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Abstract. In this work, we discuss the approximation of elliptic problems with log-normal
random coefficients using the Wick product and the Mikulevicius—Rozovskii formula. The main idea
is that the multiplication between the log-normal coefficient and the gradient of the solution can
be regarded as a Taylor-like expansion in terms of the Wick product and the Malliavin derivative.
For the classical model, the coefficients of Wiener chaos expansion are fully coupled together in the
uncertainty propagator, while the Wick-Malliavin model yields an uncertain propagator with weak
coupling in the upper-triangular part for a relatively small truncation order in the Mikulevicius—
Rozovskii formula. In this paper we focus on the difference between the classical model and the
Wick-Malliavin model with respect to the standard deviation of the underlying Gaussian random
process. Both theoretical and numerical discussions are presented.
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1. Introduction. Elliptic problems with random coefficients are of fundamental
importance for the stochastic modeling of various physical and engineering applica-
tions (see, e.g., [19]). For instance, the permeability is often modeled by a log-normal
random coeflicient of the flow transport in the groundwater and oil recovery processes.
With this in mind, let us consider the following equation:

) -V - (a(z,w)Vu(z,w)) = f(x), x €D,
(1.1) Model I: { w(z,w) = 0, x e dD.
where Ina(z,w) = G(x,w) and G(z,w) is a homogeneous Gaussian random process
with the covariance kernel cov|[G](x1,x2) = K (|x1 — x2|). For the sake of simplicity,
it is assumed in this paper that the force term is deterministic.

Mathematical analysis of (1.1) is somewhat delicate, due to the lack of uniform
ellipticity. By this reason, the standard approach based on the Lax—Milgram lemma
is not directly applicable. One way to deal with this problem is to consider solutions
of (1.1) with appropriately weighted norms [14, 18, 7] or a weighted measure [21]. An
elegant solution to the aforementioned problem based on the Fernique lower estimate
for a general Gaussian kernel [5] was proposed in [3] and [4]. Another powerful
approach to the analysis of (1.1), based on Wiener chaos expansion and Galerkin
projection, was introduced in [1] and [6]; see also [14]. In the Wiener chaos approach,
the analysis of the underlying equation is reduced to the analysis of a particular system
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of deterministic equations for the Cameron—Martin coefficients of the solution to this
equation. This deterministic system is often referred to as an uncertainty propagator.
Study of elliptic problems with other types of random coefficients can be found in
[1, 8, 9], etc.

The numerical difficulties arising in the Wiener chaos approach are mainly due
to the fact that the stiffness matrix is large and dense, which implies that an efficient
preconditioner is required. To deal with this fundamental problem, some attempts
were made to revise Model I (1.1). A popular strategy is to replace the flux aVu by
a o Vu ,where ¢ stands for the Wick product [10, 22, 25]. The Wick product can be
interpreted as a stochastic convolution. In particular, the Skorokhod (anticipating)
stochastic integral could be viewed as Wick product with respect to white Gaussian
noise; see [15] for more details. Another Wick-type model was introduced in [26, 27],

where the flux was modeled by (a_l)o(fl). When the standard deviation o of the
underlying Gaussian process ln a(x,w) is less than 1, both Wick-type models provide
O(o?)-approximations of Model I. Also, the second Wick-type model has the same
solution as Model I for “spatially independent noise,” i.e., the correlation length of
the underlying Gaussian noise goes to infinity. The Wiener chaos expansion of both
Wick-type models can be approximated efficiently because, in contrast to the fully
coupled system for Model I, the uncertainty propagators of both Wick-type models
correspond to a lower-triangular system.

In this work, we consider a strategy for sequential improvement and generalization
of Wick-type approximations based on the Mikulevicius—Rozovskii (M-R) formula [16].
Providing proper stochastic smoothness, the M-R formula shows that the product
of two functions of a Gaussian vector, say, X and Y, has the following Taylor-like
expansion:

& n n
0 ¥y = xoy 3 DALY

n=1
where D stands for Malliavin derivative [17]. In particular, formula (1.2) indicates
that X oY is the lowest (zeroth-order) approximation of the standard product XY
We will apply the M-R formula to approximate the nonlinear term aVu in (1.1) by
adding high-order terms (n!)~1D"a o VD"u to the Wick-type model. By doing so, we
will (sequentially) upgrade the corresponding uncertainty propagator (at a fraction
of the computational cost) and reduce the approximation errors. The inclusion of
high-order terms will introduce nonzero components into the upper-triangular part
of the uncertainty propagator but the coupling in the upper-triangular part will be
weak if the truncation order in the M-R formula is relatively small. For instance, for
the one-dimensional case a kth-order truncation adds only k& nonzero upper-diagonal
lines. The focus of this paper is the comparison of the new Wick—Malliavin model
and the original model (1.1).

The paper is organized as follows. In section 2 we describe our problem. The
new Wick—Malliavin model based on the M-R formula is introduced in section 3,
where, for simplicity and clarity, we focus on the first-order approximation as aVu ~
a o Vu + Dla o VD'u. In section 4 we generalize the the setting of section 3 to
high-order Wick—Malliavin approximation of Model I. Numerical results are given in
section 5, followed by a summary.

2. Problem description. Let G(x,w) be a homogeneous Gaussian random
process on the complete probability space F = (Q, F,P) with the covariance kernel
K € CO%Y(R,R) and let Ina(z,w) = G(z,w).
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Then the trajectories of a are almost surely (a.s.) continuous on the compact
domain D, which implies that one can define the following random variables:

Gmin = Min a(@,w), Gmax = maxa(x,w).
xeD xeD

Since 0 < amin(w) < a(x,w) < amax(w) < 0o holds a.s., we have that equation

(2.1) / a(z,w)Vu - Vode = / fvdx Vv € HY(D)
D D
admits a unique solution. Furthermore, the following estimate holds a.s.:

I llzz=2)
Amin (UJ)

(2.2) [w(z, W)l iy < Cp ;
where Cp is the Poincaré constant. It follows now (from the Fernique theorem [5, 20])
that a_ ! (w) € Ly(F), p > 0. Therefore u(x,w) € L,(F; H}(D)), p > 0, where

min

1/p
(2.3) lullz, eyon = E [l )] -

We will limit our considerations to the setting with p = 2. More information along
these lines can be found in [3].

