SOLUTION OF HW4

- Problem 4.1. For f(z,y) = cos(zy), we have

o = —ysin(zy)
fy = —wsin(zy)
fee = =9 cos(zy)
fay = —sin(zy) — zy cos(zy)
fyy = —2° cos(zy)
fraae =y’ sin(zy)
fozy = —2y cos(zy) + 2y sin(zy)
fayy = —22 cos(zy) + 2y sin(zy)
fyyy = 22 sin(zy).
We then have the Taylor series of f(x,y) as
cos(zy) =1+ é[&gy?’ sin(0*zy)z® + (0*xy® sin(0%zy) — 20y cos(0*xy))x’y
+ (0Pzy? sin(0*zy) — 20z cos(F*zy))xy® + 032 sin(0*xy)y?),
with 6 € (0,1), where the first- and second-order terms are zero at (0,0).

- Problem 4.2. For (4.9), the requirement for the 2nd-order accuracy is given by
(4.19):

2By = 1,
268:6; = f(x:,Y3).

Let By =08,and g, =1—- 3, v, = %, and §; = f(g’—ﬁyl) We have RK2 as

Yir1 = Yi + h[(1 — B)k1 + B2,
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where k1 = f(z;,vy;) and ko = f(x; + Q—g, Yi + g—ﬁkzl) When 3 = 0, we have the Euler’s
method:

Vi1 = Yi + hif (T4, yi)-

When § = 1, we have the modified Euler’s method
Yirr = Yi + hif (2 + hi/2,yi + (hi/2)k1).
When § = 1/2, we obtain RK2 (4.21).

- Problem 4.3.The 2nd-order Taylor series method takes the form:

Yit1 — Yi . @

We have f(x,y) =z + y* with

fzzla fy:2y

So the 2nd-order Taylor series method for problem studied is

i+1 — Yi i
UL 4 (1 2+ 2,

The RK2 takes the form:

i1 — Y1
HE = S+ k)
ki = f(z,y) = 2 + v}
ko = f(xi + hi,yi + hikn) = (zi + hg) + (i + hi(z; + y7))?

=z +y; + hi(1+ 2y;(@; + 7)) + hi (@ + 7).

More specifically,

Yi+1 — Yi
h;

)

5 (14 2z + 290) + hi(z; + y)*.

=2+ Y+

So the difference between RK2 and 2nd-order Taylor series method is the second-order

term
e (@ +y3),

which does not affect the order of the truncation error.
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- Problem 4.6. Compare equation (4.26), (4.27) and the scheme in problem 4.6. We
have

a1 = 1/4, (6%) :3/8, (0% :3/8, 52 = 2/3, 63 = 2/3

It is easy to verify that these coefficients satisfy (4.40), which is required by RK3.



