5; — s|g1() — 0 as § — 0.
Next, define ns = n * ¢s, thus, n; € C*°(Q) and |ns — n|z2q) — 0 as 0 — 0, and |[ns; — n||g1(\s,) — 0 as
6 — 0. Next, define 8, := Is5 € S, 0y, := Iyns € Uy, and note that §, — s5 in WhH(Q), [|hp | peo) < 1,
n, — ng in [WH(Q)]4.

Now combine the convexity result (2.28) with the interpolation operator I; to obtain

IhW\(sh, Vsp, np, Vnh) > IhW(sh, Vép, np, Vﬁh) + Ih{\I/}f} + Ih{‘l/g} (A.22)

U = DWW (s, Vip, my, Vi) : (Voy, — Vi),

gl (A.23)
\I/;L = DgW(Sh, V§h,1’1h, Vflh) . (Vsh — V§h).

on every T € 7;,. Whence, Eé‘rk(sh, ng) > % I [I}LW\(S}L, Vép,np, Viy) + I,{08} + Ih{\Ilg}] In lieu of (A.15),
(A.17), (A.18), we may drop the interpolation operator Ij,.
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Step 3: h — 0 for lower bound. We demonstrate

fltli% . W(sh, Vép,np, Vi) = /F W(s, Vss,n, Vng). (A.24)
We start with the k3 term in (A.24), which has the form I,?S = (sn(Vhp)ny, sp(Vig)ng)p . By uniform
convergence in Step (1), and the strong convergence of Vi, in L(€), we have that s2|(Vi,)n,|2 — s2|(Vng)n|?
in L2(F.). Thus, we obtain limj_,o I,’gs = (s(Vng)n, s(Vng)n),, = Ik3

Next, we consider the by term in (A.24), which has the form I,Z := (V5 - np,, V3§, - ny) . Again, by uniform
convergence in F. and the strong convergence of V3, in L2(), we have that (V§, -nj,)? — (Vss-n)? in L2(F,).
Whence, limy,_,g Ig; = (Vss-n,Vss - n)FE =: I{L. The other terms are similarly dealt with. So, we have proved
(A.24).
Step 4: h — 0 for residual terms. Next, we show that

lim [ Wb = (DMW(S,v55,n,Vn5),Vn - Vné) . lim [ k= (DgW(s,vsé,n, Vng;), Vs — v55)
h—0 F F. h—0 F.

€

(A.25)

We start with the k3 term in [, Uh which, after recalling (A.19), has the form
RZS = (S%(Vflhnh) ®ny, Vn, — Vﬁh)Fe

Again by uniform convergence and strong convergence of Viy, in L?(Q), we have that s?(Vh,n,) ® n, —
s2(Vnsn) ® n in L2(F,). Since Vi, — Vns in L?(2), and Vny, converges weakly to Vn on F,, we have that
Vny, — Viy, converges weakly to Vn — Vng in L?(F,). Combining strong and weak convergence, we obtain

. ph 2 . po
%,li% R}, = (s*(Vnsn) ®n, Vn — Vn(g)FE =Ry,

The remaining terms in (A.25) follow similarly.

Step 5: take the limit § — 0. The strong L%(F.) convergence of Vngs to Vn, together with the boundedness
of s and n, give I,‘zg — (s(Vn)n,s(Vn)n), , as § — 0. Moreover, we have I{; — (Vs n,Vs-n)p,as 6 — 0
(similarly for the other terms). Furthermore, the residual terms vanish, e.g. Rig —0asd—0.

Step 6: conclude. We have shown that

hmlnfEcrk(sh,nh / W (s,Vs,n, Vn) / W(s,Vs,n,Vn),

where the equality follows from (Vn)?n = 0 because |n| = 1 a.e. in F, and (s,u,n) € A. Taking ¢ — 0
yields Fe — Q\ (Z'US), where Z' C Q is a set of measure zero. By Lemmas A.3 and A4, ||Vs|r2zus) =
IVul|z2(zus) = 0, 50 [|sVnl| 12 (zusy < C ([VullL2(zus) + Vsl L2(zus)) = 0. Therefore,

lim W(s,Vs,n, Vn) /W(S,Vs,n, Vn),
e—0 F. Q

i.e. we proved (A.21). O
Lemma A.22 (Continuity of E). Assume the hypothesis of Lemma A.16. Then E" is continuous, i.e.