For numerical computations, the Gaussian process G(x,w) is usually approxi-
mated by a truncated Karhunen—Loeve expansion

(2.4) G(x,w) ~ Gy(w, &) = Za\/_cbl )&,

=1

where the random vector & = (&1, &a,...,6n) € RY consists of independent Gaussian
random variables with zero mean and unit variance, (\;, ¢;(x)) are the eigen-pairs of
the covariance kernel cov|[G](x1,x2), and o characterizes the standard deviation of
G(z,w).

Then problem (1.1) can be approximated by

(2 5) -V (dN(mag)qu(mas)) = f(il?), T e D7
' un(x, &) =0, x € 0D,
where Inay(x,€) = Gn(x,€). The strong and the weak convergence of uy to u as

N — oo were studied in [3, 4]. The weak form of (2.5) is given by

(2.6) /D E [an (@, €)Vu - Vo] da = /D foda

for an appropriate set of test functions v. Since —V - (an(x, &) Vuy) is not a strongly
elliptic operator, the choice of the spaces where uy converges to u is an important
and delicate problem. In [18], the existence and uniqueness of the solution was dis-
cussed from the white noise analysis (see, e.g., [11]) point of view and established in a
weighted version of Lo(F; Hi (D)). Motivated by the estimate (2.2), this idea was gen-
eralized in [21], where a regular Ly (F; Hi (D)) space was chosen for the solution and a
weighted probabilistic space La(Q, F,a_ i, (w)P(dw)) @ H}(D) for the test functions.

7 P min
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The difficulties for numerical approximation of problem (2.5) are twofold. First,
if one employs the analytical results from [18, 21], then Lo(F; H}(D)) is not an ap-
propriate space for test functions. Second, if one takes Lo(F; Hi(D)) as the test
space and the Wiener chaos basis, then, although no divergence with respect to
the Lo(F; H3 (D)) norm has been numerically observed, the stiffness matrix is full
and dense, which would make numerical computations very challenging. To make
this point more transparent, let us consider the truncated Wiener chaos expansion
U=} negy, Yata (see Theorem 3.1) and implement the Galerkin projection in the
probability space, which results in the following semidiscrete form:

(2.7) - Z V- (Elan (e, §)Haly] Vua) = f(@)ly=0 Vv € In .
acIN,p
Here Jnp = {a = (a1,...,an)||a| < p, a € N)'} is a set of multi-indices. It is easy

to see that the coefficients uq are fully coupled and for any « € D, E[an(x,§)HoH,]
is a full and dense symmetric matrix with respect to a and ~.

3. M-R formula.

3.1. Preliminaries. Consider a spatial white noise

(3.1) W= ZW(uk)uk
k>1

on the probability space F taking values in Hilbert space i = Lo(D), where {uy }x>1 is
a complete orthonormal basis of . For h(x) € U, W (h) defines a zero-mean Gaussian
random variable satisfying

(3.2) E [W(hl),W(hg)} = (hi,ho)us  hi,he €U,

where (-,-)y is the inner product defined on &. Thus W can be rewritten as W =
> k1 Wkk, where &, are independent Gaussian random variables with zero mean and
unit variance. Denote by J the collection of multi-indices o with @ = (a1, iz, . . )
such that each o, € Ny and |a| := >",-; i < 00. Define a collection of random
variables £ = {ho,a € J} as follows:

1
ha(s) = kl;[l \/T]C!Hock (fk)v

where € = (&1, &2, ...) and Hy, (§k) are one-dimensional Hermite polynomials of order
ayi. Recall the following results.

THEOREM 3.1 (Cameron and Martin [2]). The set E is an orthonormal ba-
sis in Lo(F): if n € La(FF), then n = Y c7Naha = Y qec s Nala (§) /Nal, ne =
E[nhal, and E[?] = 3= c 7 na-

The Cameron—Martin expansion is often called Wiener chaos expansion or Fourier—
Hermite expansion. For convenience, in this paper we will mostly consider Wiener
chaos expansion in terms of {Hg }ac 7. Denote by D the Malliavin derivative on Lo (IF)
[17]. For Ho (&), D is defined as

(3.3) DHo =Y oxHa cue= > Y apuHg € Ly(F;U),
E>1 BeJ a=B+e

where g5 is a multi-index such that only the kth component is nonzero and equal
to 1. It is seen that the Malliavin derivative of Hy is a random element on /. By
induction, one can show that the nth-order Malliavin derivative is given by
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al
(3.4) D'Ha=>» | D 1%[,204@11(7) Hg,
B \ll=n '

where u(?) = Zk1,k2, kn Z€k1+"'+€kn:’y U, @ - Quy, € usn,
The Wick product can be defined as follows:

(a+ B)!

(3.5) ha o g i= |3

ha+ﬂ or Ha < Hg = Ha+5-

For random elements f = Y faHq and g = )" gaHa with fa,ga € U, the Wick
product is defined as

(3.6) fog=> > (98 fapluHa,

a B<a

which is a random variable on R.

Next we shall recall two versions of the M-R formula presented in [16].

LEMMA 3.2. Let hq and hg be elements of the Cameron—Martin basis. Then
with probability 1

o0 oo

& D'ha o D'hg & D"Ha 0 D"Hg
BT habp=) T T and HaHly =3 = e
Iflal <Q or |B] < @Q, then
b N Dha oDy R D'Ha o D Hp
amp Z% n! e Helis = z% n! '

Proof. This result follows from the definition of the Malliavin derivative and the
M-R formula (1.2). O

Remark 3.3. Tt is readily seen that if X,Y € Ly(F) and the Wiener chaos expan-
sion for at least one of the elements of the product converges sufficiently fast, then we
have

= D"X o DY
(3.8) Xy =Y —

n=0
where the convergence is in L;. In other words, the regular product of two general
random elements can also have the M-R expansion provided some smoothness in the
probability space.

