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the multi-element probabilistic collocation method (ME-PCM), which is a generalized form
of the probabilistic collocation method. In the ME-PCM, the parametric space is discretized
and a collocation/cubature grid is prescribed on each element. Both full and sparse tensor
product grids based on Gauss and Clenshaw-Curtis quadrature rules are considered. We
prove analytically and observe in numerical tests that as the parameter space mesh is
Domain decomposition refined, the convergence rate of the solution depe_nds on tgle quadrature rule of each
Stochastic partial differential equations element only through its degree of exactness. In addition, the L error of the tensor product
Sparse grids interpolant is examined and an adaptivity algorithm is provided. Numerical examples
demonstrating adaptive ME-PCM are shown, including low-regularity problems and
long-time integration. We test the ME-PCM on two-dimensional Navier-Stokes examples
and a stochastic diffusion problem with various random input distributions and up to 50
dimensions. While the convergence rate of ME-PCM deteriorates in 50 dimensions, the
error in the mean and variance is two orders of magnitude lower than the error obtained
with the Monte Carlo method using only a small number of samples (e.g., 100). The
computational cost of ME-PCM is found to be favorable when compared to the cost of
other methods including stochastic Galerkin, Monte Carlo and quasi-random sequence
methods.
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1. Introduction

Problems with parametric uncertainty arise in various applications from engineering, biology, and many other fields. This
uncertainty may be due to either the random nature of the quantity being modeled or a lack of information about the true
value of the parameter. In this paper we concentrate on a class of methods designed to calculate the moment statistics of
solutions to PDE/ODE systems with parametric uncertainty. Our work builds heavily upon previous contributions to the
field of stochastic numerical methods, which include the generalized polynomial chaos method (gPC), multi-element gener-
alized polynomial chaos method (ME-gPC), probabilistic collocation method (PCM), and many other variants (see, e.g., [1-13]
and references therein).

Calculation of moment statistics can essentially be described as a high-dimensional integration problem, where the
dimensionality refers to the cardinality of random dimensions. For this reason, problems with large random dimension suffer
from the same computational challenges in this field as in the field of high-dimensional numerical integration. Advances
such as the use of sparse grid techniques (|2,14,15]) for numerical integration have greatly alleviated this problem, but such
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techniques rely upon the essential regularity of the solution in parameter space. Thus, systems with discontinuous
dependence on random parameters cause difficulties for the convergence of these methods. As a result, these problems still
require prohibitively large computational resources. It is worthwhile noting that currently for problems with very large
dimension (> 100), traditional Monte Carlo (MC) methods are more attractive than any method in this class because of their
favorable scaling with increasing dimension. In this work, however, we restrict ourselves to problems of moderate dimen-
sion, where large improvements in cost can be made relative to the cost of MC.

As mentioned before, many variations have been introduced to improve the efficiency of stochastic numerical methods
including sparse grid collocation, anisotropic sparse grid collocation [16], as well as sparse polynomial bases [9] and wavelet
expansions [17] for the Galerkin formulation. A multi-element formulation for the stochastic Galerkin method was proposed
in [1]. This method was then generalized in [18] to deal with arbitrary probability distributions with the numerical construc-
tion of generalized polynomial chaos bases on the fly. This approach, called the multi-element generalized polynomial chaos
(ME-gPC) method was found to effectively deal with problems exhibiting low regularity in parametric space as well as for
long-time integration [18]. However, as with most Galerkin methods, high random dimension often necessitates a prohib-
itively large number of basis functions in nonlinear problems. In addition, the ME-gPC method requires derivation of a new
numerical scheme and solver to deal with nonlinear problems.

In this paper we introduce a multi-element probabilistic collocation method (ME-PCM) which is an extension of the prob-
abilistic collocation method, which was first introduced in [11], and later explored in [3,12]. The method we propose offers
the advantages of domain decomposition in parametric space, similar to the ME-gPC method, and also the computational ease
of sampling-based methods. In particular, we note that using the ME-PCM requires only a wrapper around a deterministic
solver of the ODE/PDE for each sample calculation. Thus, nonlinear problems are significantly easier to compute using the
ME-PCM instead of the ME-gPC method. We are interested in setting the theoretical foundations of the method and in
answering some practical questions about the usage of the ME-PCM. Specifically, we would like to study how the choice
of an integration/approximation rule in each element affects the h-convergence rate of the solution (here, h-convergence re-
fers to the refinement of elements in the parametric space). We are also interested in analyzing how this method compares
to pre—existing methods in terms of computational cost for difficult problems with low regularity in parametric space, and
how well it fares in long-time integration problems.

In Section 2 the general framework and model problem are discussed. As the reader will see, most of the error analysis is
confined within the context of the stochastic diffusion problem which is presented as an example in this section. However,
many non-elliptic problems are addressed in the examples section, so a fairly general model problem formulation is main-
tained here to discuss the method. Also in this section we will introduce assumptions on the random input that are essential
for ME-PCM as well as for the other methods we have discussed so far. In Section 3 ME-PCM is introduced, with two options
presented for the choice of an integration/approximation rule in each element. Section 4 contains error analysis of ME-PCM
and is divided into two main parts. The first of these addresses the error in moments of the solution or numerical integration
error. Here, we show that the choice of integration rule affects the convergence rate only through its degree of polynomial
exactness. In the second part we investigate the L? error of the ME-PCM approximant by building upon the previously pub-
lished error analysis for the PCM method in [12] and [15]. In Section 5, numerical examples using ME-PCM for various prob-
lems are shown. We numerically verify the findings in Section 4 regarding the h-convergence rate of moment errors using
simple numerical integration examples, ODEs and some two dimensional Navier-Stokes problems. We investigate the effec-
tiveness of the adaptive ME-PCM on a problem with low regularity in parametric space space and make some comparison
studies of computational costs with other methods. In the last example we solve a 50-dimensional stochastic diffusion prob-
lem with the ME-PCM and study the h-convergence of the method using an a priori adapted mesh. Finally, in the appendices
we include details of the proofs of theorems presented in the main text as well as a short review of material on sparse grids
and on adaptivity criteria.

2. Formulation

Let (Q, 7, P) be a complete probability space, where Q is the space of events, F c 29 is the g-algebra of sets in @, and P is
the probability measure. Also, define D to be a subset of RY(d € {1,2,3}) with boundary aD. Let £ and B be operators on D and
oD, respectively, where £ may depend upon m € Q. In this work we consider the following problem: find u : @ x D — R such
that P-almost everywhere (a.e.) in Q the following equation holds:

{E(X,CO; U) :f(X,CO), xeD,

B(x;u) = g(x), xcaD. (1)

We assume that the boundary has sufficient regularity and that f and g are imposed so that the problem is well-posed P-a.e.
We also assume that for P-a.e. ® € Q, the solution u(-, ®) takes values in a Banach space, W(D), of functions over the physical
domain taking values in R. The main goal of the ME-PCM, like other methods of its class, is to approximate the moment sta-
tistics of the solution of this problem.

In order to apply the methods that will be discussed later, the random dependence of operators £ and f must satisfy a few
important properties. The first requirement, commonly known as a “finite dimensional noise assumption” [3,12], is that the
random input can be represented with a finite-dimensional probability space. More specifically, the random input can be



9574 J. Foo et al./Journal of Computational Physics 227 (2008) 9572-9595

represented by a finite set of random variables {Y;(w), Y2 (w),...,Yn(w)}, with a known joint density function p. With this
assumption on the random input, the problem (1) can be restated as follows. Find u : @ x D — R such that

£(x7 Yl ((,0), yz(w)7 ) YN(O‘))7 u) :f(x7 Yl (CO), Yz(w)7 ey YN(w))

holds Vx € D and for P-a.e. w € @, with corresponding boundary conditions. Using the Doob-Dynkin lemma [19] we can as-

sert that the solution u(x, w) can be written as u(x,Y(w)) with Y = (Y4, Y5, ..., Yy). Then, the problem may be recast from the

space  into the target space of the N random variables. Lety = (y;,¥,,...,¥y) €I = H}.N:]Fj, where I’ is the image of Y;(Q)

forj=1,...,N. Let p(y) be the probability density function (PDF) of Y. The problem can be restated: find u : I' x D — R such

that p-almost everywhere for y € I" the following equation holds:

{ Lxyu)=f(xy), XD, 2)
B(x,u) =g(x), xcaD.

Thus, the original problem (1) is recast as a fully deterministic problem in Eq. (2). It is sometimes useful to think of the
solution u as a function on I', taking values in a proper Banach space W(D). In this case we would denote u(y) to be the
Banach-valued solution to the problem for a particular y € I'. Although numerical examples will be shown later in Section
5 for various differential operators £, most of the error analysis presented in Section 4 will be confined to the following
prototype elliptic problem.

2.1. A model problem: elliptic problem with stochastic input

We consider the following stochastic linear boundary value problem: find a stochastic function, u : Q x D — R, such that
the following equation holds P-a.e:
{ V- (a(%: )Vu(® o)) = f(x) inD,
u(x;w)=0 on aD,

3)

where f(x) is assumed to be deterministic for simplicity and a(x; w) is a second-order random process satisfying the follow-
ing assumption:

Assumption 1. Let a(x; w) € L., (D; Q) be strictly positive with lower and upper bounds a,,;; and amax, respectively,
0 < Gmin < Gmax and P(a(X; ®) € [Gmin, Amax), VX € D) = 1.

