INTEGRAL QUANTUM CLUSTER STRUCTURES

K. R. GOODEARL AND M. T. YAKIMOV

ABSTRACT. We prove a general theorem for constructing integral quantum cluster al-
gebras over Z[qil/ 2], namely that under mild conditions the integral forms of quantum
nilpotent algebras always possess integral quantum cluster algebra structures. These al-
gebras are then shown to be isomorphic to the corresponding upper quantum cluster al-
gebras, again defined over Z[qil/ 2]. Previously, this was only known for acyclic quantum
cluster algebras. The theorem is applied to prove that for every symmetrizable Kac—
Moody algebra g and Weyl group element w, the dual canonical form Ag(n4(w))zpe+1) of
the corresponding quantum unipotent cell has the property that Aq(n4(w))zpex1) @zt
Z[qi1/2] is isomorphic to a quantum cluster algebra over Z[qil/z]
ing upper quantum cluster algebra over Z[qil/Q].

and to the correspond-

1. INTRODUCTION

1.1. Problems for integral quantum custer algebras. Cluster algebras were intro-
duced by Fomin and Zelevinsky in [6] and have been applied to a number of diverse
areas such as representation theory, combinatorics, Poisson and algebraic geometry, math-
ematical physics and others. Their quantum counterparts, introduced by Berenstein and
Zelevinsky [2], are similarly the topic of intensive research from various standpoints. In
the uniparameter quantum case it is desirable to work over the minimal ring of definition,
namely over

(1.1) AV? = 7[q* ),

where ¢ is the quantum parameter. We will refer to such structures as integral quantum
cluster algebras. Two fundamental problems that are being investigated are:

(1) Given an algebra R over the rational function field /2 := Q(¢'/?) and an integral
form R 412 of R over AY? (ie., R = R f1/2 @ p1/2 F/2), when is R 41/2 isomorphic
to an integral quantum cluster algebra?

(2) When is the quantum cluster algebra A in Problem (1) equal to the corresponding
upper quantum cluster algebra U defined over Al/27

The best known result on Problem (1) is a theorem of Kang, Kashiwara, Kim and Oh [23]
that the dual canonical forms (over .A'/2) of the quantum unipotent cells for all symmetric
Kac—Moody algebras possess integral quantum cluster algebra structures. Berenstein and
Zelevinsky [2] proved the equality A = U in the acyclic case. Such an equality was proved
by Muller [35] for (quantum) cluster algebras that are source-sink decomposable in the
case when all frozen variables are inverted. We are not aware of any affirmative solutions
of Problem (2) for non-acyclic quantum cluster algebras when frozen variables are not
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inverted. A recent result of Geif}, Leclerc and Schréer [10] establishes an equality of the
form

A & 4172 @[qilﬂ] =U & 4172 Q[qil/z]

under the assumptions that A is connected Z>o-graded with homogeneous cluster variables
and that such an equality holds on the classical level.

1.2. Main results. In this paper we provide affirmative answers to both Problems (1) and
(2) in wide generality. As an application, affirmative answers to Problems (1) and (2) are
obtained for the dual canonical forms of the quantum unipotent cells for all symmetrizable
Kac—Moody algebras.

For an iterated skew polynomial extension

R := F'Y2[a1][22; 02,05 - - [xn; O, O]

and 1 < j <k < N, denote by R[; the F1/2_subalgebra generated by Zj,...,x and set
Rk = R[l,k]'

Definition. An iterated skew polynomial extension R is called a quantum nilpotent algebra
or a CGL extension if it is equipped with a rational action of an F/2-torus H by F/2-
algebra automorphisms such that:

(i) The elements z1,...,x N are H-eigenvectors.
(ii) For every k € [2, N], d is a locally nilpotent -derivation of the algebra Ry_1.
(iii) For every k € [1,N], there exists hy € H such that 0y = (hi)|r,_, and the
hi-eigenvalue of zp, to be denoted by Ag, is not a root of unity.

A CGL extension is called symmetric if it has the same properties when its generators
are adjoined in the opposite order. We will assume throughout Sections 1, 5, 6, 7 that the
0-eigenvalues of z; belong to ¢%/? for j < k, where we abbreviate 7]2 := Z%. Recall that
a nonzero element p € R is called prime if Rp = pR and the ring R/Rp is a domain.

Theorem. [14, Theorem 4.3] For each CGL extension R and k € [1, N], the algebra Ry
has a unique (up to rescaling) homogeneous prime element y which does not belong to
Ry_1. It either equals x or has the property that

Yk — Yp(k)Tk € Ri—1
for some p(k) € [1,k —1].

In the following we will work with this choice of sets of homogeneous prime elements
(and not with arbitrary F'/2-rescalings of them). For a symmetric CGL extension the
theorem can be applied to the interval subalgebras Rj,) ) to obtain that each of them
has a unique (up to rescaling) homogeneous prime element ) 1 Which does not belong
to the smaller interval subalgebras. An F!/2-rescaling of the generators of a CGL extension
R leads to another CGL extension presentation of R. The generators z; can be always
rescaled so that

(1.2) Yok = " Tpamr — ¢ [ [ P

for some m,m’ € Z/2 and n; € Z>op where the product is over all homogeneous prime
elements of Rp,y) from the theorem that are different from yp,) . (see §3.3-3.4 and
[14]). In the following we will assume that this normalization is made. Denote

RAl/Q = A1/2<1‘1,. . .,l‘N> - R.
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Theorem A. Let R be a symmetric CGL extension for which R 41,2 is an AY2_form of R,
that is, R q1/2 @ 4172 FY2 > R If the sequence of homogeneous prime elements y1,. .., yn
lies in R 41/2, then there exists a quantum cluster algebra A over A2 such that

R=A=U

where U is the corresponding upper quantum cluster algebra over AYV2. For all k € [1, N]
and n € Zsqo for which p"(k) is well defined (as in the previous theorem), q"z) and
qm/y[pn(km] are cluster variables of A for some m,m’' € 7/2.

We prove a more general result in Theorem 4.8 which deals with integral forms of
multiparameter and arbitrary characteristic CGL extensions and quantum cluster algebras.
In §4.3 we illustrate the theorem with various examples which are not connected Zx¢-
graded/, including all quantized Weyl algebras, and with quantum cluster algebras over
Fp[qil 2].

For each symmetrizable Kac-Moody algebra g and a Weyl group element w, De Concini—
Kac—Procesi [5] and Lusztig [34] defined a quantum Schubert cell algebra U~ [w] which is
a subalgebra of the quantized universal enveloping algebra U,(g) defined over Q(gq). The
quantum unipotent cells of Geifi-Leclerc-Schréer [9] are Q(g)-algebras A,(ny(w)) which
are antiisomorphic to U~ [w]. Denote

(1.3) A= Z[¢H.

The dual canonical forms Ay(ny(w))a are A-forms of Ag(ny(w)) which are obtained by
transporting the Kashiwara-Lusztig dual canonical forms U~ [w]Y of U~ [w].

Theorem B. Let g be an arbitrary symmetrizable Kac—Moody algebra and w a Weyl group
element. For the dual canonical form Ag(ny(w))a of the corresponding quantum unipotent
cell, there exists a quantum cluster algebra A over AY? such that

Ay (w)a@a AP =2A=U
where U is the associated upper quantum cluster algebra defined over A2,

Further details about the structure of the quantum cluster algebra A are given in The-
orem 7.3.