Remark 3.4. Tt is known that the Wick product is related to the Skorokhod
stochastic integral. (The Skorokhod integral is a generalization of It6 integral to the
integrands not adapted to the filtration provided by the driving Brownian motion.)
Thus, it is more appropriate to think of the Wick product as a convolution in the
probability space. The M-R formula implies that the regular product can be ap-
proximated by the Wick products using a Taylor-like expansion in terms of Malliavin
derivative.
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3.2. Wick—Malliavin approximation of Model I. A popular modification
of Model T (1.1) is represented by the following Wick-type stochastic model:

(3.9) -V (a(z,w) o Vu) = f(x),

where the regular product in the nonlinear term is replaced by the Wick product.
The motivation for the introduction of this model is related to the fact that (3.9) is
an “unbiased” model. That is, @ := E[u| solves the deterministic equation

-V - (Efa(z,w)] o Va) = f(x).

Certainly, the absence of the statistical bias is very desirable in stochastic modeling.
Another consideration is that since the Wick product is a stochastic convolution rather
than a product, solving this model by Wiener chaos expansion is easier.

Originally, model (3.9) was investigated analytically and numerically in [23, 22].
The approach taken in these papers is based on Wiener chaos expansion of the solu-
tion. It leads to the reduction of the stochastic problem to the system of deterministic
equations for the Wiener chaos expansion coefficients. This system is often referred
to as the propagator. It was shown that the solution of (3.9) belongs to the scale of
Kondratiev spaces S, 4(H} (D)) defined by the norm

(3.10) lullfg = D el oy (@) (2N)%,
aceJ

where uq, is given by the Wiener chaos expansion u = Zae 7 uaHea. The existence
and uniqueness of the solution of (3.9) follow from the Lax—Milgram lemma on the
Hilbert space S_1,4(H}(D)). Stochastic finite element method was was also applied
in this setting by several authors [23, 22].

The most important property of the Wick-type modeling is that it reduces the
computations to solving a lower-triangular system of deterministic equations for the
Wiener chaos expansion coefficients. More specifically, for the truncated Wiener chaos
expansion u = EaeJN,p uaHe, where Jn,p is defined as in (2.7), the Galerkin pro-
jection in the probability space yields

(3.11) — >V (ty-a(@)Vua(x) = f(X)ly=0 Vv € Tnp,

a<y

where a-—_q(x) are the WCE coefficients of an(x,w). It is seen that in (3.11), u
depends only on uq with a0 < «. In other words, u~ can be solved sequentially (one
by one). In contrast, the uncertainty propagator of Model I leads to a system of fully
coupled deterministic PDEs. Based on the solution of the uncertainty propagator,
an appropriate weighted Wiener chaos space RLa(F; H} (D)) [13] can be defined with
respect to the norm

(3.12) ullZ 113 (py) = >, luallzr (pyedra
aceJ

where {rq}tacs is a set of uniformly bounded positive numbers. Obviously, by the
choice of 74, the weighted Wiener chaos space and the Kondratiev space can be made
consistent with each other. The numerical analysis of the Wick-type model (3.9) using
the weighted Wiener chaos space can be found in [14, 25].
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Although the Wick-type model (3.9) can be approximated more efficiently, it is a
different elliptic model. In fact, it is actually a second-order approximation of Model
I with respect to the standard deviation o [26, 27]. Another Wick-type model

(3.13) V- (@)Y 0 V) = f(a)

was given in [26, 27], which is also a second-order approximation of Model I with
respect to o. However, it provides a much better approximation than (3.9), since the
multiplier of o2 is smaller and goes to zero as the correlation length increases.

In this work, we focus on how to approximate Model I sequentially using the Wick
product based on the M-R formula. Applying the M-R formula to approximate the
flux, Model I can be rewritten as

(3.14) V. (Z Draf@,w) o VD"“) — f(a).

n!
n=0

When n = 0, (3.14) recovers the Wick-type model (3.9). Note that if we consider the
truncated Wiener chaos expansion

—

a(z,w)Vu = aVu = Z aaVugHoHg,
a7ﬁ€JN,p

then aVu can be fully recovered (at least as long as Jn,p < 00.). From now on, we
will refer to (3.14) as the Wick—Malliavin approximation of Model I. For clarity, we
first focus on the following first-order approximation:

) -V (aoVu+DaoVDu) = f(x), €D,

(3.15) Model II: { (@, w) = 0, z € oD,
where only the first-order Malliavin derivative is included. Later on in section 4, we
consider a more general case with up to Qth-order Malliavin derivatives included. The
application of the M-R formula to other types of PDEs can be found in [24]. From
now on, we use u' and u" to indicate the solutions of Models I and II, respectively.

Remark 3.5. Tt is seen that the Malliavin derivative is defined with respect to the
white noise W = > k>1 Ueér while the underlying Gaussian random process In a(x, w)
is colored noise. Since the colored Gaussian random process can be regarded as a
smoothed white noise [10], the M-R formula is well defined for our problem.

Remark 3.6. To verify that the Wick-Malliavin model (3.14) converges to Model
I, the regularity of the solution needs to be examined, which is beyond the scope of
this paper.

3.3. Uncertainty propagator of Model II. We now derive the uncertainty
propagator of Model II. For H,,, we have

DHa = Z Z 1€k+9:aakung.

0 k>1
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Thus,

DHg ¢ DH,B = Z Z le,r6=a ]-ekJrn:,BOékﬂkHGJrn
0.k k>1

= Z Z Z 1ek+07n:a1€k+'€:,3akﬂkH9

0 K<Ok>1

= Z co,a,gHo,
0

where the coefficient cg o g depends on a, 8, and 0. Note that |a| + |B] = |0] + 2.
Therefore, with respect to the Wiener chaos expansions of a and u"

DaoVDu'" = > anVuyDHy o DHg
o,BeT

Z Z ce,a,gaaVufa'Hg.