Under this assumption, the problem has a unique solution u such that u(-,w) takes realizations in the space
W(D) = H},(D), P-a.e. in Q. We can approximate a(x, ®) using a truncated Karhunen-Loéve (K-L) expansion:

N
an(x; ) = Ela](x) + Y /% (0)Y,(), (4)
Jj=1

where {YJ-}J-N:1 are mutually uncorrelated random variables with zero mean and unit variance [7,8,20]. The eigenpairs
{4, ¢}, satisfy

| /D Raa(%,3)$:(X)dX = 1i(y), (5)

where Ry, is the covariance kernel of a. The use of this truncated approximation for a(x; ) guarantees that the finite dimen-
sional noise assumption is satisfied. For simplicity we make the additional assumption that Y; are independent so that the
density function p(y) = Hj’\’zlpj(yj). where p; is the density function of each Y;.

3. ME-PCM method

In this section we describe the multi-element probabilistic collocation method (ME-PCM). The main idea of ME-PCM is to
discretize the space I' (which is assumed to be bounded) into non-overlapping elements and perform the standard proba-
bilistic collocation method on each element. This yields approximate local moment statistics in each element, which can
then be assembled to obtain global statistics. Key considerations arising in practice include finding suitable mesh discreti-
zations, choice of collocation points, and adaptive mesh refinement. In the interest of uniformity, we adopt many of the same
notations used in the works of [12] and [15] on the probabilistic collocation method in our description of the ME-PCM
extension.

3.1. Spatial discretization

The method involves first discretizing the problem (2) in the physical space D using a standard finite or spectral element
solver to obtain the deterministic semidiscrete solution. Let us define W, (D) to be a standard solution subspace of W(D)
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(e.g., finite/spectral element space), containing piecewise polynomials defined on regular mesh 7, of D with maximum
mesh spacing parameter k. Define the deterministic semidiscrete solution u(y) = mu(y) € Wk(D) to be the finite/spectral
element ([21,22]) approximate solution of the deterministic problem (2) for each y € I', where 7, is the finite/spectral ele-
ment projection operator. Thus, u : I' — W, (D). We assume that the discretization in physical space satisfies the usual con-
vergence property:

u@) = we@)lhyo < Cu®), D', Wyer, (6)
where [ is a positive number dependent on the regularity of u(y) in D. In the case of the example problem (3), we have:

[u®) = u@)lly o) < K @)1 W ET. (7)

3.2. Stochastic discretization

The next step is to discretize the parametric space I into a nonoverlapping mesh of open hypercubes. We begin by defin-
ing {B'}*, to be a finite collection of open subsets of I' such that |}, B" = I" and B' N B’ = § whenever i # j. We will assume for
51mp11c1ty that the B’ are rectangular (i.e., B = HJﬂB’ where B' C I;). These sets will be referred to as ‘elements’ of a mesh on
the parametric space I', and thus N, refers to the number of elements in a particular mesh discretization. Let us denote a
particular mesh discretization of I' as 7, where h refers to the maximum mesh spacing parameter. Once a mesh is pre-
scribed, a set of collocation points {q] }J , is prescribed in each element B, where r refers to the number of points used. These
points are usually chosen to coincide with the points of an cubature rule on B with integration weights {w‘ }] ;- In this work,
we consider full tensor products of Gauss quadrature points and sparse grids (see Sections A.1 and A.1. 1 the appendix for
details).

The semidiscrete solution u, is then collocated on the set of points U U, ,{qj} In other words, at each of these points qJ
we find the finite/spectral element solution of the deterministic problem:

{ L(x,q;u)=f(x,q), xeD
B

(*x,u) = g(x), xedD. (8)

This approximate solution is denoted by u(-, qJ) I'—W (D). We are then interested in constructing a fully discrete approx-
imant Z yu(x,y) using the set of solutions {u(- ,qj)}j , over each element B'. For example, the operator Iy can be chosen to
be the tensor product Lagrangian interpolant, i.e.,

Tyu(x,y) = Lyud(x,y) = Zuk *.q)Ly 9)

where l}(y) is the Lagrange polynomial corresponding to the point q]’ﬁ and p determines the degree of the interpolant in each
dimension. The operator Lgi is defined and described in more depth in the appendix, Section A.1.

Another choice for the operator Z is the isotropic Smolyak sparse grid operator Sg(s), which was introduced in [23] by
Smolyak. Here, the sparseness parameter s controls the order of the approximant. The construction and details of this operator
are also given in the appendix, Section A.1.1.

We now define the global approximant:

Ne _
Uxy) => Tyu@Xy)l, 5 VXD, Vyel

i=1

where ly.4 denotes the characteristic function of set A.
We subsequently consider the computation of statistics and define the conditional probability density function in each
element:

PWY)
T oy 1o

We assume that the density function is in tensor product form p(y) = ]_[J 10;(¥)), so this property is inherited by the local
density #(y) = ]_[] 11;()- The local mean of a function v : D x B' — R in an element i is given by:

Evix, )] = Elv(x )Y (0) € B = [ vixynw)dy.

Using the cubature rule over each element, we can easily compute the approximate local mean of u as

L[] (% Z”" (%, q)w! ~ E'[i](x).
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Here we use the notation E| to denote the expected value approximation operator using numerical quadrature. Note that E}
is defined through the particular choice of mesh and collocation grids for any given ME-PCM procedure. Finally, the approx-
imate global mean can be assembled from the local means via Bayes’ formula

Ne . s
Eolil)(%) = Y EL[i] 0)P(Y () € B) ~ E[il](x). (11)
i=1

Other statistics can be computed by the same procedure. For example, we can compute the energy norm in physical space of
the MEPCM solution u at each collocation point. Then, using quadrature we can compute the mean of the energy norm of the
solution:
Ne r . . .
Eollltllyp) = (Z ||ul<('7q]l')|W(D)W]"> P(Y(w) € BY) = E[[[llyp)]- (12)
i-1 \Jj=1
Recall that r denotes the number of collocation points in each element.

Remark 2. If the PDF p(y) is uniform, grids in each element can be obtained by an affine mapping from a reference element.
Otherwise, grids are, in general, element-dependent, since #(y) are different in each element when the parametric space I is
decomposed. We refer the reader to [4] for more details on constructing a local GPC bases orthogonal with respect to the
conditional PDF.

Remark 3 Adaptivity. Adaptive mesh refinement is necessary when the solution has low regularity in the parametric space
I'. The adaptive procedure developed in [4,18] for the ME-gPC method can be employed directly for ME-PCM. The key idea of
adaptive criterion in [4,18] is to refine an element in the parametric space when the decay of the coefficients in the chaos
expansion is relatively slow, see Section A4 in the appendix. We note that Zu,(x,y) corresponds to a unique polynomial
chaos expansion and all the local statistics used in the adaptive criterion can be computed easily by the collocation solution.
It is only necessary to project the collocation solution onto the highest modes of the basis to evaluate the adaptivity criterion.
General adaptive formulas for sparse grids have been developed in [24].

4. Error analysis
In this section, we present come convergence results of ME-PCM, in particular, we focus on the model problem (3).
4.1. Moments error

We first examine the relation between h-convergence rate of ME-PCM and the degree of exactness of cubature rules. We
begin by defining two standard norms. For a function f : A — R, we consider the Sobolev space W™>(A) with the norm:

flln ca = Maxess sup,cs|D°f (%)]

and the seminorm:

lflm.oc,A = I“R:an)q( €ss Supx5A|Daf(x)|7
where A ¢ RN, o € NY, |at| = ot + - + oy and m € No.
In this section we assume that the density function p(y) is uniform for convenience in analysis. Then, a general h-conver-
gence rate of ME-PCM is given by the following theorem:

Theorem 4. Suppose f € W™(I') with I = (0, )", and {Bi}fi’] is a nonoverlapping mesh of I'. Let h indicate the maximum
side length of each element and Q! a quadrature rule with degree of exactness m in domain I'. (In other words Q, exactly
integrates polynomials up to order m). Let Q% be the quadrature rule in subset A C T, corresponding to QI through an affine linear
mapping. We define a linear functional on W1 (A):

Exg) = [ sxdx- 0h(e) (13)
whose norm is defined as
[Eallkocn = sup [|Ea(g)l. (14)
lIgllk cca<1

Then the following error estimate holds:
Ne

[ rwax=>"aly
r i=1

where C is a constant and ||Er ||, .. r refers to the norm in the dual space of W™™">(T").

< Chmﬂ ||Er|‘m+].oc,l_lf|m+l,oo‘[‘ (15)




J. Foo et al./Journal of Computational Physics 227 (2008) 9572-9595 9577
Proof. See Section A.2 in the appendix. O

Remark 5. In Theorem 4, the only information used for the h-convergence rate of ME-PCM is the degree of exactness of
cubature rules. The norm of the error functional ||Er||,,., .., usually exhibits p-type convergence for polynomial interpola-
tion. Roughly speaking, Theorem 4 shows hp-convergence of the moments error of the ME-PCM.