The following special cases of parts of the theorem were previously proved: Qin [37]
proved that A, (n; (w))4®4 AY? = A for symmetric Kac-Moody algebras g and adaptable
Weyl group elements w. Kang, Kashiwara, Kim and Oh [23] proved this isomorphism for
symmetric Kac-Moody algebras g and all Weyl group elements w. Geif}; Leclerc and
Schréer [10] proved that

A ® 4172 Qg2 = U ® 412 Q¢F

for symmetric Kac-Moody algebras g and all Weyl group elements w; however, the fact
that A = U is new even for simple cases like g = sl,,. For nonsymmetric Kac-Moody
algebras g the results in the theorem are all new, including the existence of a non-integral
quantum cluster structure on A,(ny (w))4 ®4 Q(¢'/?).

The previous approaches to integral quantum cluster structures [4, 19, 23, 26, 36, 37|
obtained monoidal categorifications of quantum cluster algebras. At the same time they
also relied on extensive knowledge of categorifications which are available for concrete
families of algebras. The power of Theorem A for the construction of integral quantum
cluster structures lies in its flexibility to adjust to different situations and in the mild
assumptions in it: one needs to verify the normalization condition (1.2), that R 412 is an
A'2-form of R, and that the sequence of homogeneous prime elements y1, . .., yn belongs
to RAl/Q .
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1.3. Notation and conventions. Throughout, K denotes an infinite field of arbitrary
characteristic. For integers j < k, set [, k] := {j,...,k}. As above, Z/2 := Z%.

An N x N matrix t = (t;) over a commutative ring D is multiplicatively skew-symmetric
if tjpty; = tge = 1 for all j,k € [1,N]. Such a matrix gives rise to a skew-symmetric
bicharacter (¢ : ZV x ZN — D* for which

(14) Qt(ej, ek) = tjk Vi k€ [17N]7

where e, ..., ey are the standard basis vectors for ZV. (We denote the group of units of
D by D*.) When we have need for formulas involving Z~, we view its elements as column
vectors. The transpose of an N-tuple m = (mq,...,my) is denoted m”.

Given an algebra A over a commutative ring D and elements aq,...,a; € A, we write
D{a1,...,ar) to denote the unital D-subalgebra of A generated by {ai,...,ax}.

Acknowledgements. We would like to thank Bernhard Keller for valuable suggestions.
We would also like to thank the anonymous referee whose suggestions were very helpful to
us in improving the paper.

2. QUANTUM CLUSTER ALGEBRAS

We outline notation and conventions for quantum cluster algebras. To connect with the
results of [15], we describe a multiparameter setting which extends the uniparameter case
originally developed by Berenstein and Zelevinsky [2]. To allow for integral forms, we work
over a commutative domain rather than over a field.

Fix a commutative domain ID contained in K and a positive integer N.

Let F be a division algebra over D. A toric frame (of rank N) for F (over D) is a

mapping

M:ZN — F
such that
(2.1) M(f)M(g) = Qu(f,9)M(f +g), Vfg€eZ",
where

e (), is a D*-valued skew-symmetric bicharacter on Z~ arising from a multiplicatively
skew-symmetric matrix r € My (D) as in (1.4),
e the elements in the image of M are linearly independent over I, and
e Fract D(M(ZN)) = F.
The matrix r is uniquely reconstructed from the toric frame M, and will be denoted
by r(M). The elements M(e1),..., M(en) are called cluster variables. Fix a subset ex C
[1, N], to be called the set of exchangeable indices; the remaining indices, those in [1, N]\ex,
will be called frozen. ~
An integral N x ex matrix B will be called an exchange matriz if its principal part (the
ex x ex submatrix) is skew-symmetrizable. If the principal part of B is skew-symmetric,
then it is represented by a quiver whose vertices are labelled by the integers in [1, N].
For j, k € [1, N], there is a directed edge from the vertex j to the vertex k if and only if
(E) jk > 0 and the number of such directed edges equals (E) jk- In particular, the quiver
has no edges between any pair of vertices in [1, N]\ex.
A quantum seed for F (over D) is a pair (M, B) consisting of a toric frame M for F and
an exchange matrix B compatible with r(M) in the sense that

Qo e)) =1, Vkeex, j€[I,N], k#j and

QT(M)(bk, er) are not roots of unity, Vk € ex,
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where b* denotes the k-th column of B. _
The mutation in direction k € ex of a quantum seed (M, B) is the quantum seed

(i (M), pe(B)) where pp(M) is described below and uy,(B) is the N x ex matrix (b35)
with entries
) :{—b,-j, if i=k or j =k

ij - bik|brj+bik |br; .
J sz + ‘ zk‘ k:]2 zk‘ IC]‘ ) OtheI‘WISe,

[6]. If the principal part of B is skew-symmetric, then ,uk(é) has the same property and
the pair of quivers corresponding to B and i (E) are obtained from each other by quiver
mutation at the vertex k, see [7, §§2.1 and 2.7] for details. Corresponding to the column
b* of B are D-algebra automorphisms pyx ;. of F such that

ME(ex) + ME(ey +eb¥), ifj=k

pbkﬁ(MEe(ej)) = {MEe(ej)a 1f] 7& k7

[2, Proposition 4.2] and [15, Lemma 2.8], where E, = Eeg is the N x N matrix with entries
dij » ifj#k
(B)yj =4 —1, ifi=j=Fk
max (0, —eb;x), ifi#j=k.
The toric frame pg (M) is defined as
(M) = py ME, : ZN — F.

It is independent of the choice of €, and, paired with ,uk(é), forms a quantum seed over
K [15, Proposition 2.9]. (See also [15, Corollary 2.11], and compare with [2, Proposition
4.9] for the uniparameter case.) By [15, Proposition 2.9 and Eq. (2.22)], the entries of
r(pup(M)) = pr(r(M)) are products of powers of the entries of r(M), so r(u(M)) €
My (D). It follows that (M) is a toric frame for F over I, so that (u (M), up(B)) is a
quantum seed over D.

Fix a subset inv of the set [1, N]\ex of frozen indices — the corresponding cluster
variables will be inverted. The quantum cluster algebra A(M ,E,inv)D is the unital D-
subalgebra of F generated by the cluster variables of all seeds obtained from (M, E) by
iterated mutations and by {M (e;)~! | k € inv}. To each quantum seed (M, B) and choice
of inv, one associates the mixed quantum torus/quantum affine space algebra

(2.2) DT p1 Biny) = D(M (ex)*!, M(e;) | k € exUinv, j € [1, N]\(ex Uinv)) C F.

The intersection of all such subalgebras of F associated to all seeds that are obtained
by iterated mutation from the seed (M, E) is called the upper quantum cluster algebra of
(M,E) and is denoted by U(M,E,inv)]p). The corresponding Laurent Phenomenon [15,
Theorem 2.15] says that

(2.3) A(M, B,inv)y C U(M, B, inv)p .

If K is the quotient field of D, then F is also a division algebra over K, and the above
constructions may be performed over K. The corresponding quantum cluster algebras over
K are just the K-subalgebras of F generated by the quantum cluster algebras over D:

A(M,B,inv)x = K-A(M, B,inv)p .

The uniparameter quantum cluster algebras of Berenstein and Zelevinsky [2] come from
the above axiomatics when the following two conditions are imposed:



6 K. R. GOODEARL AND M. T. YAKIMOV

(1) The base ring is taken to be
D= A1/2 _ Z[qil/Q].

So, D* = (AY/2)* = +4%/2,
(2) The toric frame of one seed (and thus of any seed) has a multiplicatively skew-
symmetric matrix r € My (D) of the form

r= (qmij/Q)ijzl for some m;; € Z.