6 o,BeT

Hence, the uncertainty propagator of Model II takes the form
(3.16) = > V-(ay-aVuy) = > vV (aaVug) = f(@)ly— ¥y € J.
a<ly a,BeJ

Due to the appearance of the first-order Malliavin derivative, the system (3.16) for

the chaos coefficients u!!, is not lower-triangular any more. The coupling is due to
the coefficient

Cy,e,8 = Z Z 1ek+'yfn:alek+n:,6akﬂk~

rk<y k>1
The coefficient u is coupled with NN higher-order terms ue,~, which are located in

the upper-triangular part of the system. Considering that there exist %

terms of polynomial order || + 1, the upper-triangular part of the system is sparse.
The mean of the solution of (3.9) solves a simple elliptic PDE
—V - (E[a]VE[u]) = (=)
in contrast to the equation for E[u'l],
~V - (E[a]VE[«"] + E[Da]VE[DU"]) = f(z),
which is not closed.

3.4. Comparison of Models I and II via the variance of Ina(z,w). We
now look at the difference between Models I and II with respect to the standard
deviation o of G(x,w). We choose the random coefficient

(3.17) a(z,w) = oG (@w) _ Gl@w)—1o”

Then, the random coefficient a(x, &) has the following Wiener chaos expansion:

ol (g
(3.18) a(z, &) = QI'%()Ha,

ol
acJ
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where ®(x) = (v A1¢1(x),...) with (A;, ¢;(x)) being the eigen-pairs of the covariance
kernel of G(x,w). We assume that Ay > Ay > --- > 0. In our numerical approxima-
tion, we keep only the first N Gaussian random variables and define

ol e (x)
al

s

(3.19) ay(@.&) = Y

aeJN

where Jy = {a|a € N, |a| < «}. Note that ay(x,§) is slightly different from
eOn(@8&=59" with Gy being the truncated Karhunen-Loeve expansion of G(,w).
Actually

(320) CLN(w’S) fd eGN(m7§)—%G'2 Zf\lzl Aliﬁf(m)

Note that

(3.21) cov[G(z, @) = K(0) = > Nioj(x) = 1.
=1

When N is large enough, ay(x, ) is also a good approximation of a(x,w) defined in
(3.17). In fact, we choose the approximation ay (x, €) only for simplicity; see Remark
3.11 for more comments.

Define £'u' = anxVu'! and £ = ay o u'' + Day o DVU!", where the operators L'
and L' characterize the fluxes of Models I and II, respectively. Then, u' — " solves
the equation

(3.22) V(L —a) = V(2 - )

It is readily seen that the difference between u' and u'" is determined by the difference
between £' and £" with respect to u'’.

We now look at the right-hand side of (3.22), where the solution u!' needs to be
understood in more detail. For clarity, we first consider the one-dimensional case, i.e.,
N =1. Then, an(x, &) is defined as follows:

(3.23) anoi(@, ) = 3 anHa(&) = Y %@Hn(&).
n=0 n=0 ’

Assume that u!! can be expanded in a power series with respect to ¢ when ¢ is small
enough. The scaling of the chaos coefficients of u'', with respect to o, is given by the
following result.

PROPOSITION 3.7. For Model 11, the Wiener chaos expansionu' = >°F _ ulH, (¢1)
with one-dimensional random coefficient given by (3.23) admits the following asymp-
totics:

(3.24) up ~ Y 00" %)~ 0(0™), n=0,....p,
k=0
where p > 1.
Proof. The uncertainty propagator for ' is given by
(3.25) =D Ve laniVu) = Y iV (Vi) = f(@) 1,
i<n i>1,j>1
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where n =0,...,p,7=0,....,p,and i +j =n + 2. Let

oo

1l 2 : 1l m A~

U, = un)ma 5 a; = a; 0,
m=0

where we use the fact that a; = O(o?). Then,

(3.26)

—Z > OV (an—iVull, o T = N eV (@ V)0 | = f ()10,

i<n i>1,5>1

Next, we shall compare the coefficients of ¢% on both sides of the above equation. The
coefficient un o, corresponding to ¢, is defined by the equation

(3.27) —V - (@ Vuy o) = f(z)1p—0.
Since a9 = ap = E[a] > 0, then
uOO;&Ou =0, n=1,...,p.
For un 1 corresponding to o, the following equation holds:
(3.28) -V (éOVulrLl) =V (&1Vu2_1’0) +cCn i1V (&lvulr!,—i-l,O)a

where all known entities were moved to the right-hand side, as the force term.
For n =0, (3.28) becomes

-V (doVu'O')l) = 00)171V . (d1Vu'1')0).

Since u'l' o = 0, we have uo 1 =0.

For n =1, we have
—V - (aoVul ) = V- (a1Vug o) + c1,1,2V - (@1 V).

Since uf) 0 # 0, we have ul! 170.
For n > 1, we have un 1 = 0, due to the fact that u!! | 0= uﬂ+170 =0.
For 02, we have equations

-V (&oVuil,z) =V- (&Nuil_l,l) +V. (&Null_z,o)
(3.29) + 1V - (@ VU 1) + en2nV - (@2V ).