We subsequently present several examples based on different choices of interpolation rule Q' and an application to the
stochastic elliptic problem.

Example 1. Tensor-product Gauss grid - Let QF, signify tensor product integration rule I', based upon one-dimensional
Gauss formulas u]’F, described in appendix (Section A.1). If we choose n + 1 points in each dimension, the degree of exactness
ism=2n+1.

We now consider the degree of exactness associated with sparse grids, as described in the appendix (Section A.1.1). In the
sparse quadrature procedure, the sparseness parameter ‘s’ controls the number of points in the grid. A sparseness level equal
to the number of dimensions (s = N) corresponds to the trivial grid consisting of only one point. As s increases, the number of
points and hence the accuracy of the quadrature increases. In the following we state some results from [25] relating the de-
gree of exactness m of sparse quadrature rules to the sparseness parameter s.

Example 2. Smolyak Clenshaw-Curtis grid - Let Q! be the Clenshaw Curtis Smolyak operator in I" of dimension N with
sparseness parameter s, which is described in Section A.1.1. There we choose the number of points for each order toben; =1
and n, = 281 + 1 for k > 1. With this choice, the degree of exactness of Q! can be stated as follows [25]: Let ¢ = floor(s/N)
and let T = s mod N. Then Qf, has degree of exactness:

5.N) 2(s—N)+1, if s <4N (16)
s,N) =
2" N+141)+2N—1, otherwise.
From [26] we also obtain a bound on the operator norm of the error functional:
IErllp 1 . < 77N (logr) XD, (17)

where r denotes the total number points used in the quadrature rule.

Example 3. Smolyak Gauss grid - Let Q! be the Smolyak-Gauss operator in I" of dimension N with sparseness parameter s.
Again we choose n; = 1 and n, = 2! +1 for k > 1. Then, the degree of exactness of O, can be stated as follows [25]: Let
o = floor(s/N) and let T = s mod N. Then Q! has degree of exactness:

m(sN):{Z(sN)+l, if s <3N

g-1 (18)
27 (N+1+71)—1, otherwise.

An application to stochastic elliptic problem - Let u be the exact solution of the stochastic problem (3) given in Section 2.1 sat-
isfying u € Hy(D) N H?(D) almost surely. We assume that the coefficient a(x; w) is represented by independent uniform ran-
dom variables (Y;,...,Yy) € I' and that I is compact in RY (see Eq. (4)). We obtain the following result:

Lemma 6. Using a nonoverlapping mesh of I' with maximum side length h and a collocation grid associated with a quadrature rule
with degree of exactness m in each element, define ti to be the approximate solution given by ME-PCM with a spatial discretization
projection T, satisfying (7) for | = 1. Then the error of the energy norm [EaHﬂ”H})(D) (defined in Eq. (12)) can be bounded as:

‘[EHu”Hé(D) - [Eﬂ”ﬂ”Hé(D)‘ < Ciklulle p) + Ch™, (19)
where the constants C; and C, are independent of k and h.
Proof. Using the triangle inequality,

[E[ Il o)) = Eo[Nilyo)]| < [EIllayn)] = E[ el )| + |E Nty = Ea[ Iy (20)

Note that ||u(-, y)||H1 o € W™ >(I") for the problem at hand. Then, it is clear that we can obtain the bound on the second
term from Theorem 4 by noting that

1 i
o= W() Z QB [ (-, )HH})(D)

(where the norm is taken over the spatial variable and the quadrature acts in the probability space) as well as by noting that

El[uk]l gy o) = ||uk HH]
0 vol

[EaHﬂ”Hé
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Then,
. 1
|[E||uk||Hg<D> - [EG”u”Hll](D)' < C”EI‘HmH.oc,F|u’<|W"'“"‘(F:Hé(D))hm+ :

We note that u;, has the same regularity as u. Moreover, we know that there exists an analytic extension for u in the para-
metric space [12], which implies that |ui|,m+1~ is finite. The first term in (20) is a spatial discretization error term and

EH””Hé(m - [E”uk”H(l)(D) < Efju— ukHH},(D) < [E[CkHu”HZ(D)] < Ck - Elfullye p).- U

4.2. I? error of the global approximant

In this section, the error of the global approximant i is compared with the exact solution u in the L*(I'; Hy(D)) norm:
flu — UHLZ(r:Hg(D)) < lu— ukHLZ(r;H})(D)) + Ju — u||L2(r;H}](D)>

We are interested in the first term, which corresponds to the stochastic discretization error. We assume that the second
term, which corresponds to the deterministic discretization error, is zero.

4.2.1. Tensor product interpolation using Gauss abscissas

We consider the global ME-PCM approximant u for a uniform PDF p(y), where the interpolation operator is based on full
tensor product of Gauss-Legendre abscissas (see appendix, Section A.1), i.e., Zr = L, where p = (p;,...,py) € Z" indicates
polynomial order used in each random dimension. We begin by restating a few relevant results from [12], where the same
stochastic elliptic problem is addressed in a one-element formulation. It is proven there that the solution satisfies the fol-
lowing regularity property:

Lemma 7. Regularity property [Babuska et al.] Let I'; = H?,:l,z#jrj' and let y; be an arbitrary element of I'j. For each y; € I,
there exists o; > 0 such that the solution u(y;,y;,x) as a function of y;, u:I'; — CO(F},H})(D)) admits an analytic extension

), (z,y;,%),z¢€C of u, in the region of the complex plane:
X(I;05) = {z € C,dist(z,Tj) < oy} (21)
Moreover, ¥z € (I ;; ), Hua(Z)HC'J(I‘Jf:Hg,(D)) < 2, where 2 is independent of j.
We now state a main result of [12], which provides the error estimate of LF.u.

Lemma 8. [Babuska et al.] Let u be the exact solution of (3). Let p = (ps,.. ., py) be a vector in Z and L?. represent the Lagrangian
tensor product interpolation operator using Gauss-Legendre abscissas on I', as defined in Section A.1. Then,

N
ILPu — uHB(r;H})(D)) < CZ exp{-r;p;} (22)
=
where

rj =log {% <1+1/1+%>
]

and the o; are the parameters related to the size of the analyticity domain in Lemma 7.

, (23)

We note that in Lemmas 7 and 8, uy is replaced by u because u, possesses the same regularity as u. We next consider the
error estimate of ME-PCM. Recall that ii(x,y) = 37, (Lg,.uk)(x,y)l]{yEBx}. For convenience, we instead consider the error be-
tween quantities 51, (Lgiu)(x, )5y and u. However, we will abuse notation a bit and still refer to the former quantity

as . We now state the result:

Theorem 9. Let u be the exact solution of (3). Let T = {Bf}fiﬂl represent a uniform mesh on I' where each element has side
length h (Ne = (%)N). Let p = (py....,py) be a vector in Z¥ and let L?. represent the Lagrangian tensor product interpolation
operator using Gauss-Legendre abscissas on I'. Let Lg, represent LY. affinely mapped to B'. Then,

N
1= Ul ) < C> exp{-rj(h)p;} (24)
=
where
%
ri(h) = log 5h @)

Proof. See Section A.3 in the appendix. [
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Remark 10. It is easy to see that for fixed p, if we rewrite r;(h) as

1 .
ri(h) :logﬁ-i-log % 1+

we obtain a factor in the error estimate as
1 b,
exp(—p;logp) = h”,

which is the desired h-type convergence of ME-PCM for this problem. Alternatively for fixed h, r;(h) is a constant and we
obtain p-type convergence through the term

exp(—rj(h)p;).

Remark 11. It is important to note that Lemma 8 and Theorem 9 are not restricted to uniform distribution and can be easily
generalized to other p(y) by considering the norm equivalence [12]. Also error estimates of ME-PCM based on other inter-
polation operators [15], e.g., sparse grids, can be obtained following a similar procedure as in the proof of Theorem 9.

5. Numerical examples
5.1. Approximation of GENZ test functions

In this section we will numerically verify the h-convergence rate of ME-PCM stated in the previous section by approxi-
mating the integrals of the following functions defined on [0, 1]* from the GENZ test suite [27]. Sparse grids based on one-
dimensional Gauss and Clenshaw-Curtis quadrature rules are examined. We use the following functions:

OSCILLATORY :  f;(X1,X2) = COS(2TtW; + C1X1 + C2X2)
GAUSSIAN :  f,(x1,%;) = exp(—C3(x; — W1)? — C3 (X, — Wy)?)
CONTINUOUS :  f5(x1,X2) = exp(—Cy[xX1 — w1 |* — Ca|xa — Wy %)

0 if
DISCONTINUOUS :  f(x1,%2) — { ’ % >W orX; >Wws,
exp(ciX1 + C2Xy), otherwise.

where wy,ws, cq, c; are constants.

Fig. 1 shows the approximation error of the OSCILLATORY and GAUSSIAN integrals by sparse grid cubature on uniform
meshes. The number of elements per side N.s corresponds to } where h is the size of each element. The sparseness parameter
is s = 3 in both cases, leading to a degree of exactness of m = 3 for both types of grids. Both of these functions fi,f, lie in
W*=([0,1]*) so the conditions of Theorem 4 hold. From the figure, we see that the convergence rate is indeed
0(h*) = O(N%) as predicted, since m + 1 = 4.