3. QUANTUM NILPOTENT ALGEBRAS

Quantum nilpotent algebras are iterated skew polynomial algebras over a base field,
which we take to be K in this section. We use the standard notation S[z;60, ] for a skew
polynomial ring, or Ore extenston; it denotes a ring generated by a subring S and an
element z satisfying zs = 0(s)x + d(s) for all s € S, where # is a ring endomorphism
of S and ¢ is a (left) f-derivation of S. The ring S[z;0,0] is a free left S-module, with
the nonnegative powers of = forming a basis. For all skew polynomial rings S[z;6, d]
considered in this paper, we assume that 0 is an automorphism of S. Moreover, we work
in the context of algebras over a commutative ring D, so our coefficient rings S will be
D-algebras, the maps 6 will be D-algebra automorphisms, and the maps § will be D-linear
O-derivations. Under these assumptions, S[z;6,0] is naturally a D-algebra. Throughout
the present section, D = K.

3.1. CGL extensions. We focus on iterated skew polynomial extensions
(3.1) R := K[z1][z2;02,02] - - - [xn; On, O],
where K[z;] = K|[z;;idk, 0]. Set
Ry = K(x1, ..., z) = Klx1][z2;02,02] - - - [21; 0k, 6] for k € [0, NJ;
in particular, Ry = K.
Definition 3.1. An iterated skew polynomial extension (3.1) is called a quantum nilpotent

algebra or a CGL extension [31, Definition 3.1] if it is equipped with a rational action of
a K-torus H by K-algebra automorphisms such that:

(i) The elements x1, ...,z N are H-eigenvectors.
(ii) For every k € [2, N], d is a locally nilpotent i-derivation of the algebra Ry_1.
(iii) For every k € [1,N], there exists hy € H such that 6, = (hy)|Rr,_, and the
hi-eigenvalue of x, to be denoted by Ag, is not a root of unity.

Conditions (i) and (iii) imply that
Or(xj) = Agjx; for some \p; € K*, V1< j<k<N.
We then set A\pp := 1 and Ajp = )\,:jl for j < k. This gives rise to a multiplicatively
skew-symmetric matrix A := (\y;) € My (K*) and the corresponding skew-symmetric

bicharacter 2y from (1.4). The elements hj € H interact with the skew derivations Jj as
follows:

see [15, Eq. (3.15)].
The length of R is N and its rank is given by by
(3.3) tk(R) :={k € [1,N] | 0 =0} € Z~o
(cf. [14, Eq. (4.3)]). Denote the character group of the torus H by X(#). The action
of H on R gives rise to an X (H)-grading of R, and the H-eigenvectors are precisely the
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nonzero homogeneous elements with respect to this grading. The H-eigenvalue of a nonzero
homogeneous element u € R will be denoted by x,; this equals its X (#)-degree relative
to the X (H)-grading.

By [31, Proposition 3.2, Theorem 3.7], every CGL extension R is an H-UFD, meaning
that each nonzero H-prime ideal of R contains a homogeneous prime element. (A prime
element of a domain R is a nonzero element p € R such that Rp = pR —i.e., p is a normal
element of R — and the ring R/Rp is a domain.) A recursive description of the sets of
homogeneous prime elements of the intermediate algebras R of a CGL extension R was
obtained in [14]. To state the result, we require the standard predecessor and successor
functions, p = p, and s = s,, of a function 7 : [1, N] = Z, defined as follows:

p(k) = max{j <k [n(j) = n(k)},
s(k) :=min{j > k | n(j) = n(k)},

where max @ = —oo and min @ = +o0. Corresponding order functions O : [1, N] — Zx>g
are defined by

(3.4)

O_(k) := max{m € Z>¢ | p" (k) # —o0},
O4 (k) := max{m € Z>¢ | s (k) # +o0}.
Theorem 3.2. [14, Theorem 4.3] Let R be a CGL extension of length N and rank rk(R)

as in (3.1). There exist a function n : [1, N] — Z whose range has cardinality tk(R) and
elements

(3.5)

¢k € Rg—1 for all k € [2,N] with p(k) # —o0
such that the elements y1,...,yn € R, recursively defined by

Yp(k)Tk — Ck, if p(k) # —o0
(3.6 = 0 o
Tk, Zf p(k;) = —00,
are homogeneous and have the property that for every k € [1, N],
(3.7) {yj |7 €[Lk], s(j) >k}
is a list of the homogeneous prime elements of Ry up to scalar multiples.
The elements y1, ..., yn € R with these properties are unique. The function n satisfying

the above conditions is not unique, but the partition of [1, N| into a disjoint union of the
level sets of n is uniquely determined by the presentation (3.1) of R, as are the predecessor
and successor functions p and s. The function p has the property that p(k) = —oo if and
only if 6 = 0.

The statement of Theorem 3.2 is upgraded as in [15, Theorem 3.6 and following com-
ments|. In the setting of the theorem, the rank of R is also given by

(3.8) rk(R) = [{j € [1,N] [ s(j) > N}|
[14, Eq. (4.3)].
Definition 3.3. Denote by < the reverse lexicographic order on ZJZVO:
(3.9) (m},...,mly) < (mq,...,my) iff there exists
n € [1, N] with mj, <mp, my; =Mpi1, ..., My =mn.
A CGL extension R as in (3.1) has the K-basis

{al =2 | f = (o, m)T € 28},
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We say that a nonzero element b € R has leading term tz! and leading coefficient t where

t e K* and f e 24, if
b=tal + > tgaf

9€Zy,, 9= f
for some t, € K, and we set lc(b) := ¢ and 1t(b) := t/.
The leading terms of the prime elements y; in Theorem 3.2 are given by
(3.10) It(yr) = LL0_ (k) () """ Tp(k)Ths Vk € [1,N].

The leading terms of reverse-order monomials 2’y - - - 27" involve symmetrization scalars

in K* defined by

(3.11) Sx(f)=="JI ™™, vf=(m,...,my)" €ZV.
1<j<k<N
Namely,
(3.12) W(a'fN -2 = 8a((ma, ..., my) D) N, Y (ma,...,my)T € ZV.

3.2. Symmetric CGL extensions. Given an iterated skew polynomial extension R as
n (3.1), denote its interval subalgebras

Rijp =Kz | j<i< k), Vjkel[l,N]
in particular, Ry 5 = K if j £ k.
Definition 3.4. A CGL extension R as in Definition 3.1 is called symmetric provided
(i) Forall 1 <j < k <N,

Ok(5) € Rpji1 k1)
(ii) For all j € [1, N], there exists h} € H such that

By ae = Ay @k = Ak, Yk € [j+1,N)
and h7 - x; = Ajx; for some A7 € K* which is not a root of unity.

Under these conditions, R has a CGL extension presentation with the variables xj in
descending order:

(3.13) R=Klzn]len-1;0N_1,0n 1] [x1; 67, 61,

see [14, Corollary 6.4].

Proposition 3.5. [15, Proposition 5.8] Let R be a symmetric CGL extension of length N.
Ifl € [1, N] with O+ () = m > 0, then

® o \k% .y N S S
(3.14) N =Xy == Ny = A = Anky = = Mgk

Definition 3.6. Define the following subset of the symmetric group Sy:
215 Ey:={oceSy|o(k)=max o([1,k—1])+1 or
(3.15) o(k) =min o([1,k—1]) =1, Vk € [2,N]}.