For n =0, (3.29) takes the form
—V (a0Vug 5) = 011V - (a1 VY 1) + 02,0V - (a2Vug o),

which yields that wul , # 0 since u! 17 0and ul) 07 0.
For n =1, (3. 29) becomes

—V - (aoVul y) = V- (a1Vuy ;) + c1,12V - (a1Vuh 1) + c1,21V - (a2Vul ),

which yields that u!! o =0, since u'o' 1= u'Q' L =ul 0=0.
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For n = 2, we have
—V - (a0Vuh 5) = V- (a1Vuy ) + V- (a2Vug )
+ 213V - (@1Vug 1) + e2,22V - (2Vuy ),
which implies that u} , # 0 since the form term is not equal to zero.
For n > 2, we have un2 = 0, due to the fact that u!' 11 = =l 2,0 = uﬂﬂl =
u',i)o = 0.
Let us assume that (3 24) holds for u!!

n,m’

m < m € N. We now examine the
terms corresponding to ¢”*. The related equations are as follows:

m—1
-V (CALQVUI,Lm Z Y am mvun m+m, m)
m=0

m—1
+ § Cnm m,n+2— ermv (am mvun+2 m+m, m)
m=0

If m < n, then wu!

I,m
n+271’n+m m

nrimm = 0, because (n —m +m) —m = n —1m > 0, and

= 0 for the same reason. Then u'Am =0form <n Ifn =m,

“2—m+m,m ug o when m = 0. Thus u',in # 0. If 7 > n, we consider two cases: (1)

m —n is odd, and(Z)m—niseven If m —n is odd, then m — (n — T?H—m):m—n
andm—(n+2 m+m) = m—n—Zare also odd. This implies that w!
[

n+2— m+m m
we have u m 7 0, when 7 —n > 0 is even. ThlS concludes the proof. o

n—m+m,m

U =0, since m < 7. Then u!! . =0, when /i —n > 0 is odd. Similarly,

Now we shall explain, in more detail, why the high-order terms O(o ”+2k), k>1,
are necessary. Assume that (3.24) is satisfied for chaos expansion up to polynomial
order p. Then, we consider the chaos expansion of order p + 1. We shall concentrate
on the last two equations (n =p,p+ 1) of the corresponding uncertainty propagator,
which are related to up 41

(3.30) — V- (aoVup) — cp1p11V - (a1 V)
D p+1
— ZV aqug i ch” p2—iV - (aiVu'Z)'+27i) =0,
i=1
(331) - V- (aOVupH) - Cp+172)p+1v . (agvuerl)
p+1 p+2

- Z V- aqupH i) — Z Cp+1)i7p+3,iv . (aivug+3_i) =0.

It is easy to see that if the underlined term in (3.30) is dropped, then (3.30) becomes
the equation for “2 in the uncertainty propagator for chaos expansion of polynomial
order p. Assume that

F(uy,...,u p) 0

is the uncertainty propagator for chaos expansion of polynomial order p. Then, the
uncertainty propagator for chaos expansion of polynomial order p+1 can be written as

(3.32) F(ug, ... up) +e(up,) =0,
(3.33) G(uzﬂ) = f(ug,...,uz),
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where €(ul),,) is the underlined term in (3.30) and serves as a correction term for
F(ug, ..., u)). Here (3.33) corresponds to (3.31), where all terms related to ufj, ..., u})
are collected on the right-hand side of (3.33) as the force term.

Next, we shall consider an iterative procedure for solving (3.32) and (3.33). Start-

ing from ulplfl = 0, we solve (3.32), where k indicates the iteration step. Then (3.24)

holds for !

n

(3.33). Let

. . . I,k
n = 0,...,p. Next, to obtain an intermediate term w,’’;, we solve

~ 0 ~
ek I,k m
Upt1 = E : Up+1,m?
m=0

Note that in (3.33), i.e., (3.31),

p+1 . p+2 . 00
2 : 1IN 2 : I,k § : p+1+2k
_ V- (aiVup_H_i) — Ci7p+37i,p+lv . (aiVup+3_i) ~ O(U )
i=1 =3 k=0

Comparing the coefficients related to the powers of o, we see that the nonzero terms
are

WhF #£0, m=p+1+2, €N,

This is consistent with (3.30), because the (underlined) correction term

Cpapi1V - (alvugfl) ~ Z O (P T2y o O(oP+2).
k=0

Note that the leading order of (3.30) is O(oP). Thus, in the iterative procedure for
solving the uncertainty propagator for the chaos expansion of polynomial order p+ 1,
(3.24) holds on each iteration step. Thus the high-order terms O(o"2F), k > 1, are
required by the first-order Malliavin derivative. If we consider only the zeroth-order
Malliavin derivative in the Wick-type model, then u!! ~ O(c™).

Using the properties of the tensor product and the M-R formula, one could gen-
eralize (3.24) to the multidimensional setting.

PROPOSITION 3.8. For the Wiener chaos expansion of u'' = Zaeij ull Hy (€),

subject to N -dimensional random coefficient an(x, &), we have that for Model 11,
(3.34) uly ~ Y 0(a!*T2) ~ O(gl*),
k=0

where p > 1.
Proof. Let us consider the following uncertainty propagator:

— Z V- (a.y,aVugt) — Z Cy,a,8V - (aaVug) = f(x)ly=0

a<vy a,BEIN p

for v € Jnp. Define

lex|

o

n _ 1l m _ A

Ug, = E Ugm0 s Qo = A0 .
m=0
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Then
(3.35)
- Z Z V- (d’rfavug,m)ghlilaHm - Z Cy,a,8V - (davug,m)g‘aHm
m=0 \ a<vy le|,|B]>1

= f(@)1y=o0.

Comparing (3.35) and (3.26), we see that equations for o have the same pattern as in
the one-dimensional case. Recall that |y|+ 2 = ||+ |3| corresponds ton+2 =i+ j
in (3.26). For example, the equation for o™ takes the form

m—1
-V (d(o)vu:,M) = Z Z V- (&’Y*avugc,m)

m=0 |y—a|=m—m

m—1
(3.36) +> Y asV(@aVup,).

m=0 |a| = —m,|B>1

All the information related to the right-hand side is given by the coefficients of o?,
i < m. Then (3.34) can be verified by the same procedure and the statement will
follow by induction. |

Using Proposition 3.8, we can estimate (£' — £")u"" in terms of .