We also consider the CONTINUOUS and DISCONTINUOUS functions (fs, fs), which do not satisfy the regularity require-
ments needed in the assumptions of Theorem 4. Fig. 2 shows the approximation error for these functions using the same

, Clenshaw Curtis

, Gauss I
, Clenshaw Curtis
f, Gauss

102 | =
e
ot

o

Absolute Error

Number of elements per side (N.¢)

Fig. 1. h-Convergence of Gauss and Clenshaw-Curtis sparse grid integration of smooth functions f; and f; from the GENZ test suite. Solid lines indicate f;
errors while dotted lines indicate f; errors. Square markers: Clenshaw-Curtis points, circle markers: Gauss points.
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102

10}

Absolute Error

_g_fs, Clenshaw Curtis

—e—f;, Gauss 6|
o f; Clenshaw Curtis
o fs, Gauss

—o—T,, Gauss (Adapted Mesh)|
¢ T, Gauss (Adapted Mesh)

-
— C*"Ngg

10° 10
Number of elements per side (N,)

Fig. 2. h-Convergence of sparse grid integration error for nonsmooth functions fs and f from the GENZ test suite. Solid lines indicate f; errors while dotted
lines indicate f; errors. Marker key - square: Clenshaw-Curtis points on uniform mesh, circle: Gauss points on uniform mesh, diamond: Gauss points on
adapted mesh.

sparse grids as in the previous example. Without the proper regularity, it can be seen that the convergence rate is reduced
to approximately order one. Tests were also performed to verify that adapting the mesh to the discontinuities of the
function recovers the optimal convergence rate. Specifically, the mesh is chosen such that the discontinuities fall on the
borders of elements. From the figure it can be seen that under these conditions, the convergence rate indeed returns to
O(NH).

To investigate the constant in the error bound in (15), the integral of functions f; and f; are approximated using a Clen-
shaw-Curtis sparse grid with varying sparseness parameter s. The errors are shown in tables in Fig. 3. In the last column, the

absolute error € is normalized by the term

R=r"(log r)(N—l)(m+1)hm+1| N (26)

m+1,00,(0,1]2

where 1 is the total number of points in the quadrature rule. This gives an estimate of the constants in the error bound of
(15).

It can be seen that by normalizing the error by the factor R, we obtain a constant which depends on the function being
integrated as well as the sparseness parameter.

5.2. ODE examples

Next we examine errors in time-dependent solutions using, first, simple ordinary differential equations (ODEs) and, sec-
ond, a nonlinear system.

5.2.1. Simple ODEs

In this section we investigate the h-convergence rate of ME-PCM for ODEs with uncertain parameters. The collocation grid
in each element is kept fixed as the mesh is uniformly refined. Only ‘smooth’ problems are considered, i.e., problems where
the solution exhibits regularity in the parameter space. The error from the time integration solver (fourth-order Runge-Kut-
ta) is negligible, and thus dominated by the more interesting stochastic semidiscrete error term. We are interested in ver-
ifying the convergence rates for ODEs in both the mean and variance error, while using tensor product grids instead of
the sparse grids investigated in the previous examples. The following equations are investigated:

dy
Casel: a- —(& + M)y

Case Il :% = —(& + M)y?

Case III : % =—(& +M)y?

dy
CaseIV:—==—
dt (
where ¢4, &, are i.i.d. random variables distributed uniformly on [—1, 1]. M is chosen to avoid singularities in the solution and
¥(0) = 1. Exact solutions can be found for all four cases. The error in mean and variance between the numerical solution
using ME-PCM and the exact solution is taken at time T = 5.

&+ &+ My
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S, m, T Nes ‘F| ‘_g S, m,r Nes |€| %

3,3,5 2 6.3e-7 | 0.000405 3,3,5 1 8.0e-5 0.000319
4 3.9e-8 | 0.000402 2 8.1e-5 0.000319
10 | 1.0e-9 | 0.000402 4 4.8e-6 0.000305
20 | 6.2e-11 | 0.000402 8 3.0e-6 0.000302
100 | 1.0e-13 | 0.000404 10 | 1.2e-7 0.000301
4513 |1 2.2e-7 | 0.000774 50 | 1.9e-10 0.000300
2 3.6e-9 | 0.000760 4,5,13 |3 1.8e-8 0.000900
4 5.2e-11 | 0.000756 10 | 1.3e-11 0.000888
5 1.4e-11 | 0.000755 15 | 1.1e-12 0.000887
8 8.1e-13 | 0.000755 20 | 2.1e-13 0.000892

15 | 1.9e-14 | 0.000752  5,7,29
5729 |1 | 3.1e-10 | 0.001109
2 | 1.2e-12 | 0.001085
3 | 4.7e-15 | 0.001080

3.7.0e-10 | 0.000283
2.6e-11 0.000271
4.3e-13 0.000266

co ot W N

9.9e-15 0.000265

Fig. 3. Sparse integration errors € and numerical approximation of constants for the functions f; (left) and f; (right) using varying sparseness parameter s.
Recall that s is the sparseness parameter of the grid in each element, m is the degree of exactness, and r is the total number of points used in each element.
Also, N is the number of elements per direction.

In this example a tensor product Gauss-Legendre collocation grid is used over each element. An asymptotic index of alge-
braic convergence, k, is numerically calculated as h decreases. This is shown in Tables 1 and 2 for the mean and variance,
respectively. The results are close to the expected value of x, which is m + 1 where m is now the degree of exactness for
the Gauss tensor product grids. Furthermore, the same result holds for the variance as well as the mean.

5.2.2. Kraichnan-Orszag problem
The deterministic Kraichnan-Orszag (K-0) three-mode problem is as follows [28]:

dy,
ar - Y1ys3
dy,
_ (27)
dt Y2V3
dy,
2 2
- =Yt
dt yl y2
Table 1
Numerically calculated index of algebraic convergence x of the mean solution at time T = 5 for ODE examples I-IV
degree of exactness m Case | Case Il Case III Case IV
3 -3.95 -3.99 -3.99 -3.93
5 -5.94 -5.98 —5.98 -5.91
7 -7.96 -7.91 -7.91 -7.92

ME-PCM is used with a tensor product Gauss-Legendre grid in each element. These results show good agreement with the expected values of x ~ m + 1.

Table 2

Numerically calculated index of algebraic convergence « of the variance of the solution at time T = 5 for ODE examples I-IV

degree of exactness m Case | Case Il Case III Case IV
3 -3.95 -3.99 —3.99 -3.96
5 -5.94 -5.97 -5.97 -5.90
7 -7.92 -7.97 -7.89 -7.91

ME-PCM is used with a tensor product Gauss-Legendre grid in each element. These results show good agreement with the expected values of x ~ m + 1.
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subject to random initial conditions:
¥1(0) =y1(0; ), ¥,(0) =¥,(0; ),  y3(0) =y3(0; )

The solution exhibits low regularity with respect to the parameter y,(0). Fig. 4 shows phase plots of solutions to the deter-
ministic problem with varying initial conditions for y,. If y,(0) is negative, the solution is periodic and travels in the region
where y, is negative. If it is positive, the solution is also periodic but travels in the region where y, is positive. If it is zero, the
solution is a constant. It is clear from this plot that the frequency of the solution is also dependent on this initial condition.
The temporal discretization here and throughout this section is performed by fourth-order Runge-Kutta integration.

To further explore this, suppose that the initial condition y,(0; @) in the stochastic K-O problem is &, a uniform random
variable on [-0.1,0.1] and that y,(0) = 1 and y,(0) = 0. The solution y = (y;,¥,,y;) is only C° continuous with respect to the
random parameter ¢. Fig. 5 shows the solution of the deterministic K-O problem as a function of the parameter y, (0) ranging
from —0.1 to 0.1 at varying times. We can see that the solution is very oscillatory; thus, it requires a large amount of com-
putational time to be solved by existing methods such as ME-gPC, PCM, and gPC. In the following sections, we will investi-
gate the performance of both regular and h-adaptive ME-PCM on this problem for short- and long-time integration.
Computational costs of ME-PCM will be compared to those of other existing methods mentioned above. In addition, a sparse
grid ME-PCM example will be demonstrated for a case where N = 3.

In the following, ¢, &, are i.i.d. random variables distributed uniformly on [—1, 1]. First, we consider a two-dimensional
(N = 2) case of problem in Eq. (27), where y,(0) = &, ¥,(0) = 0.1¢4, and y;(0) = 0. To illustrate p-convergence of ME-PCM,
we hold N, constant using a uniform grid of 4 elements on I = [-1,1] x [-1,1]. A tensor product of Gauss-Legendre quad-
rature points is used and the number of points is increased between each run. Fig. 6 shows the errors in mean and variance of
¥;. The exact solution is taken to be the ME-PCM solution with N. = 100 elements and r = 100 points in each element.

Next, h-convergence is demonstrated by holding r constant with just one collocation point per element and refining the
mesh uniformly. Here the one-dimensional input used: y,(0) = &;,¥,(0) = 1.0,y5(0) = 0.0. Fig. 7 shows the errors in mean
and variance of y; at time t = 5 as a function of the number of elements used. Note that here at time ¢t = 5 the solution is
still smooth, and we expect the convergence rate defined in the previous section. Hence, we expect the error to decrease
by O(N,') as the mesh is refined.