In other words, Zx consists of those o € Sy such that o([1,k]) is an interval for all
k € [2, N]. The following subset of =y will also be needed:

FN = {Ui,j ’ 1§ZSJSN}, where

3.16
(3.16) oiji=li+1,...,4ij+1,...,Ni—1i-2,...1]
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If R is a symmetric CGL extension of length IV, then for each o € Zx there is a CGL
extension presentation

(317) R = K[xa(l)][xaﬂ);9g(2)75g(2)] e {xU(N); Z(N)a Z(N)]a
see [14, Remark 6.5], [15, Proposition 3.9]. Moreover, if 1 < ¢ < k < N, then the

subalgebra Rj; 3 of R is a symmetric CGL extension, to which Theorem 3.2 applies. In
the case k = s (i) we have

Proposition 3.7. [15, Theorem 5.1] Assume that R is a symmetric CGL extension of
length N, and i € [1, N] and m € Z>q are such that s™(i) € [1, N]|. Then there is a unique
homogeneous prime element yj; sm(;)) € R sm(s)) such that

() yi,smin & Rpism -1 and yp,sm ey € Riit1,m )]

(11) 16(Ys,sm (i) = TiTs(a) = Tsm (i)-

The elements yj; sn(;)) € R will be called interval prime elements. Certain combinations
of the homogeneous prime elements from Proposition 3.7 play an important role in the
mutation formulas for quantum cluster variables of symmetric CGL extensions. They are
given in the following theorem, where we denote

elsi) = €t es) + o +esigg) € LY,

(3.18) l
Vje[l,N], | € Z>o such that s'(j) € [1, V],

and where we set y[y;) 4 = 1.

Theorem 3.8. [15, Corollary 5.11] Assume that R is a symmetric CGL extension of length
N, and i € [1, N] and m € Z~q are such that s™(i) € [1, N]. Then

(3.19) Ups sm ()] = Yli,sm—1 ()] Y[s(0),sm (5)] — A5 €[s(3),sm—1 ()] Y]s(i),sm 1 (3)] Yiys™ (i)]
is a nonzero homogeneous normal element of Ry 1 gm(;)—1) which is not a multiple of
y[s(i)ﬁmq(i)] me > 2.

The form and properties of the elements uf; ¢m(;)) mainly enter into the proofs of the
mutation formulas for symmetric CGL extensions. However, an explicit normalization con-
dition for the leading coefficients of these elements is required; see (3.28) and Proposition
3.10.

3.3. Rescaling of generators. Assume R is a CGL extension of length N as in (3.1).
Given scalars t1,...,txy € K*, one can rescale the generators x; of R in the fashion
(3.20) xj— tjz;, Vje[l,N],

meaning that R is also an iterated Ore extension with generators ¢;x;; in fact,

(3.21) R = Kty z1][toxe; 02, t2d2] - - - [tnTN; ON, ENIN]-

This is also a CGL extension presentation of R, and if (3.1) is a symmetric CGL extension,
then so is (3.21).

Rescaling as in (3.20), (3.21) does not affect the H-action or the matrix A, but various
elements computed in terms of the new generators are correspondingly rescaled, such as
the homogeneous prime elements from Theorem 3.2 and Proposition 3.7. These transform
as follows:

O_ () m
(3.22) Yk < H tpl(k)>yk and Y[ om (i) — <Htsl(i)>y[i,sm(i)}'
1=0 1=0
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Consequently, the homogeneous normal elements (3.19) transform via
(3.23) U sm ()] (titg(z‘) e t?m—l(i)tsm(i))u[i,sm(i)] .

3.4. Normalization conditions. In order for the homogeneous prime elements y;, from
Theorem 3.2 to function as quantum cluster variables, some normalizations are required.
Throughout this subsection, assume that R is a symmetric CGL extension of length N as
in Definitions 3.1 and 3.4. Assume also that the following mild conditions on scalars are
satisfied:

Condition (A). The base field K contains square roots vy = /A of the scalars Ay for
1 <1 < k < N such that the subgroup of K* generated by the vy; contains no elements of
order 2. Then set vy, := 1 and vy := I/ﬁgl for k < I, so that v := (vg;) is a multiplicatively
skew-symmetric matrix.

Condition (B). There exist positive integers d,, for n € n([1, N]), such that

AfO Ay k1 e [1, N with p(k), p(l) # —oc.
In view of Proposition 3.5, this is equivalent to the condition
(Ap) ™ = (A)) 0 Yk, € [1,N] with s(k), s(1) # +oc.
Remark 3.9. Note that Condition (B) is always satisfied if all A, = ¢"** for some my, € Z

and g € K (which has to be a non-root of unity due to assumption (iii) in Definition 3.1).
This is the setting of Theorem A in the introduction.

In parallel with (3.11), define

(3.24) Suf):==" ] v ™™ Vf=(m,...,my)" €Z".
1<j<k<N
Then set
(3.25) €j=ejteyy +o- T+ epof(j)(j) and Y= S,,(éj)yj , Vje€ [1, N]

We analogously normalize the homogeneous prime elements described in Proposition
3.7:
Ypi,sm ()] += Sw(€fi,sm (i) Y[i,sm ()] »
Vi e [1,N], m € Z>o such that s™(i) € [1, N].
A final normalization, for the leading coefficients of the elements uf; sm (s, is needed in

order to establish mutation formulas for the quantum cluster variables 3. For i € [1, N]
and m € Z>¢ such that s™ (i) € [1, N], write

(3.26)

1 (ufs,sm (i)]) = s om (i O

(3.27) ) s (3)—1
Tism(i)] € K5 frismi) € Z Z>oej C ZJZVO.
Jj=1+1

We will require the condition

(3.28) Ti,s(i)] = Sw(—ei + fiis@)), Vi€ [1,N] such that s(i) # +oo.

This can always be achieved after a suitable rescaling of the x;, as follows.

Proposition 3.10. [15, Propositions 6.3, 6.1] Let R be a symmetric CGL extension of
length N, satisfying condition (A).

(i) There exist N-tuples (t1,...,tx) € (K*)N such that after the rescaling (3.20), con-
dition (3.28) holds.
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(ii) If (3.28) holds, then

T sm() = Swl€fs(iysm()) - Sv(—€i + fism(iy)
for alli € [1,N], m € Z>o with s™(i) € [1, N].

3.5. Quantum cluster algebra structures for symmetric CGL extensions. We
present in this subsection the main theorem from [15].

Recall the notation on quantum cluster algebras from Section 2. There is a right action
of Sy on the set of toric frames for a division algebra F, given by re-enumeration,

(3.29) (M -7)(ex) := M(ery), v(M-7)jx =v(M)r;)rk)>, TE€SN, Jj,kel[l,N].

Fix a symmetric CGL extension R of length N such that Conditions (A) and (B) hold.

Define the multiplicatively skew-symmetric matrix v as in Condition (A), with associated
bicharacter €2, as in (1.4), and define a second multiplicatively skew-symmetric matrix
r = (ry;) by
(3.30) Tkj = Qy(ék,éj), Vk,j € [1,N].
Let 7y, ...,y be the sequence of normalized homogeneous prime elements given in (3.25).
(We recall that each of these is a prime element in some of the subalgebras R;, but not
necessarily in the full algebra R = Ry.) There is a unique toric frame M : Z¥ — Fract(R)
whose matrix is r(M) := r and such that M(eg) := 7, for all k € [1, N] [15, Proposition
4.6].