ProroSITION 3.9. In Model 11,

(EI _ Ell)ull ~ 0(0,4)'

Proof. 1t follows from Lemma 3.2 that

1
(LI _ LH)U“ = Z aavug (HaHﬂ — Z DnHa 0D71H5> ]

lee|>1,18]>1 n=0

Therefore, the leading term on the right-hand side is O(c*). Thus, the conclusion
follows from Proposition 3.8. O

Using (3.22) and Proposition 3.9, we obtain the following result.

LEMMA 3.10. Assume that the coefficient ay(x,€) remains the same for u' and

u' as in the discussion above. Then,

(3.37) lu = "] ~ O(a"),

where the norm in (3.37) is determined by the norm of u''.
Thus, Model IT is a fourth-order approximation of Model I in terms of o.
Remark 3.11. If one considers the approximation of a(x,w)

12 12 5o 2
eON(@w)—50° _ =50 2N >"i¢i(i”)aN(w’w)’

then the chaos coefficients will be determined by

P T Aot O NN @) _ o2 @)

aeJNa

o! ol

where higher-order terms, with respect to o, are involved. Although the analysis will
become more tedious, Proposition 3.8 and Lemma 3.10 will still hold.
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4. High-order Wick—Malliavin approximation of Model I. Next, we will
generalize the setting of section 3.4 by considering the following high-order approxi-
mation of Model I:

(ZQ an(m UJ)Oqu ) _ f(:L’), = _D,
u(z,w) =0, x € 0D,

(4.1) Model Gt

where Q € N. Let u® be the solution of Model G. Now, we shall discuss the chaos
coefficients of u“. For simplicity, we only consider the one-dimensional case, i.e., the
random coefficient takes the form given in (3.23), and provide numerical evidence for
high-dimensional cases.
For i € N, the gth-order Malliavin derivative verifies the following relations:
DIH; g @
—Hi— ", i>g,
G I
and
ilj! JiT1 rar—

q9H . IH. — -~
PP = i — o

Hy = cq.k,5,;Hr,

where 7,7 > ¢, and i +j — 2¢ = k > 0, and u(9 = u$?. Therefore,

Diay—1oVD'u= Y  a;Vu;D'H; o DH,

124,529

=Y D cqkigaiVuHy.

k i>q,j>q

PROPOSITION 4.1. Given the Wiener chaos expansion u® = >0 _ uSH,(¢1)
with one-dimensional random coefficient given by (3.23) and p > Q, the following
asymptotics hold:

(4.2) ul ~ f: 0(c" k) ~ O(a™).
k=0

Proof. Since the Qth-order Malliavin derivative is involved in Model G, one
shall consider the pth-order chaos expansion u® = 0 U GH; with p > Q. The
corresponding uncertainty propagator is

(4.3) —Z Z CqnyijV aZVu )= f(x)lp=, n=0,1,...,p.

q=01i,j>q
Assume that
oo
(4.4) uf = Z ufmam
m=0

Substituting (4.4) into uncertainty propagator (4.3), we obtain

(4.5) — Z Z Z Cqm,ijV - (@:Vujm)o mtit — fl@®)lp=0, n=0,...,p,

m=0q=01,j>q

where we let a; = a;0" since a; = O(c*).
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We now look at the coefficient of the zeroth-order term o9, i.e., m +4 = 0. Then
m =i = 0. Since we require that ¢ > ¢, then ¢ = 0. Using the fact that i+ j —2q¢ = n,
we have j = n. Then the coefficients ug)o will be given by the following system:

(4.6) —com,0nV + (@0VuG ) = f(2)1p=0.
Since a9 = ap = E[a] > 0, the above system is well-posed and
uflo #0, u$y=0 ifn>1

For o', we have m 4+ ¢ = 1, which implies that m = 1,4 = 0, or m = 0,7 = 1. If
i =0, we have ¢ =0 and j = n. If i = 1, we have j = n + 2¢q — 1, where ¢ = 0, 1.
In other words, only the zeroth and first-order Malliavin derivatives contribute to the
coefficient of o'. Then the corresponding equations are

(4.7)
—Co,m,0,nV * (&ovuil) = Con,1,n—1V - (%VUS,LO) +cinin+1V e (dlvug+1)0) .

Note that uJGm = 0 when 57 < 0. For convenience, we keep them on the right-hand

side of the equation. Since ugo =0 when n > 1, we have

_ #07 n=1,
L7 1=0, n#l.

For 02, we need m + i = 2, where we have the following three possible cases:

G
Uy,

1=0m=2;i=1m=1;i=2,m=0.
The corresponding equations are
(4.8)
—C0.m0mV + (G0VUT 5) = Comamn-1V - (@1VuG_ ) 1) + ctnin1 V- (a1Vus,, )
+ C())mg’n_gv . (CALQVUS,Z)O) + Cl)mg)nv . (ELQVu,Cf)O)

L oG
+ c2n2,n42V - (flzvumrz,o) .

Using (4.8) and properties of uf  and uf |, we have
UG _ 7507 TLE{O,Q},
n2 =120, neN{0,2}.

Assuming that the coefficients ug)m with m < m € N satisfy (4.2), we consider a

general case m + ¢ = M, corresponding to equations

i
. G . G
—C0,n,0,nV (aovunm) = E E Cq,nyint2q—iV * (aivuanf@mfi) .
i=1 q=0

We first check the case m > n, which includes two cases: (1) m — n is odd, and
(2) m —n is even. Let m —n = 20+ 1. Then m —¢ =n+ 20 —i+ 1. We have
uf+2q_i)m_i = 0 since M — i < 1 and the difference between n + 2¢ — ¢ and 7 — i is
odd, which implies that ugm = 0 for case (1). For case (2), let 7 —n = 2[. Then for
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m — 1 < M, Unyaqg—im—i 7 0 because the difference between n + 2¢ — ¢ and m — i is
even, which implies that u ;, # 0 for case (2).

We subsequently check the case m = n. When m = n, we note that the difference
between n + 2¢ — i and M — i is always even, which implies that u& . _ 0.