For convergence in long-term integration we demonstrate the h-adaptive version of ME-PCM using the one-dimensional
random input as in the previous example. In Fig. 8 the ME-PCM solution is shown for varying tolerance level 0 (see Section
A4 in the appendix). A Gauss-Legendre grid of 3 collocation points in each element is used. As 0 decreases, the elements split
more frequently; thus the solution does indeed converge to the reference solution which is obtained using a quasi random
Sobol (MC-SOBOL) sequence with 10° iterations. Also plotted on the same graph is an example PCM solution where 30
Gauss-Legendre points are used. The PCM solution and the ME-PCM solution are both shown only until they diverge from
the correct solution.

> y2(0) =-0.1
> yz(O) =-0.001
—— y2(0) =0.001
—— y2(0) =0.1
y,0 =0
0.5
o 0 )
>
-0.5

Fig. 4. y,-y,-y; Phase plot of solutions to the Kraichnan-Orszag problem (27) with initial conditions y,(0) = 1,y;(0) = 0 and varying y,(0). Triangle
markers indicate solutions when y,(0) > 0. Circle markers indicate solutions when y, (0) < 0. The wide black line (situated on the lower half of the y, =0
plane separating the two sets of trajectories for y,(0) < 0 and y,(0) > 0) indicates the solution when y,(0) = 0.
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i) 0 -0.752
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Fig. 5. Plots of the solution to (27) y,,¥,,y5 as a function of y,(0) at various times. (y,(0) = 1,y,(0) = 0).
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Fig. 6. Error in mean (left) and variance (right) of y; for 2D K-O problem with varying r.

Computational cost: Here the computational costs of ME-PCM for the K-O problem are compared to those of existing
methods. Since the solution to this problem has low regularity in the parametric space it represents a ‘worst case scenario’
for all of these methods. First, we consider the two-dimensional K-O problem from the previous section. The error in var-
iance of y, is considered at final time t = 10. In this section we define the error between two numerically integrated func-
tions g(t;) and f(t;), j=1,...,n; as:

L5 () — f(5) 28
N

where f is considered to be the reference solution.

€2 =
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Fig. 7. h-Convergence of ME-PCM for the 1D K-O problem.
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Fig. 8. h-Adaptive ME-PCM for the 1D K-O problem. We note that the single-element PCM diverges after t ~ 20.

To compare computational costs, an error tolerance is prescribed and the cost for achieving that error level is measured.
The methods examined are: ME-PCM with Clenshaw-Curtis sparse grids, PCM with Clenshaw-Curtis sparse grids, and MC-
SOBOL. For PCM and ME-PCM, the error levels are achieved by increasing the number of points in each element (p-refine-
ment). For ME-PCM we are also able to refine the mesh simultaneously (h-refinement). For MC-SOBOL, the error level is
achieved by increasing the length of the Sobol sequence. Table 3 shows the results of these comparisons. From the results
we can see that the ME-PCM is much faster than either PCM or MC-SOBOL for all error tolerances and that for some error
levels PCM is actually more expensive than MC-SOBOL.

Next, we consider the costs of the h-adaptive formulations of ME-PCM and ME-gPC for the same problem. We note that
for the K-O problem, the solution’s spectrum is continuously growing so that elements are continuously splitting and this
leads to large computational costs. This property makes it suitable for comparing two such h-adaptive methods as it will
accentuate the relative difference between the methods and their weaknesses. For both methods, the error level is achieved
by decreasing 0, the adaptivity tolerance. Legendre chaos is used for the basis in the ME-gPC method, and a tensor product

Table 3

Comparison of number of samples required for the 2D K-O problem (y,(0) = 1,y,(0) = 0.1&;,y5(0) = &,) for time ¢t € [0,10]

Error level €» ME-PCM PCM MC-SOBOL
1072 36 (Ne = 16,5 = 2) 321 (s=8) 100
1073 320 (Ne = 64,5 = 3) 3329 (s = 11) 950

1074 3328 (Ne = 256,5 = 4) 7169 (s = 12) 9500

For ME-PCM and PCM the sparseness parameter s is provided, and for ME-PCM the number of elements N, is also provided.
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Gauss-Legendre grid is used in each element for the ME-PCM. The highest polynomial order is 2 for ME-GPC and 3 colloca-
tion points per element are used for ME-PCM. Table 4 shows the results of this comparison. We note that even with extra
projection steps between physical and modal parametric space, ME-PCM outperforms ME-gPC. It is important to note that
the same adaptivity tolerance is required for achieving the prescribed error tolerance for both methods; thus, the difference
in computational costs is due to the actual cost of each method and not a discrepancy in the element splitting frequency.

In Fig. 9 we demonstrate the h-convergence of sparse grid ME-PCM for a three-dimensional K-O problem
(11(0) = &1,¥5,(0) = &,y5(0) = &3). A sparse Gauss-Legendre grid with 195 points is used in every element and the mesh
is uniformly refined as in previous examples. We also plot the solution obtained from the h-adaptive version of ME-PCM,
using 0 = 0.0001 and a Gauss-Legendre tensor product grid with 73 points in each element.

5.3. Kovasznay flow

We consider next the problem of steady, laminar flow behind a two-dimensional grid, solved by Kovasznay in 1948 [29].
The exact solution to the Navier-Stokes equations is given by:

u=1-e*cos(2my), v= %e”‘ sin(27y),

where u, v are velocities in the x and y direction, respectively, and

1
1 1 L\
ST (m*“”) ’

Here we model the kinematic viscosity, v, as a random parameter as:
v=1o(1+58), [5<1. (29)

The random variable ¢ has Beta distributions B(1,1) and B(0, 0) with support [—1, 1] for the two cases we address, and vy
represents the mean viscosity. Each deterministic problem is performed by a spectral/hp element method using a 32-ele-
ment mesh. The accuracy of the spatial solver is of order 10~'° in the L., norm.

In the first case ¢ ~ B(1,1), 6 = 0.95, v, = 0.05 and the collocation points are chosen to be Gauss points from the gPC basis
constructed to be orthogonal to the PDF on each element. We use r = 2 points in each element with a degree of exactness
m = 2r — 1 = 3. Since the problem is smooth we expect a convergence rate of O(N,™"") = O(N.*) (note that N. = N here).
In Fig. 10 the L., errors in mean and variance are plotted as a function of N.. The numerical results show agreement with the
expected convergence rate of the method.

Table 4
Comparison of computational costs (s) for 2D K-O problem (y, (0) = 1,y,(0) = 0.1&;,y5(0) = &,) for time ¢t € [0,10]
Error level €, h-Adaptive ME-PCM h-Adaptive ME-gPC
102 0.5 11.95
1073 343 29.31
10 38.8 337.7
0.39 T T T T T T T T T

—— MC SOBOL 10° iterations

- - - ME-PCMN, =5°

038+ - - ME-PCMN, =6° .
ME-PCMN, =7°

- ME-PCMN, =83

037 + hAdaptive ME-PCM6= 0.0001 | 7

0.36

0.35

0.34

1 1 1 1 1 1 1 1 1
0'330 1 2 3 4 5 6 7 8 9 10

Fig. 9. h-Convergence of sparse grid ME-PCM for the 3D K-O problem (y;(0) = &;, ¥,(0) = &, y5(0) = &3).
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Fig. 10. Kovasznay flow problem: h-convergence rate for ¢ ~ B(—1,1). Left: mean; right: variance.

We also consider the case where ¢ ~ B(0, 0) which is the same as the uniform distribution on [—1, 1]. In this case 6 = 0.8
and vo = 0.05. Here, r = 1 Gauss-Legendre points are used in each element; thus the degree of exactness is m = 1. The ex-
pected convergence rate is then O(Ne’z). Fig. 11 shows the results for this case. For comparison we include ME-gPC results
with the same h-convergence rate (highest order of polynomial is zero). It is seen that ME-gPC provides a better accuracy
for the mean value due to the Galerkin projection.

5.4. Navier-Stokes: noisy flow past a 2D stationary circular cylinder

We also study noisy flow past a 2D stationary cylinder to demonstrate the long-term behavior of the ME-PCM method.
We consider the following inflow boundary conditions:

u=1+d¢ v=0,

where § is a constant equal to 0.1 and ¢ is a uniform random variable on [-+v/3, v/3]. The Reynolds number based on the mean
velocity is Re = 100.

This problem was studied in [30] using the ME-gPC method. Due to the sensitivity of the vortex shedding frequency to the
inflow noise, high-order polynomial chaos is not efficient for this problem. However, the convergence can be improved by
using multi-element formulations and h-type refinement. Here, we re-visit this problem using the ME-PCM method.

The error evolution of variance of the lift coefficient is shown in Fig. 12. The errors are normalized based on a reference
solution given by ME-PCM with N, = 20, r = 9. It is observed that the errors given by single-element PCM increase fast to
O(1). Similar results are shown in [30] for the high-order single-element gPC. This is due to the expanding frequency spec-
trum in the parametric space with respect to &. Thus, the polynomial order or number of collocation points must be increased
rapidly to maintain low errors. ME-PCM effectively slows down the error increase by h-refinement in agreement with the
analysis of [30].