Next, consider an arbitrary element o € ZEx C Sy, recall (3.15). For any k € [1, N], we
see that

(331) n—lnawma(n,k]):{{pn("(’“))"“’p<“<’“))"’(’“)}’ Lo =l

{o(k),s(o(k)),...,s"(a(k))}, if o(1) > o(k)
for some n € Z>p. Corresponding to o, we have the CGL extension presentation (3.17),
whose A-matrix is the matrix A, with entries (A5 ) := Ao(i)o(j)- Analogously we define the

matrix v,, and denote by r, the corresponding multiplicatively skew-symmetric matrix
derived from v, by applying (3.30) to the presentation (3.17). Explicitly,

(3.32) (vo)is = [ [{wa i € o([1,K), (i) = no(k), 1 € o([1,]), n(l) = no (i)},

cf. (3.31). Let Yo1s- -+ Uon be the sequence of normalized prime elements given by ap-
plying (3.25) to the presentation (3.17). By [15, Proposition 4.6], there is a unique toric
frame M, : Z" — Fract(R) whose matrix is r(M,) := r, and such that for all k¥ € [1, N],

— " (o o s if o 1 S o k
(3.33) M, (er) = =TYop = g[p (o(k)o®) ! (1) (k)
Ylo(k),sn(a(k)): i (1) > o(k)

in the two cases of (3.31), respectively. The last equality is proved in [15, Theorem 5.2].
Recall that the set P(N) := {k € [1,N] | s(k) = +o0} parametrizes the set of homoge-
neous prime elements of R, i.e.,

{yr | k € P(N)} is a list of the homogeneous prime elements of R
up to scalar multiples (Theorem 3.2). Define
ex:=[1,N]\ P(N)={l€[1,N]]| s(l) # +oo}.

Since |P(N)| = rk(R), the cardinality of the set ex is N — rk(R). For o € =y, define the
set

ex, ={l € [1,N]| 3k >1 with no(k) =no(l)}
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of the same cardinality. Finally, recall the notation y, from Definition 3.1.

In [15, Theorem 8.2] we re-indexed all toric frames M, in such a way that the right
action in Theorem 3.11 (c) was trivialized and the exchangeable variables in all such seeds
were parametrized just by ex, rather than by ex,. We omit the re-indexing here, to
simply the exposition. This affects the upper cluster algebra in the following way: When
considering the quantum seed (M,, By), the set ex must be replaced by ex, in relations
such as (2.2).

Theorem 3.11. [15, Theorem 8.2] Let R be a symmetric CGL extension of length N and
rank tk(R) as in Definitions 3.1 and 3.4. Assume that Conditions (A), (B) hold, and that
the sequence of generators 1, ...,xN of R is normalized (rescaled) so that condition (3.28)
is satisfied. Then the following hold:

(a) For all 0 € Zn (see (3.15)) and | € ex,, there exists a unique vector b’ € ZN such
that X, 1) =1 and

(334) Ql‘a (blaaej) =1, V] € [17N]7 J 7& I and Ql‘o (blavel)Q = A;kninnfln(o(l)) :

Denote by B, € My« jex|(Z) the matriz with columns v, 1€ ex,. Let B := By.
(b) For all o € Ey, the pair (Mg, By,) is a quantum seed for Fract(R). The principal
part of By is skew-symmetrizable via the integers d,y, k € ex, from Condition (B).

(c) All such quantum seeds are mutation-equivalent to each other up to the Sy action.
They are linked by the following one-step mutations. Let 0,0’ € En be such that

o = (o(k),oc(k+1)oco=00(kk+1)

for some k € [I, N —1]. If n(o(k)) # n(o(k+ 1)), then My = My - (k,k + 1) in terms of
the action (3.29). If n(o(k)) =n(o(k+ 1)), then My = ug(My) - (k, k4 1).

(d) The CLGL extension R equals the quantum cluster and upper cluster algebras associ-
ated to M, B, @:

R=A(M,B,2)x =U(M,B,2)k .

In particular, A(M, E, )k and U(M, E, @)k are affine and noetherian, and more precisely
A(M, B, o)k is generated by the cluster variables in the seeds parametrized by the finite

subset I'y of En, recall (3.16).
(e) Let inv be any subset of the set P(N) of frozen variables. Then

Rly;' | k € inv] = A(M, B, inv)x = U(M, B, inv)x .

4. INTEGRAL QUANTUM CLUSTER STRUCTURES ON QUANTUM NILPOTENT ALGEBRAS

We introduce integral forms of CGL extensions and show that the quantum cluster
algebra structure on a symmetric CGL extension R satisfying the hypotheses of Theorem
3.11 passes to appropriate integral forms of R.

Throughout the section, let R be a CGL extension of length IV as in Definition 3.1, with
associated torus H, scalars A;; and ), and other notation as in Section 3. Let D C K be
a unital subring of K, and write D* for the group of units of .

4.1. Integral forms of CGL extensions.

Definition 4.1. We say that the D-subalgebra D{(x1, ..., zxN) of R is a D-form of the CGL
presentation (3.1) — and therefore that (3.1) has a D-form — provided this subalgebra is
an iterated skew polynomial extension of the form

(4.1) D(z1,...,zN) = D[ajl][QZQ; 0o, 52] e [:EN; On, 51\[],
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where we let 65 (resp., di) also denote the restriction of the original 6 (resp., o) to a
D-algebra automorphism (resp., -derivation) of D{(x1,..., z5_1).

Remark 4.2. (a) The CGL presentation (3.1) has a D-form if and only if
o NjeD for1<j<k<N;
e 0 maps D(xy,...,x,_1) into itself for each k € [2, N].

(b) Whether (3.1) has a D-form depends on the choice of D as well as the choice of CGL
presentation (3.1). For instance, if N = 2 and d2(z1) € K\ D, then (3.1) does not have a
D-form. However, if v = da(x1), then R has the CGL presentation K[x1][y lz2; 02,7 1d2],
which does have a D-form.

(c) Even if (3.1) has a D-form, the homogeneous prime elements y1,...,yy from The-
orem 3.2 need not belong to D(x1,...,zy). For instance, if R is the quantized Weyl
algebra

AN(K) = K(z1,z2 | 122 = quoz + 1)

with ¢ € K* transcendental over the prime field of K and D = (Z-1x)[¢*!], then the
above CGL presentation has a D-form, but D(x1,x2) does not contain the element y, =
122 + (q — 1)_1.

The problems indicated in Remark 4.2 can typically be corrected by rescaling the gen-
erators xx as in §3.3, as we now show.

When working with a D-subalgebra R = D(x1,...,xy) of R, we adapt previous notation
and write

R}, :=D(z1,...,2) and R'[M] =D(xj,...,z5), Vj<ke[l,N]

Proposition 4.3. Assume that K = FractD and that A\; € D* for 1 <j <k < N. Then
there exist t1,...,txy € D\ {0} such that

(a) Rp :=D(t1z1,...,tnzN) is a D-form of the CGL presentation (3.21).

(b) The elements y1,...,yn from Theorem 3.2 for the presentation (3.21) all lie in Ryp.

Proof. Set R' := Rp for the proof. We induct on N. The case N = 1 holds trivially by
taking t; = 1.

Now assume that N > 1 and that there exist t1,...,ty—1 € D\ {0} such that the
algebra Ry _, = D(tiz1,...,ty_12N_1) satisfies condtions (a), (b). In particular, R)y_,
is a D-form of the CGL presentation

(4.2) Ryn_1 = K[ti21][taxa; 02, t202] - - - [tn—12N—1; N1, tN—10N—1].
Since )\Ji\% € D for all j € [1, N — 1], the automorphism 6y restricts to an automorphism
of Rly_;.

