SOLUTION OF HW3

- Problem 3.1. The exact solution of Y (z) is

Y(z) =2e* —1.

Compare the numerical solution with the exact one.

- Problem 3.2. The exact solution of Y (z) is

Compare the numerical solution with the exact one.

- Problem 3.4. The second order Taylor series method is

w = f(zi,yi) + g [fa(@i, vi) + fy(@is vi) f (i, yi)] -

For this problem,

folz,y) =

fy(z,y) =2y.

We then have

Yi+1 — Yi

h
A :($i+y§)+§(1+2yz‘(%+y¢2))-

- Problem 3.7. For the third-order Taylor series method, we consider

" i Y/// i
V(i) = Y(m) + Vb + 02 0 o),
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Note that

Y'(2;) =f(2:,Y))
Y x;) = ful@s, Yi) + fy(2:,Y5) f (24, Y5)
Y (203) = fau (20, Vi) + fay (20, Vi) (20, Y5) + (fye (23, Y5)
+ foy(@i, Vi) f (@i, Vi) 23, Ye) + (fal@i, Vi) + fy(@i, Yo) f (i, Y0)) fy (2, Y5)
= foo (3, Y3) + 2fuy (23, i) (23, Vi) + fuy (23, Vi) (20, Vi)

Replacing Y; with y; and neglecting the remainder term, we have

Yi+1 — Yi
LA

I (s, 9:) + %(fz(xwyz) + fy(is vi) f(@i,9i))

2
+ %(fxx($ia i) + 2 fuy (i, ) f (0, 05) + Fou (@i, y0) 2 (20, i)

+ fo(i, vi) fy (i i) + f;(zi, i) f (i, i)

It is seen the remainder term O(h?) suggests that |Y 4 ()| is bounded and the stability
requires that [9,®¢| < L. We can assume that f(z,y) is a C*® function on a compact

subset in R2.

Problem 3.10. The exact solution is
Y(r) =2 —2°

Compare the numerical solution with the exact one. The second-order Taylor series

method can exactly recover the true solution. The numerical scheme is:

w = f(zs,y) + g(fa: + fyf) = (1 —2z;) — h.

or
Yir1 = yi + (1 — 2z;)h — h?

It is easy to check:

ylzh_h27
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which is the exact solution. We argue by induction. Assume that y; = x; — 27 =

ih — i*h2. We have
Yis1 = ih — i°h* 4+ (1 — 2ih)h — h?

(i +1)h — (i + 2i + 1)h?

(i +1)h — (i +1)%R%

Problem 3.11. Note that
ay d [*
—_— = = t)dt = .
o | =)
Instead of considering numerical integration directly, we may solve the ODE numer-

ically
ay
dr
The numerical solution of Y'(z) at x = b yields the approximate integration since

Y(b) = /abf(x)dx.

f(z), Y(a)=0, onla,b].