10°

107 }

102}

L _Error
L Error
=)

b

—+— ME-PCM: mean of v

10" } [—ME-PCM: mean of u 107°f | —o—ME-gPC: mean of v

—o—ME-gPC: mean of u —+ — ME-PCM: variance of v

-+ -ME-PCM: variance of u —O - ME—-gPC: variance of v
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Fig. 11. Kovasznay flow problem: h-convergence rate for ¢ ~ B(0,0). Left: x-velocity; right: y-velocity.
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10°

Error of variance

time

Fig. 12. Error evolution of variance of the lift coefficient given by ME-PCM for the noisy flow past 2D stationary circular cylinder. More than 25 vortex
shedding cycles are simulated.

5.5. Stochastic elliptic problem

We consider the two-dimensional (D = [0, 1]%) elliptic problem with random coefficients from Section 2.1 using the ME-
PCM method. To avoid introducing large errors from physical discretization, we consider a smooth problem in the physical
domain. For simplicity, we use a non-zero force term with homogeneous boundary conditions

f(x) = sin(x;) cos(x;) and Ela](x) = 1. (30)

g%y 2

Assume that the random field a(x, ) satisfies the Gaussian correlation function: K(x;,x,) = 6> e« with A being the cor-
relation length and ¢ the standard deviation. Due to the analyticity of the Gaussian kernel, the eigenvalues decay exponen-
tially [8]. The decay rate is determined by the value of the correlation length, where a larger A corresponds to a faster decay
rate.

Since the Gaussian kernel is analytic, high-order element methods for spatial discretization converge quickly, resulting in
highly accurate numerical solutions for the eigenvalue problem in the Karhunen-Loéve expansion. Spectral/hp discretization
with 64 quadrilateral elements is used in the physical space. In each element, a 12th order Jacobi polynomial basis is used to
construct the approximation space. The accuracy is close to the machine accuracy for numerical solutions of both determin-
istic elliptic PDEs and the eigenvalue problem. Therefore, we assume from now on that no substantial errors come from the
physical discretization.

We perform the ME-PCM for this problem using Smolyak Gauss sparse grids in each element of a uniform mesh. We first
verify the relation between the h-convergence rate and the degree of exactness of the quadrature rule. Consider a two-
dimensional random input Yy, Y, with uniform and Beta distributions, taking values in I' = [-1, 1}2. We note here that for
the case where Y; and Y, have uniform distribution, the local conditional probability density function is still uniform in each

10° . 10”

10
4 14
S 107} £
I W
10} Vean 5= ‘s=
—a—Mean:s=N+1 —a—Mean:s=N+1
—e—Std:s=N+1 107 || —®—Std:s=N+1 ON?)
-o--Mean:s=N+2 -o- Mean:s=N+2 e
I -0- Std:s=N+2 . -0--Std:s= N+2
10100 10° 10° 10 10° 10°
Ne Ne

Fig. 13. h-Convergence rate of the ME-PCM for the stochastic diffusion problem with N = 2 and the degree of exactness of quadrature rules. Left: Uniform
distribution, 6 = 0.66; right: Beta(1,1) distribution, § = 0.72.
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direction; however, in the case where Y; and Y, have Beta distribution the conditional density function can differ from
dimension to dimension. Due to the symmetry of the tensor-product rule in the Smolyak algorithm, we still expect the h-
convergence rate given in theorem for the Beta distribution case. We use § = 0.72 for Beta(1,1) distribution and é = 0.66
for uniform distribution so that the variance of the input for both cases is equal. The h-convergence behavior is shown in

—(m+1
Fig. 13. It is seen that the h-convergence rate asymptotically approaches O(Ne v )) = O(NE’S("’*”) for both uniform and Beta

distributions. Note that m(3,2) = 3 and m(4,2) = 5 for these non-nested sparse grids.
We next study some higher dimensional cases:

i) N=4, A=28367936716,
(i) N=10, A= 0.4898834872,
(iii) N =25, A=0.1121059863,
(iv) N=50, A= 0.04890758154.

For all these cases the smallest eigenvalue is less than 0.314% of the largest eigenvalue, see Fig. 14. We compute the error
by comparing the solution with a reference solution computed using a highly refined grid in I'. The error is computed in the
norm || - ||L2(F;HZ)(D)), where I' = [-1,1]" is the parametric domain.

According to the regularity study in [9], the importance of each random dimension can be roughly estimated by the value
VZillgi(x)|l,_, where 4; and ¢; are the eigenpairs from the Karhunen-Loéve expansion satisfying (5). In [18] it is shown that
refining the random dimension with the largest value of /Z||¢;(x)||; _ is an efficient adaptivity method. For collocation-type
methods, one straightforward approach to approximate the local errors is to compare the results given by sparse grids at two
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Fig. 14. Eigenvalues given by different correlation lengths.
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Fig. 15. h-Convergence of the ME-PCM method. Error in mean and standard deviation vs. number of sampling points are plotted for both ME-PCM and
Monte Carlo methods. The local observed convergence rates of ME-PCM are denoted with dashed lines adjacent to the graphs. Left: N = 4, s = N + 1; right:
N=10,s=N+1.
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different levels. However, due to the big jump between numbers of points at two consecutive sparseness levels the cost for
error estimation could be much larger than solving the original problem. For example, if N = 10 and s = N + 1, the cost for
error estimation is about 15 times as large as the cost for solving the equation. Thus, here we investigate the h-convergence
of ME-PCM method by building a priori adaptive meshes in the parametric space. More specifically, we use a pre-constructed
mesh where only the dimensions with the largest values of /7| $;(x)||,_ are decomposed.

In Fig. 15 we plot the normalized errors of mean and standard deviation versus the total number r, = N.r of collocation
points in I' for N = 4,10. For both cases the three most important random dimensions have been decomposed in every
parameter space mesh. We refine the mesh by further decomposing elements in only the three most important dimensions.

According to Theorem 4 we expect the theoretical convergence rate O(r;ftm”)/N) = O(Ne’(m”)/"') as the mesh is refined uni-

formly in all directions. For the cases shown in Fig. 15, these expected theoretical convergence rates are O(r}) for N = 4 and
O(r2*). However, since we refine in only the most important random dimensions, at low discretization levels we observe
that the h-convergence rate is actually faster than the expected rate. As the mesh is refined further in these three dimensions,
we observe that the h-convergence rate asymptotically approaches the expected theoretical values. This is due to the fact
that the values of /7]|¢;(x)|,_ for each dimension become more comparable after decomposition of the parametric space.
We note that if the number of random dimensions is of the order O(10), we can easily obtain an h-convergence rate better
than Monte Carlo methods using sparse grids of relatively low level. For example, the expected asymptotic h-convergence
rate is O(r®) and O(r %), for s = N+ 2 and s = N + 3, respectively, with N = 10.

Note that if the approximated random function is sufficiently regular the h-convergence rate is determined by m and N.
The ME-PCM method will become less efficient for a fixed m as N increases. In Tables 5 and 6, we show the h-convergence for
N = 25,50, where only the six most important dimensions are refined. We note that for moderate error levels, the efficiency
of ME-PCM is far better than that of Monte Carlo since using approximately 100 samples results in a very small error two
orders of magnitude less than the corresponding Monte Carlo error. The overall observed h-convergence rate is O(r;>2%)
and O(r;213) for N = 25 and N = 50, respectively, with s = N + 1, which represents the sparsest nontrivial level of sampling.
It is seen that adaptivity improves the h-convergence rate, since if no adapted meshes are used the expected h-convergence
rate would be O(r;21%) and O(r2%®) for N = 25 and N = 50, respectively, for s = N + 1. If coupled with a posteriori error esti-
mation [18], the adaptive meshes can be improved further by refining the elements with largest local errors.

In summary, the relation between the degree of exactness and h-refinement is verified for the elliptic problem with ran-
dom coefficients. Using a priori adaptive meshes, the ME-PCM method based on sparse grids of relative low level can be an

Table 5
Errors in mean and standard deviation for elliptic problem with N = 25; comparison of ME-PCM and MC errors for the same amount of work done (number of
points sampled)

# of Sample points ME-PCM mean ME-PCM std MC mean MC std

76 1.72e—4 3.41e-4 3.56e—2 3.62e-2
152 1.29e—4 2.57e—4 2.44e-2 2.44e-2
608 7.55e-5 1.52e-4 1.05e—-2 1.08e—2
1216 6.94e-5 1.40e—4 9.90e-3 1.03e-2
4104 5.86e—5 1.19e—4 4.14e-3 4.27e-3
9728 4.67e-5 9.50e-5 1.51e-3 1.56e—3
38912 2.82e-5 5.76e—5 1.11e-3 1.13e-3
58368 2.76e-5 5.64e—5 6.27e—4 6.42e—4

Here, ME-PCM with a sparse grid with parameter s = N+ 1 is used in every element. Mesh refinement is performed in only the six most important
dimensions.