Finally we examine the case 1 < n. Noting the fact that n+2¢—i > m+2q—1i >
m — i, we have u§+2q_i7m_i = 0, which implies that Ug,m =0if n > m.

Since all these observations are consistent with (4.2), we can conclude by
induction. d

Similarly to Model II, Proposition 4.1 can be generalized to N-dimensional cases
quite straightforwardly. We then have the next lemma.

LEMMA 4.2. In Model G, for the Wiener chaos expansion u® = ZaEJN,p uGHq (€),

subject to N-dimensional random coefficient an(x, €), we have
(4.9) ug ~ Y 0(a1*H2) ~ 0(alo),
k=0

where p > Q. For the same random coefficient an(x,§), the difference between u'

and u€ is as follows:
(4.10) [u = uC| ~ O(a* D),

where the norm should be determined by the norm of u®.
Proof. Here we will only check the difference between £ and £, where

£G G — i anquuG.

q=0 ¢

Using Lemma 3.2, one gets the following asymptotics:

Q
DHg o DIHg
(L= %= Y aaVu§ <HaHg -3 T)
la>Q,|81>Q a=0
. Z O(cleHIBly © 0(c2@ D).
la|>Q,181>Q

5. Numerical comparison of different models. To illustrate our theoretical
results, one-dimensional elliptic problems in physical space will be considered.

5.1. Numerical solution of uncertainty propagator of Model II. We

present a numerical procedure for Model G. Consider the chaos expansion u® =

Y oac T uSGHe. The corresponding uncertainty propagator takes the form

Q
(5.1) - Z Z Coma8Y - (apVug) = f(@)ly=0 V¥ € Tnp,

9=0|a|,|B|2q

where |v| 4+ 2¢ = || + |3 and

alg!
(5.2) Car = 6; ||Z Lety—o=aluro=s g0 gy
37 |K[=q
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For any given v, o« € Jn p, Cq,v,a,3 Can be determined in a preprocessing stage, where
for any |k| = ¢, the index (3 is either not involved or defined by 8 = 2k + v — a.
Consider the equation for ugzﬁl. We have

Q
(5.3) —V-{|ao+ Z Z Ly1>4Caay.8a8 | VUS| = F,
7=1|Bl=2q

where F' indicates the contribution from the force term f(x) and other chaos coeffi-
cients u$, a # ~. It is quite clear that due to the action of the Malliavin derivative,
the coefficient varies in terms of «. In this paper, we consider the following Gauss—
Seidel iteration:

Q
(5.4) Vol lao+d D lyizaCammpas | Vu§™ | = FEF 4 F
4=118/=2¢

where the superscript k indicates the iteration step, FlkJrl the contribution from co-
efficients u&-**1 obtained before uff #+1 and F¥ the contribution from other chaos
coefficients u$* obtained from the previous iteration step. Note that for each uS, a
corresponding stiffness matrix needs to be constructed when the finite element method
is employed.

When o is relatively small, the following Gauss—Seidel-like procedure can also be
considered:

Q
(5.5) =V~ (aoVu,Cf’kH) =V- Z Z Ly|>¢Cq,v,v.898 Vu.cf’k + FlkJrl + FZk,
9=1B|=2q

where one takes out the contribution of the Malliavin derivative to the diagonal terms
such that only one stiffness matrix with respect to ag is needed.

Remark 5.1. The Gauss—Seidel iteration works well when o is relatively small.
As o becomes large, the Gauss—Seidel iteration will become less efficient. A more
effective preconditioner will be required, especially for high-dimensional problems in
the physical space. One possible strategy is to use the Wick-type models (3.9) or
(3.13) as a preconditioner, which can be inverted efficiently due to the lower-triangular
structure of their uncertainty propagators. In particular, the solution of Wick-type
model (3.13) converges to u' as the correlation length of G(x,w) goes to infinity, which
may alleviate the slow convergence of Gauss—Seidel iteration for a relatively large o.
Furthermore, we would also like to take advantage of the sparseness in the upper-
triangular part of the uncertainty propagator. Such issues are beyond the scope of
this paper and left for further study.

5.2. Spatially independent noise. We consider the following simplest cases:

d 1.2 du'
. _ of—30 —
(5.6) Model I: T <e _dx) f(z),
d (19 1 du®
(5.7) Model G:  — — —D 76727 o D1 (—) = f(x)
dx = q! dx

with homogeneous boundary conditions on the domain = € [0, 1], where £ ~ N(0,1)
is a normal Gaussian random variable. We choose f(z) = 1.
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Since the random coefficient is spatially independent, the uncertainty propagators
for u%(z) = 30 uf (2)h;(€) have the following forms:

P 52.G
Puf 1
SN R {qu”&%fopqm)hj = 1,0,

where j =0,1,...,p.
Noting that

605*50 — ihn ,
n;) n ()
we obtain that
Deoé—30" — i o! Dh, (&) = i o \/;hz,l(g)
Vi Vi

Therefore,

(5.8) DIt 37" = gle76 3",
Thus,

oI =it2a, [T

(G—it+a!i—q

E [('qutfé*%g? Othi) hj} — )' i>qli—itq>0-

Then, we have
XQ:
q=0

N AR
= Z ) Lizqlj—itq>o0-

“q'(j —i+ )i —q)!

E [( ot=30° quhl-) hj}

S|~

Q oi—i+2q 1/2 1/2
Z (Z) < ’ > Li>glj—itq>o0-
o Vi —i+q)! L= N -

Wiener chaos expansions of polynomial order 10 are considered for «' and u©.
In Figure 5.1, we plot the relative difference between «' and u% with respect to the
Ly(F; HY (D)) norm defined as

||UI - UGHLz(JF;Hg(D))

(@) =

)

HU'HLQ(F;Hg(D))

where the straight solid and dashed lines have slopes 4 and 6, respectively. It is
readily seen that the numerical results are consistent with our theoretical prediction
e(Q) ~ O(c*@+D)), when o is small enough.
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—8— Q=1
—6— Q=2
100 H slope=4
= = =slope=6

(D)) norm
5

1
0

Relative difference in LQ(Q;H
>
T

FIG. 5.1. Relative difference €(Q) between u' and uS with respect to o for a spatially independent
one-dimensional random coefficient.