Write 0y (x1),...,0n(zn-1) as K-linear combinations of monomials

(trx)™ - (tn—1xn—1) N1

in the standard PBW basis for the presentation (4.2), and let x; for i € I be a list of the
nonzero coefficients that appear. Choose a nonzero element b € ID such that bx; € D for
all 7. Set

. {b (if p(N) = —c0)
(= 1)b (if p(N) £ —o0).
Since bk; € D for all i, we have boy(z;) € RYy_, for all j € [1, N — 1], and so bdy maps
R'\,_, into itself. Then also txdy maps Ry, into itself. Therefore R’ = Rl _(tnxy) is
an Ore extension Ry _[tnzn;0n,tn0n] and (a) holds.
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It remains to show that the element yy for the CGL presentation (3.21) lies in R’. If
p(N) = —o0, then yy = tyxy and we are done. Now assume that p(N) # —oo. Then
YN = Yp(N)TN — cN Where ey € Ry and yp(yy is the p(N)-th y-element for (3.21). By our
induction hypotheses, y,(n) € Rjy_;. From [14, Proposition 4.7(b)], we have

O_(N)
(AN — 1)bSN (Yp(n)) = tNON (Up(n)) H AN pr(Ny (AN — 1)en

Since Ay ym(ny € D* for all m € [1,0_(N)] and b5N(yp(N)) € Ry_,, we conclude that
cn € Rl _,. Therefore yny € R, as required. O

Lemma 4.4. If the CGL presentation (3.1) has a D-form, then A\, € D* for all k € [2, N]
such that p(k) # —oo.

Proof. If k € [2,N] and p(k) # —oo, then d; # 0 (recall Theorem 3.2). Choose i €
[1, k—1] such that §;(z;) # 0, and choose a monomial z/, for some f = (my,...,mp_1)T €
Ziol, which appears with a nonzero coefficient in Oy (z;). In view of (3.2), hy.0x(z;) =
M AkiOk (z;). Since all monomials in x1,...,x N are hyg-eigenvectors, it follows that hy.xf =
MeAgizf. On the other hand, hy.xf = 6, (2f) = ]_[k ! Ak J$f and consequently

Ap = AL H Aol €D*,

since all A\p; € D* (Remark 4.2(a)). O

In case R is symmetric and (3.1) has a D-form, the alternative CGL extension presen-
tations of R given in (3.17) also have D-forms, as we now show.

Lemma 4.5. Assume that Rp = D{(x1,...,zN) is a D-form for (3.1), and that R is a
symmetric CGL extension.
(a) For 1 <j <k < N, the algebra (Rp)j;y is a D-form for the CGL presentation

(4.3) Rpjpy = Klzjllej115 0541, 0541] - [ Ok, k).

(b) For each o € ZE, the algebra Rp is a D-form for the CGL presentation (3.17) of R.
Proof. Set R' := Rp.

(a) The symmetry assumption on R implies that the K-subalgebra Rj; ;) of R is itself

a CGL extension of the form (4.3), as noted following Definition 3.6. For [ € [j + 1, k],
closure of both Rj;;_y) and R;_, under Hlil and d; implies that R’[j 1-1] is closed under 9?51

and d;. It follows that R’[j y is an iterated Ore extension of the form Dz;] - - - [zk; Ok, Ok,

as required.
(b) We first consider the reverse CGL extension presentation (3.13). As shown in [14,

§6.2] (where 0%, 07 are denoted o7, 07), we have

Qj(xk) = )\jka:k and (5;(Ik) = _)\jk5k($j)7 V1< 7 < k< N.
Consequently, D(z;41,...,zn) is stable under (H;T)il and 67 for each j € [1, N — 1]. This
allows us to write R’ as an iterated Ore extension in the form
(4.4) R =Dlzn]lan-1;08_1,05_1] - [21; 0], 97,

which shows that R’ is a D-form for (3.13).
Now let ¢ be an arbitrary element of =Zx and consider the corresponding CGL extension
presentation (3.17) of R. As indicated in [14, Remark 6.5], the automorphisms ¢ and skew
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derivations 5}’ appearing in (3.17) are restrictions of either 6;, 6; or 07, 6;. Combined with

the results of the previous paragraph, we conclude that R’ is an iterated Ore extension of

the form

Dlzo1)][Z0(2) O (2)s In(2)] - [To(v): O () Oy

Therefore R’ is a D-form for (3.17). O
Lemma 4.6. Assume that the CGL presentation (3.1) has a D-form Rp = D(x1,...,zN)
which contains the elements yi1,...,yn from Theorem 3.2.

(a) For each k € [1, N], the element yy, is normal in (Rp)g.
(b) For any subset I C [1, N|, the multiplicative set generated by D* U{y; | i € I} is a
denominator set in Rp.

Proof. Set R' := Rp.
(a) By [14, Corollary 4.8], yi, quasi-commutes with those z; such that j < s(k) according
to the rule

O_(k) —1
YpTj = < H )\j’pm(k)> TYk -
m=0

Since the \; ,m(x) all lie in D*, it follows that yx ), = R} yx-
(b) It suffices to show that D*yl, the multiplicative set generated by D* U {y;}, is a
denominator set in R’ for each k € [1, N]. By part (a), D*y} is a denominator set in R.
Since yy is homogeneous (with respect to the X (H)-grading on R), it is an eigenvector

for each h € H and thus for 0;y1,...,0y. The leading term of y; is T,0- () () " Tp(k)Ths
and so
O_ (k)
Ol(yk) = ( H )\lmm(k))yk, for 1<k<I<N.
m=0

Consequently, GI(D*yE]) = D*y}? for all I > k. It therefore follows from [11, Lemma 1.4],
by induction on I, that }D)*y}f is a denominator set in R) for il =k+1,...,N. ]

Proposition 4.7. Assume that R is a symmetric CGL extension and that the CGL pre-
sentation (3.1) has a D-form Rp = D(x1,...,zN) which contains the elements y1,...,yn.

(a) The elements yj; gm iy of Proposition 3.7 all belong to Rp.

(b) The elements upg,sm(s)) of Theorem 3.8 all belong to Rp, and their leading coefficients
T(i,sm(s) belong to D.

(c) The elements Yy 1, for 0 € En and k € [1, N], all belong to Rp.

Proof. Set R' := Rp.
(a) We first recall that by the case 7 = id of [15, Theorem 5.3], yi is a scalar multiple
of YpO— ) (k) k] for all k € [1, N]. However, these elements both have leading coefficient 1,

so they are equal. Taking k = s™ (i), we obtain
(4.5) Yli,sm(i)] = Ysm(iy, Vi€ [1,N] with p(i) = —oo0.

This verifies that yj; ¢m(;y) € R’ whenever p(i) = —oc.

We next show, by induction on ¢, that all yj; ym;y € R'. The case i = 1 follows from
the previous result, since p(1) = —oo. Now assume that ¢ > 1 and that y; sn(;y € R’ for
all j € [1,i — 1] and m € [0,0+(j)]. If p(i) = —o0, we are done by the previous result,
so we may assume that p(i) = j € [1,i — 1]. Set k = s™(i) = s™"1(j). By the induction
hypothesis, y;; ) € R'. According to [15, Theorem 5.1(d)],

Yk = TiYpik) — ¢
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for some ¢ € Ry 4. Since Ry;y (vesp., Rfj,k}) is a free right module over R, (resp.,
R/[J'Jrl,k}) with basis {1,xj,xj2,...}, the assumption y;, € R’ implies yj; ) € R'. This
concludes the induction step.

(b) Since all values of the bicharacter 2y lie in D*, the formula (3.19) together with
part (a) yields uf; om(;) € R'. Consequently, its leading coefficient, 7; ym (;);, must lie in D.

(c) Fix 0 € Ey. We proceed by induction on k € [1, N] to show that y,, € R’. The
case k = 1 holds trivially, since ys1 = Z,(1). Now let k > 1 and assume that y, ; € R’ for
all j € [1,k —1].