Table 6
Errors in mean and standard deviation for elliptic problem with N = 50; comparison of ME-PCM and MC errors for the same amount of work done (number of
points sampled)

# of Sample points ME-PCM mean ME-PCM std MC mean MC std

151 431e-5 7.92e-5 9.23e-3 9.37e-3
302 3.70e-5 6.92e—5 8.49e-3 8.63e—3
604 3.27e-5 6.16e—5 5.78e-3 5.75e-3
2416 2.65e—5 5.08e—5 3.12e-3 3.11e-3
4832 2.55e—5 4.93e-5 2.48e-3 2.47e-3
19328 2.40e-5 4.66e—5 1.25e-3 1.23e-3
77312 1.83e-5 3.55e-5 5.88e—4 5.86e—4
173952 1.53e-5 3.01e-5 5.11e—4 5.12e—4
309248 1.50e-5 2.96e-5 3.72e—4 3.78e—4

Here, ME-PCM with a sparse grid with parameter s = N+ 1 is used in every element. Mesh refinement is performed in only the six most important
dimensions.
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efficient numerical approach for a moderate number O(10) of random dimensions. A surprising result for high dimensions is
that although the convergence rate of ME-PCM degrades the method produces very good results even for a very small num-
ber of samples, of the order of 100.

6. Summary

In this work we introduced an h-adaptive multi-element formulation of the probabilistic collocation method. Two choices
for collocation point sets were addressed: tensor product and Smolyak sparse grids. It was proven in Section 4 that the h-
convergence rate of ME-PCM moment errors is dependent on the choice of cubature rule only through its degree of exact-
ness, in the case of uniform inputs. We also presented there an L? error bound for the ME-PCM solution to the stochastic
diffusion problem in (4.2).

The h-convergence rate result was verified in the numerical examples section, for both uniform and nonuniform inputs.
The choice of grid points should be made in a problem-dependent manner; one needs to consider the expected regularity of
the solution, PDF of the inputs, and boundary point issues in order to choose a sufficiently robust and efficient cubature rule
for the problem. In addition, if h-adaptivity is required one must consider the accuracy of projection onto the orthogonal
basis when prescribing the rule.

In the numerical examples section we also demonstrated ME-PCM convergence for the discontinuous stochastic
Kraichnan-Orzag problem. It was shown that for the two-dimensional K-O problem the ME-PCM outperforms PCM
and the quasi Monte Carlo method. We also demonstrated the convergence of the h-adaptive ME-PCM on the one-
and three-dimensional K-O problems, and showed that the computational cost of the h-adaptive ME-PCM is much less
than that of the h-adaptive ME-gPC method. The effectiveness of the ME-PCM in long-term integration was addressed
using the problem of noisy flow past a 2D stationary cylinder. Lastly, convergence was demonstrated for the stochastic
diffusion problem with higher-dimensional inputs and the efficiency of the method was shown to be more favorable
than that of the Monte Carlo method even for 50 dimensions. A surprising result, which we plan to investigate further
in future studies, is the good performance of the adaptive ME-PCM for high-dimensional problems in cases of very coarse
sampling.
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Appendix A
A.1. Tensor product Lagrangian interpolation

The description in this section closely mirrors the description in the work of [12] since it addresses the procedure over out
chosen reference element, I', only. However, we include it here to explicitly define the procedure and notation for the reader.
First define the polynomial space Py, (I;) as the span of polynomials of degree at most p; in I}, forj=1,..., ,N. Then define
Pp(I") to be the span of tensor product polynomials Pp, (1), where p = (p;,p,,---,Py):

Pp(I') = span{Pp, (I'1) @ --- Py, (I'n)}

In this section we seek an interpolation operator Z, which will take u(-,-) to the space Pp(I") ® W(D). In each dimension

j=1,...,N consider the set of polynomials on I'; which are orthogonal with respect to some density function p;, and let
p= HJ 1p;- Define {qj,} ' to be the p; + 1 roots of the p;th order polynomial of this family. For any coordinate N-tuple of
integer indices [m;, my, ..., my] where each index m; € [1,p; + 1], a global index may be associated:

m=m +py(my —1) +p;p,(m3 — 1) +

and the associated N-tuple (q; m,,qo.m,: - - - »qnm,) is called q,,. Considering all possible vectors [m;, ..., my] we obtain a set of
points {q, }r_1 where the total number of points r = HJ 10+ 1).

Now define {l’}p’ to be the one-dimensional Lagrange polynomial basis for P, (I';) on the absc1ssas {qj,}pf+1 The N-
dimensional tensor product Lagrange basis on I' is then defined to be the set of polynomials I, (y) = ]‘[J 1h, (¥;)- The N-dimen-
sional Lagrangian interpolant of u, in I' is then given by the following:

= (X, Gp) - In(y)
m=1

Hence, the operator LP. takes u;, € C°(I'; W (D)) to the space Pp(I') ® Wi (D).
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It is also important that the collocation points coincide with the points of a cubature rule in each element with respect to
the weight p. With the tensor product Gaussian abscissas we have that for any continuous v: I' — R,

r

3 V(@)W ~ / v(y)p(y)dy,

m=1

where the wy, = ]‘[J Wy, and Wy, = fr lm (»)p;(y)dy. In Section 3, Lg refers to the Lagrangian interpolant L}. defined in ele-
ment B' of the mesh Th, constructed usmg roots of polynomials orthogonal with respect to the conditional probablllty den-
sity function #i(y) = Hj:] 1;(¥;) defined in (10). For more details on the construction of polynomials orthogonal with respect
to the conditional density function, please see [4].

A.1.1. Smolyak sparse grid interpolation

Another choice for the operator Z is the isotropic Smolyak sparse grid operator, which was introduced in [23] by Smol-
yak. This algorithm provides an alternative to the more costly tensor product rule described above. It has previously been
used in other works for stochastic collocation ([2,14,15]). Recently an anisotropic formulation of the Smolyak sparse grid
has been introduced in [16] for the probabilistic collocation method. While we do not use it in this work, this anisotropic
formulation could also be implemented in the ME-PCM. The following closely follows the description of the Smolyak method
in [26,31], and [25] where the interpolation and cubature errors and costs of this method are investigated.

In this section we will assume that I' = -1, 1]¥ without loss of generality, since the N-dimensional element can always be
mapped to this standard element. We begin by choosing a one-dimensional interpolation formula V}’: suited to the setting in
which we are interested. For functions v : [-1,1] — Wy (D), define

nl
V;(V) :Z ( m)' m»
m=1
where i € N specifies the degree of the interpolation, n; is the number of points used, ai, € C([-1,1]), and the {yi };_, are
interpolation abscissas in [—1, 1]. The index j indicates that this interpolation formula is used in the jth dimension. In prac-
tice, we will always use the same formulas in every dimension, but for now we will retain the subscript in order to better
elucidate the Smolyak construction.

This one-dimensional formula could be chosen to be the Lagrangian interpolant on Gaussian abscissas as described above.

In that case,
ni
V}(V) = Zv(qj,m) . Fm>
m=1
where the g;,,, are the roots of the (n; — 1)th degree orthogonal polynomial in the jth dimension as described above and
{r, v }m_, are the Lagrange interpolating polynomials through these abscissas. Recall that the orthogonality of the polynomials
generatmg the abscissas is with respect to the weight p;. _

The Clenshaw-Curtis interpolant is another choice for the one-dimensional formula V. In this case, the abscissas {y}, }n_,
would be Clenshaw-Curtis points, which can be found in [25] and the interpolating polynomials ai, are chosen such that Vi
reproduces exactly all polynomials of degree less than n;. Please see the references [25,26,31] and others for more detail on
the Clenshaw-Curtis interpolant.

The one-dimensional interpolant serves as a building block for the Smolyak formula, as we will see soon. In this work we
choose n; = 1 and n; = 2! + 1 as recommended in [31]. With this choice the Clenshaw-Curtis point sets are nested, which
reduces the number of points used in total.

Define V¥ = 0 and A} = V| — Vi"'. The Smolyak algorithm is:

Sr(s) =Y (Al @---@ay) (31)
lij<s

where the summation is over N-dimensional vectors i with components iy, ...,iy € N. The parameter s controls the ‘sparse-
ness’ of the grid; larger s results in more points.
The operator can also be rewritten as:

/N=1 . .
S = —1)* WM ®--- iny.
r(s) SiNHX;ﬁKS( ) (S_“‘) Vi @V 32

From now on we assume that the interpolation rule V’ is the same for all dimensions j, so that we can drop the subscript. Let
%' denote the one dimensional point set used in V' The total set of points used in Sr(s) is

Hrs) = |J O xx ™)

s—N+1<Ji|<s

Then, in the general notation we have used above, the collocation points are given by {qj};:1 where each g; € Hr(s) and the
total number of points r = Card(H(s)). When Clenshaw-Curtis one-dimensional rules are used with this choice of n;, the
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point sets are nested (i.e. ! c x'). When using nested one-dimensional rules the Smolyak formula is actually interpolatory
(see [31] for details).