5.3. Spatially dependent noise. Let us examine now the setting where the
random coefficient is a log-normal random process. For Model I, the numerical ap-
proximation is obtained from the uncertainty propagator corresponding to the chaos

expansion u' =Y., ulha. Since
D

hho— 3 Vrallyra-2a)

| — ] — | yta—2k;
i k(v — k)l(a— K)!

where k; = v; A ; = min(y;, o), it follows that

a—2K
ol /Alal prra=2n(y)
k(v — k) (a — K)!

Ela(z,w)hahy] = Z

K<vAa

The uncertainty propagator of Model I will be solved using the Gauss—Seidel iteration
and the spectral element method.

We still employ the physical domain = € [0, 1], homogeneous boundary conditions,
|z~
and f(z) = 1. We consider the exponential covariance kernel K (|zy —z5|) = e~ T -

with /. being the correlation length, for which the eigen-pairs (\;, ¢;(x)) are given,

Aile cos(Aiz) + sin(\;z)

(5.9) pi(x) = - ;
\/ S(L+A202) + (A2 — )22 4 3, (1 - cos(2),))

where

(5.10) A2 = M (A2 —1/1%) tan(\;) — 2Mi/l. = 0

(see [12]).
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Let us take N = 3 and p = 8. The correlation length is set to be 5 such that
Sre A/ Dope i Ai & 1.6%. The relative difference between u' and u® is plotted in
Figure 5.2, where in the left plot the random coefficient is approximated by ay(x, &)
and in the right plot the random coefficient is approximated as e~ ®@€)-30" [t is
seen that the convergence behaviors for both types of approximation of a(x,w) are
almost the same and the convergence rates with respect to o are consistent with the
theoretical prediction for both cases. Furthermore, for Q@ = 1, €(Q) ~ 1% when
o = 0.40; for Q@ = 2, €(Q) ~ 2% when o = 0.69. The corresponding mean and
standard deviation of u' and u® are plotted in Figures 5.3 and 5.4. In other words,
Model G with a relatively small () can provide accurate statistics for a relatively large
degree of perturbation in the random coefficient. In Figure 5.5, we demonstrate the
coupling between chaos coefficients 4G in the uncertainty propagator of Model G. The
nonzero entry (4, j) of the matrix indicates the jth chaos coefficient contributes in the
ith equation. It is seen that the coupling is relatively sparse in contrast to the full
coupling for Model I. When N = 3, p = 8, there are 165 chaos coefficients. For Q =1,
only 25% of the entries are nonzero; for Q = 2, the coupling is stronger and around
40% of the entries are nonzero.

10 10
—8—Q=1 —8—0Q=1
—e—Q=2 —6—Q=2

o slope=4 o slope=4
e 107 | = = =slope=6 IS 107 1 = = = slope=6
g g
g 3 -
= 10 = 10
<) S
i i
£ 40 c 10°
@ @
8 3
g g
o o
3 ]
5 10 5 10°
° 0
2 2
= 2
g 2

107 107
L .
.
107‘2 2 ‘—1 0 1042 2 ‘—I 0
10 10 10 10 10 10
o o

Fi1G. 5.2. Relative difference €(Q) between u! and uC with respect to o for a spatially dependent

three-dimensional random coefficient. Left: the random coefficient is approzimated as an(z,&).
1.2
Right: the random coefficient is approximated as OGN (@€) =507

0.16 0.06 o
0.141
0.051
012
- 0.041
01 S
kE
=
c $
3 o.08fF 5 0.03
= a
|
0.06 4
0.021
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0.011
0.021
model | model |
0O model G with Q=1 0O model G with Q=1
o . . . n N n . . . o . . . n N n . . .
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FIG. 5.3. Mean and standard deviation of u' and u® when Q =1 and o = 0.40.
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Fic. 5.4. Mean and standard deviation of u' and u€ when Q =2 and o = 0.69.

20 RY
40
60 [
80
100
120 JERLN

140

160

0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160
nonzeros=6729 (24.72%) nonzeros=11265 (41.38%)

Fic. 5.5. Coupling of chaos coefficients in the uncertainty propagator of Model G. N = 3, p = 8.
Left: Q = 1. Right: Q = 2.

6. Summary and discussions. In this work, we have generalized the Wick—
type model (3.9) using the M-R formula, which theoretically converges to the classical
Model I providing enough smoothness in the probability space. We focused on the
difference between the solutions of Model I and G. When the standard deviation of the
underlying Gaussian random process is small enough, we have proved that the error
of truncation is O(c2(@*tD) where Q is the level of truncation in the M-R formula
(1.2) and o characterizes the standard deviation of noise in the random coefficient
a(x,w). We have demonstrated that the numerical results support the theoretical
prediction. We also observed that the high-order terms in the M-R formula will
introduce extra coupling in the upper-triangular part of the uncertainty propagator.
The strength of the coupling increases as the truncation order ) becomes larger.
However, the numerical experiments show that Model G with a relatively small @ can
provide accurate statistics for a relatively large degree of perturbation in the random
coefficient. When (@ is relatively small, the upper-triangular part of the uncertainty
propagator is sparse, which, of course, makes numerical approximation more efficient.
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have theoretically demonstrated also that the convergence rate with respect to

o is independent of the physical dimension. Therefore, it was reasonable, for our
purposes, to limit the numerical experiments to one-dimensional problems in physical
space. In view of our previous results [26, 27], we expect that Model G of low-order
Q@ will remain effective for reasonably high-dimensional problems in physical space,
where numerical efficiency for the uncertainty propagator becomes more important.
The related study will be reported elsewhere.
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