If p(o(k)) ¢ o([1,k—1]), then y, ; = 75 (;) and we are done. Assume now that p(o(k)) =
o(l) for some I € [1,k — 1]. Then y,; € R’ by induction, and

(4.6) Yok = Yo iTa(k) —C 07 € Ry p—1)) -
By [15, Theorem 5.3], one of the following cases holds:
(i) o(k) > (1), Yo = MYppm (o(k)),o(k), M = max{n € Zxq | p"(o(k)) € o([1,k])},
(il) o(k) < o(1), Yok = Ao (k),sm (o(k))), M = max{n € Zxg | s"(o(k)) 1
for some A € K*.
Case (i). By the definition (3.15) of Ey,
o(k) =maxo([1,k]) and o([1,k—1]) C[1,0(k)—1].

As p(o(k)) = o(l) € o([1,k]), we also have m > 1, and so

m
2

Yipm(a(k)),o (k)] = Ypm(o(k)).p(o(k))]Ta(k) — ¢, 0#c € Ripm (o (k)).o(k)-1] -
Comparing terms in R[l,o(k)} = R[Lg(k),l]wg(k) + R[Lg(k),l], we find that

Yol = Mfpm (o (k) p(o (k)] -
Since 1e(Ypm (o (k) po(k)))) = 1 and yo; € R', we find that A € D. In view of part (a), we
conclude that
Yok = NYpm (o (k) o)) € B

Case (ii). Now o(k) = mino([1,k]) and o([1,k—1]) C [0(k)+ 1, N]. If m = 0, we would
have Yox = ANYo(k),o(k)] = ATo(k), contradicting (4.6). Thus, m > 0. By [15, Theorem
5.1(d).,

Yo (k)5 (k)] = Talk)Yls(o(k)sm(ok)] — > 0 # ¢ € Rig(o1,5m (i) -

We may rewrite y, j in the form

Yook = W To(k)You — C

where 1 € K* arises from 6 k) (Yo,1) = Yo, and

¢=p 0000 (Yot) + ¢ € Ro(p—1)) € Rio()+1,n] -
Now y,,; is a homogeneous element of R and R’ is a D-form for (3.17). Moreover, y
has leading coefficient 1 with respect to the presentation (3.17), so 67 (k)(ygyl) must be a

D*-multiple of y,;. Hence, u € D*.
Comparing terms in Riy(x),N] = Zo(k) Blo(k)+1,N] + Blo(k)+1,8], We find that

-1
1 Yol = NY[s(o(k)),sm (o (k)] -

Since 1c(Y[s(o(k)),sm (o(k))]) = 1 While yo; € R’ and p € D*, we obtain A € D, and therefore
Yok = Mjo(k),sm(o(k))] € R in view of part (a). This concludes the second case of the
inductive step. ]
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4.2. Quantum cluster algebra structures on integral forms. For integral forms of
appropriately normalized symmetric CGL extensions, we have the following exact analog
of Theorem 3.11. Fix a symmetric CGL extension R of length N such that Conditions
(A) and (B) hold. Set F := Fract(R), and let D be a commutative domain whose field
of fractions is K. Define toric frames M, : ZYN — F, multiplicatively skew-symmetric
matrices r, € My(K), and sets ex, C [1,N] as in Subsection 3.5. (Recall the notation
M = M4, r = riq, €x = eX;q.) Provided the matrices r, have entries from D*, the frames
M, also qualify as toric frames over ID, and we shall view them as such.

Theorem 4.8. Let R be a symmetric CGL extension of length N as in Definitions 3.1,
3.4, and assume that Conditions (A), (B), and (3.28) hold. Let D be a (commutative)
domain with quotient field Fract(D) = K, such that the scalars vy in Condition (A) all lie
in D*. Assume that the CGL presentation (3.1) has a D-form Rp = D{(x1,...,xN) which
contains the homogeneous prime elements yi,...,yn from Theorem 3.11.

(a) For each o € ZE, let B, be the N x |ex| integer matriz determined as in Theorem
3.11(a). Then the pair (Mg, B,) is a quantum seed for F := Fract(R) = Fract(Rp) over
D, and the principal part of Ea is skew-symmetrizable via the integers d,;,, k € ex, from
Condition (B).

(b) All the quantum seeds (M, B,) from part (a) are mutation-equivalent to each other
up to the Sy action. They are linked by sequences of one-step mutations of the following
kind. Suppose 0,0’ € 2N are such that

o = (o(k),oc(k+1)oco=00(kk+1)

for some k € [1,N —1]. If n(o(k)) # n(o(k + 1)), then My = My - (k,k + 1) in terms of
the action (3.29). If n(o(k)) =n(o(k+1)), then My = pp(My) - (k,k+1).

(c) The algebra Ry equals the quantum cluster and upper cluster algebras over D asso-
ciated to M, E, a:

R]D) = A(Maéag)]@ = U(M,E,@)D.

In particular, A(M,E,@)D is a finitely generated D-algebra, and it is noetherian if D
1s noetherian. In fact, A(M,E,@)D 1s generated by the cluster variables in the seeds
parametrized by the finite subset I'y of En, recall (3.16).

(d) For any subset inv of the set P(N) of frozen variables, there are equalities

Rply, ' | k € inv] = A(M, B,inv)p = U(M, B, inv)p .

Proof. (a) We already have from Theorem 3.11(a) that (M,, B,) is a quantum seed for F
over K and that the principal part of Ea is skew-symmetrizable via the d, ), k € ex,. The
entries of r(M,) = r,, given in (3.32), lie in D* due to the assumption that all vy € D*.
Since K = Fract(DD), we have Fract D(M, (Z")) = Fract K(M,(ZN)) = F, and so (M, By)
is also a quantum seed for F over D.

(b) This is immediate from Theorem 3.11(c).

(c) and (d) are proved below. O

4.3. Examples.

Example 4.9. Consider a uniparameter quantized Weyl algebra R = A%*(K), for a non-
root of unity ¢ € K* and a skewsymmetric matrix o = (a;;) € My(Z). This algebra is
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presented by generators vi,ws, ..., v,, w, and relations

wiw; = qaijiji , (au Z.aj)a

vivj = ¢ vju;, (1 <J),
(47) inj = ql_aij.l.ujviv (Z < ]),

viw; = q “Twjv;, (1> 7),

vjw; =14 qujv; + (¢ — 1) Z wyuy, (all j)

I<j
The torus H = (K*)™ acts rationally on R with
(1, .y ap) v = v, and (a1, ..y an)w; = a;lwi

for (a1,...,ap) € H and i € [1,n]. With the variables vy, w1,..., vy, wy, in the listed
order, R is a CGL extension, but that presentation is not symmetric. There is a sym-
metric CGL extension presentation with the variables in the order wy,, ..., w1, v1,..., Uy,
and D{wy, ..., w1, v1,...,v,) is a D-form for this presentation, where D = (Z-1k)[g*'].
However, the homogeneous prime elements yi,...,¥y2, from Theorem 3.2 do not lie in

this D-form; see Remark 4.2(c). This can be rectified by rescaling the generators as in
Proposition 4.3. One such rescaling leads to the CGL presentation

(4.8) R =K[(qg — Dwy]---[(¢ = Vw1; 0n][v1; Ony1, Ont1] - - [Un; O2n, G2n],
and D{((q — Dwp,...,(¢g—1)wi,v1,...,v,) is a D-form for this presentation which contains
all the yg.

If either R or a D-form of R is Z>o-graded, then in view of the final relations in (4.7)
all the generators v;, w; must be homogeneous of degree 0. Thus, R and its D-forms have
no nontrivial Zx>(-gradings. O

Example 4.10. Let R = A}*(K) and H = (K*)" as in Example 4.9, and take the
symmetric CGL presentation (4.8). Set D = (Z-1x)[¢™!]. Then

D{(qg — Dwp, ..., (g — Dwi,vi,...,0p)

is a D-form for the presentation (4.8) which contains the homogeneous prime elements
Y1, - -, Y2n from Theorem 3.2.