lim Bl (51, 11) = Ey(s,m), (A.26)

for any sequence (sp,up,ny) € Ap, such that (s,u,n) € A, and (sp,up) — (s,u) in [H*(Q)]*+9.
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Proof. The result essentially follows by strong convergence in L?(T). O

Lemma A.23 (Weak L.S.C. for E.). Assume the hypothesis of Lemma A.16. Then E" is weakly lower semi-
continuous, i.e.

liin iglf El(sp,mp) > Ee(s,n), (A.27)

for any sequence (s, un,ny) € Ay, such that (s,u,n) € A, and (sp,up,) — (s,u) in [H'(Q)]*+9.
Proof. Since ||(sn, un)|| g1 () is uniformly bounded, and recalling (2.36), we have that || P(sp,n3)|/2(q) is uni-
formly bounded, thus there exists a sub-sequence (not relabeled) such that P(sy,n;,) — P(s,n) in L?(Q). Next,
let @y, solve (3.16) given the data (sp,np), i.e. @ = Th(sp,np).

Next, we show that ¢, converges to ¢ = T'(s,n). Clearly, (s, ny) converges to (s, n) a.e. in Q\S. Moreover,
e(sp,mnp) — €l a.e. in S, and &(s,n) = €l in S. Thus, &(sp,np) converges to e(s,n) a.e. in . Furthermore,
choosing 7, = ¢p, in (3.16) and using (3.14), we find that

= 2 a1 2 1 <2 €2 2 1 <2
Emin[|[V@nlZ2(0) < Emax (2||V<Po,h Z2) + 261||V<Ph||L2(Q)> + 5 [P (snomn) [z + E”V@}L”L?(Q)a
where c1, ¢ > 0 are to be chosen. Since ||P(sp, ny)||12(q) is uniformly bounded, choosing c1, ¢z sufficiently large,
we find that ||V@p | 12) < C < oo, for all h > 0 for some fixed constant C' > 0. Thus, ¢, — ¢ in H}(Q).
Furthermore, €(sy,n;)VnT — e(s,n)VnT (in L?(Q)) by Lebesgue’s dominated convergence theorem, ergo

HE(Sha nh)vn,}{ - 5(57 n)VUTHLz(Q) < HE(Sha nh)(vng - VnT)HL’z(Q)

+ ||€(sh, n,)VnT —e(s, n)VnTHL2 — 0, as h — 0,

()

because Vn, — Vn in L?(2), where we chose € C5°(Q2) and take 7, = I,n. So, combining with the weak con-
vergence of V@, we see that [, Vore(sp,n,)Vnl — [ Vge(s,n)Vn”. Thus, combining with the convergence
of the other terms in (3.16), we see that ¢ solves (3.16) with data (s, n).

Next, we recall (2.41) and (3.17) which make the convexity of F and E more apparent:

1 . . 1
Fa(s.n) = 5 [ Voelsm)VeT =5 [ Viuelsm)Vef + [ Plsm) - Vi,

1 . . 1
El(sp,myp) = 5/ Véne(sn, n,)Ver — 5/ Vone(sn.nn) Vs, +/ P(sp,mp) - Vo n-
Q Q Q
The convergence of the last two terms is clear, since g 5, is the elliptic projection (see Prop. A.11), so it converges
strongly in H(Q).

For the first term, given € > 0, by Egorov’s Theorem there exists A. C Q such that |\ A < € and
g(sp,np) — €(s,n) uniformly on A.. Ergo,

/ Vne(sn ) VET > / Vn(e(sn,nn) — e(s,m))VET + / Vne(s,n)VEL,
Q A A

where the first term vanishes by uniform convergence of e(sp,ny). For the last term, we use weak lower semi-
continuity to obtain

lihmi(r)lf/ Vone(sn,ny)Ver 2/ Vpe(s,n)V@T, for all e > 0.
-0 Jo A,
Taking ¢ — 0, and combining with the other convergences, we arrive at (A.27). O
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