The Smolyak formula can also be used as a cubature formula over I with respect to the weight p = HjN: 1p; as in the pre-
vious section. To do this, we simply replace V' with the corresponding one-dimensional quadrature formula ¢ in Egs. (31)
and (32) of the Smolyak construction. In other words, let

n

Uv) =Y v(yi,) - wh

m=1

approximate the integral

PRI

forie Nandj=1,...,N. Then, the Smolyak N—dimensional cubature operates
/N-1 ) )
> (71)5““< .>-(M'f @ @UY).
s-Nt1<lij<s s —|i|

approximates the N-dimensional integral

/F v(y)p(y)dy.

for smooth functions v : I' — R. Thus, the weights for the N-dimensional cubature are combinations of products of the one-
dimensional weights; see [25] for more details. In the Section 3, S, (s) refers to the Smolyak operator Sr(s) constructed in the
element B' of the mesh 77, using conditional probability density function #i(y) = ]'[}Vzlnj(yj) defined in (10).

We make a choice for the approximating operator Z in each element based on the needs of the problem. We may choose
Iy= Lg, where p determines the degree of the interpolant and thus the number of points used. Alternatively, we can choose
Ty = Spi(s), where s controls the order of the approximant and also the number of points used. In this work we consider both
tensor product and sparse grids, built from both Gaussian and Clenshaw-Curtis formulations for one-dimensional bases. In
practice, the choice of what type of approximation to use should be problem-dependent, and factors to take into consider-
ation include: the suitability of a rule to the density function p, preference for points on or off boundaries, regularity of the
integrand and robustness of the rule, and of course the number of points required to achieve a particular degree of exactness.
This last consideration is addressed in detail in [26]. Since nested quadrature rules require less overall points in the Smolyak
algorithm, the Clenshaw-Curtis rule is often an attractive choice.

A.2. Proof of Theorem 4

Proof. Recall that we have defined a linear functional on W™ (A):

Exg) = [ gt dx- Qlg) (33)
whose norm is defined as
[Eallkooa = sup [Ea(g)]- (34)
lIgllk ca<1

Let P,,(A) denote the space of all polynomials of degree < m in the variable x € A ¢ I'. Since the quadrature rule Q4 has a
degree of exactness of m, i.e.,

Ex(g) =0, Vg€ Pn(A)

we know from the Bramble-Hilbert lemma that there exists a constant C(A) such that

[EA(N)I < CAIEAllms1 o0 alf 1,000 (35)

where the constant C(A) is determined by A.
For element B' = HQ’Zl (ag, by) we define an invertible affine mapping

Fi:xel - F(x)=q'x+ceB,

where the constant vectors q,c € R". Since I' = (0,1)", it is easy to see that the component q, = b, —a, < h,k=1,...,N. We

now examine the relation between [f| 1 and [f]

m+1,00.F; m+1,00,B*

o 1
Il e ) = Max ess sup,.p+ &|Df| = max ess sup, 5 q*1D°f| < W™ Uf |y 1 e (36)

where g* = [T}, qi*.
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Using inequalities (35) and (36), we have

Ne
[iwax=>" dhrw) -

Z vol(B

1
ZVOI (B')C ||Er||m+locflf|m+]eoF 18y S ™ ZVOI (B) MEF 000 Flins1 o

i=1

m

:rf (y)dy — QL (f))

1
< ( )hm+ HEF||m+‘l‘oc.l'|f|m+1,oo,l‘7

which concludes the proof. O

A.3. Proof of Theorem 9

Proof. Recall that [?, is defined to be an affine mapping of the interpolation operator L? from I" into B'. The first step is to
bound the error in each element B'. To do this, we first map from the element to the reference element I = (0, 1)". Let B be
an element in the mesh. Then, define ¢ = (cy, c3,...,cy) to be the vector in RN such that B' = (c1,¢1+h) x -+ x (cn,Cn + h).

Now let y be any point in RN and define the mapping F;(y) = yh + ¢ and let i = u o F;. Then, F; : I' — B', and

LBt = ull g o)) = B2 IR = Tl oy )

We can bound this last quantity using Lemma 1, as long as we ensure that Regularity Property 1 holds for & and determine
the size of the domain of the analytic extension. )

Recall that u : I' — H}(D) has an analytic extension t, in each dimension j, which we can think of as a function taking
C x I'j to the space HO(D) Note that u, can also be thought of as a function of (zz,yj,y} ), where z, € R, taking values again in
HO(D) To see this, consider the element z € C associated with the coordinate pair (z;,z;) through the relation z = z; +iz;. In
the context of i} : C x I — HO(D) the first space C is actually the complex plane in which the real axis corresponds to y;.
Thus, dependence on z e C can be written as dependence on a coordinate pair (y] z) where z; =y;. We now define a
function &, by making the following mapping: Let z, € R, yj € R, and and yi € RN-1,and define the new mapping

W (22,y;,y;) = W, (hzzvhyj +¢,hy; +C7)

where CJ is the vector ¢ with the jth dimension deleted. This function is defined for all (z;,y;,y;) such that the analytic exten-
sion u, 1s defined. It is clear then that u’ coincides with & for all (zz,yJ,yJ ) such that z, = 0 and y; € I';. Thus, it is an extension
of u|r In addition, since this mapping does not affect the analyticity properties of a function, &, as a function of the pair,
(zz,y]) € C, is analytic for all (z;,y;) such that (hzy, hy; + ¢;) € Z. In particular, we can say that i, is an analytic extension
of ul, in the region:

f(l‘,—;%og) = {x € C,dist(x,I}) < % } (37)
Furthermore, vz € Z(I'; 1 o), ||t (z Meorm oy < 4 The analyticity region can be much larger than this for certain elements,

but this region is a minimum that is va’hcf for all elements. Note that the bound 4 is also independent of the element choice.
Thus, using Lemma 1, we can bound

N
ILPa — ﬂHLZ(I":Hg)(D)) <C ij exp{-r;(h)p;},
=

with r;(h) defined as

h2
rith) = log{zh( + 1+o<f)}

The constant C depends on the function @ only through the quantity that bounds ||iZ;(z )Hco(r H(D Since this quantity is
bounded by /, and this bound holds for any j and any element i, C can be chosen to be 1ndependoent of the element choice.

This bound is independent of the element choice B’ so it is a uniform bound for the L? interpolation error over every
element. Then,

Ne Ne
~ 2 2 o P 2 _ Nirps =12
o — UHL2<F:H1 = Z {yeB’ uHLZ(r:H})(D)) = Z]: Lo — u”LZ(B';Hg)(D)) = Zh [Lyu — uHL2(F;H(1)(D))
iz

) , i=1
< (CZ exp{—pjrj(h)}> . O
=
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A4. An adaptive procedure

We denote the gPC expansion of a random field in element B* as:
Np
y) =Y 40(y),
=)

where p is the highest order of polynomial chaos, N, denotes the total number of basis modes for a gPC expansion of max-
imum order p in N dimensions, and {®y;};°, is the local orthogonal polynomial chaos basis in element B,

By noting that there exists a unique correspondence between the gPC basis and the Lagrange basis defined by grid points
used in ME-PCM, we can employ the adaptive criterion developed in [4] in the following manner. We must first obtain the
gPC coefficients 1; of the solution in each element since the adaptivity criterion is evaluated in terms of these coefficients. To
do this, we project the collocation solution onto each basis function @, to obtain the coefficient i; using the numerical quad-
rature rule associated with the collocation points. From the orthogonality of gPC we can easily obtain the local variance given
by polynomial chaos with order p:

Np
N 2
%, = Zujz[E{d)kj].
=
We define the decay rate of relative error of polynomial chaos in each element as follows:

Np ) 2
Zi:Np,l +1 ui E {(Dk.i]

2
Qicp

Oy =
Based on ¥, and the scaled parameter Pr(Y(w) € B¥), we implement h-type refinement, in other words, we decompose the
current random element into smaller ones, if the following criterion

19}:Pr<Y(w) e B") >0, 0<y<1
is satisfied, where y and 0 are prescribed constants. The sensitivity of each random dimension is defined as

~ 2 2
L (ui,p) [E[(Di,p
=N el
S WED;]

j=Np_1+1

i=1,2,...,N (38)

where we drop the subscript k for clarity, and the subscript «;, denotes the mode varying in only the ith random dimension
with polynomial order p. All random dimensions which satisfy
ri>a~.rrlla)<drj., O<a<1, i=1,2,...,N (39)
Jj=1,..,
will be split into two equal random elements in the next time step while all other random dimensions will remain un-
changed. To split each element, a new collocation grid on each daughter element is constructed. Then, the ME-PCM interpo-
lant at each new collocation point is evaluated to provide a current set of solutions at every collocation point in the domain.
We note that not all gPC coefficients i;, i = 0, ..., N,, are utilized in the adaptivity criterion. In fact, from above we can see
that it is only necessary to project the collocation solution onto the highest modes of the basis in order to evaluate this cri-
terion. The order p of the polynomial chaos basis used can be approximately determined by the following proposition.

Proposition 12. To maintain an accurate transformation between collocation solutions and the gPC spfctral expansion, the
polynomial order of the gPC basis can be taken up to |m/2 |, where |«] indicates the integer not larger than and m indicated the
degree of exactness of the quadrature rule.

Proof. The conclusion can be obtained directly from the definition of Galerkin projection. O

In the examples we used y = 0.5, o = 0.01 and we varied 6. More details on the adaptivity criteria can be found in [4,18].
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