The CGL presentation (4.8) satisfies Condition (B) with all d; = 1, and to obtain
Condition (A) we just need to assume that K contains a square root of g. Choose one,
and label it ¢'/2. The condition (3.28), however, only holds after a further rescaling of the

generators. Namely, write R as an iterated Ore extension with variables x1, ..., z9, where
oo e @ Dwngro (if i € [1,n]),
) (1)l 2y (i i€ [n+1,2n).

In order to express the relations among these z; in a convenient form, we use the following
notation:

I''=2n+1-1 (forl € [1,2n]) and Cij = ny1—int1—; (for i,j € [1,n]).
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Then R has the presentation with generators 1, ..., x2, and defining relations

zix; = ¢, (i,j € [1,n])

Tix; = q1+ci’i/xj:ci, (n<i<j<2n)

xix; =q “ixjx;, (j<n<i<j <2n)
(4.9) ziv; = q Vi, (1 <n<j <i<2n)

wjwy = (1) (g — 1) + gzjay
+(q-1) Y ()T Py (€ 1,n]).
1<j<i<n

With the presentation (4.9), R is a symmetric CGL extension satisfying the required
hypotheses (A), (B), and (3.28) of Theorem 4.8. It has a D-form

(4.10) AL*(D) = D(zq,...,T2m)

where we now take D = (Z-1x)[¢*'/?]. There are two possibilities for ID:
D = AY? = 7]¢'/?, if charK =0,
D = F,[¢"/?, if charK=p

(recall (1.1)). The scalars vy from Condition (A) all lie in D*, as do the nonzero coefficients
of the homogeneous prime elements y1, ..., y2, from Theorem 3.11. Therefore

A?*(D) = A(M, B, @)p = U(M, B,2)p

n

by Theorem 4.8. The matrix r = r(M) of the initial toric frame has the form

r 1§12 ... gCla-1  gCin ] 1 ... 1 s17
s¢21 1 oo gC2m—1 gCon 1 1 .. 8_1 8_1
sc;ll sc'"Q e sC”:n—l 1 st gt oo gbogd
e I T T | s 1 1 - 1 1|
1 1 .- s s 1 | 1 1
L s s .- s s 1 1 .- 1 1 |

where s := ¢'/2. The quiver of the initial seed is acyclic, namely it equals
1 2 roon—1 n
(N N
2n 2n—1 -+ n+2 n+1

where the top vertices are mutable and the bottom ones are frozen. O

Next, we illustrate Theorem 4.8 with a CGL extension which is not Zxg-graded con-
nected and whose quiver is not acyclic.
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Example 4.11. Recall the notation F'/2 := Q(¢'/?). Let R be the F'/2-algebra with
generators xy,...,x¢ and relations

2
ToT| = qT1T , x3r1 = qrizs + (1 — q¢)x;, T3To = qT2T3 ,
_ 1— 2 _ -1 2 _
r4xy = qr12g + (1 — ¢7)2x2w3, 242 = quomys + (¢ — 1)23, T4T3 = qT324,
-1 1 1
T5r1 = ¢ T1T5, T5T2 = q Tas5, T5T3 = (¢ T3Ts5,

r5ws = q wars + (@ —1)°,
wor1 = ¢ wiwe + (¢ — q)wayrs + (1 - g)xiad,
wore = ¢ waws + (¢ — ¢ )w3yas,
TeTz = qilxgzcg + (g — 1)y2 ) TeTa = q71x4x6 , TeTs = qT5T6 ,
where
y = z4ws — q(1 —q)°.

The algebra R is a symmetric CGL extension for the torus H := ((F1/2)*)? acting so that
for the corresponding grading by X (H) = Z?, the variables z1, ..., x¢ have degrees

(47 3)7 (37 2)7 (27 1)7 (17 0)7 (_17 0)7 (_21 _1)
The h-elements for this CGL extension are
hy=hs = (q,¢7"), hs=he = (q"",q) € H.

Consequently, Ay = ¢ for k € [3,6]. The (nonunique) elements hi, ha € H can be also
chosen so that A\, = ¢ for k£ = 1,2. Obviously Conditions (A) and (B) hold.
Denote by R 41,2 the A/2_subalgebra of R generated by 1, ...,2zs. The homogeneous

prime elements y1,...,y¢ belong to R 41,2 and are given by
Y1 =1, Y2 = w2, ys = 2123 + ¢ a3,
Y4 = T2Tq — q_1x§ ) Y5 = T2T4X5 — C]_IJU%% —q(1- C])29[32 )

Yo = T10326 + ¢ whwe — qr1y’ — (14 ¢ wawayrs + ¢ a3 .
(The element y is precisely the interval prime element y[375}.) Consequently, the n-function
from Theorem 3.2 is given by n(1) = n(3) = n(6) = 1 and n(2) = n(4) = n(5) = 2. Hence,
the predecessor function p maps 6 — 3 — 1 and 5 — 4 — 2. So, ex = [1,4]. One easily
verifies that the condition (3.28) is satisfied. The matrix of the initial toric frame for R 41/
from Theorem 4.8 is given by

(1 s71 1 572 g1 1]

s 1 1 st 1 s

r— S 1 -2 1 g2
T | s? 52 1 s st

S 1 1 s2 1 s

1 st g2 g% 711

1/2

where s := ¢'/*. The quiver of the initial quantum seed of R 41,2 is
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where the vertices 5, 6 are frozen and the rest are mutable. Theorem 4.8 implies that R 41/2
is isomorphic to the corresponding cluster and upper cluster algebras over A2 where the
two frozen variables are not inverted.

All statements in the example hold if AY2 and F/2 are replaced by Fp[qﬂ/ 2] and
Fp(ql/ 2), respectively. O

Remark 4.12. The algebras in Examples 4.9-4.11 do not come from quantum unipotent
cells in any symmetrizable Kac—-Moody algebra, because the algebras in those examples
are Z-graded but they are not Z>o-graded connected algebras while all quantum unipotent
cells are Z>¢-graded connected algebras. In particular, these examples concern applications
of Theorem 4.8 that are not covered by [23] or the results in Sect. 7 of this paper.

Remark 4.13. There are also simple examples of symmetric CGL extensions R which
cannot be “untwisted” into a uniparameter form. More precisely, there are such R for
which no twist of R relative to a K*-valued cocycle on a natural grading group turns
R into a uniparameter CGL extension. For instance, this is true of the multiparameter
quantized Weyl algebra Ag’P(K) when the parameters in the vector Q@ = (qi1,...,qn)
generate a non-cyclic subgroup of K* (see [16, Example 5.10]). One can show that the

quantized Weyl algebras Ag’P(K) have integral forms over subrings Z[qfE 1 2, .. ,qff 1/ 2] of

K. Theorem 4.8 can be applied to prove that the integral forms are isomorphic to quantum
+1/2 +1/2

cluster algebras over Z[g; '~,...,qn 7]

4.4. Proof of parts (c), (d) of Theorem 4.8. For the first part of this subsection, we
assume only that K = Fract(D). The normalization assumptions in Theorem 4.8 will be
invoked only in the proof of parts (c), (d) of the theorem.

In the following lemma and proposition, divisibility refers to divisibility within the ring
Rp.

Lemma 4.14. Assume that (3.1) has a D-form Rp = D(z1,...,xn). Let d € D\{0} and
u,v € Rp\{0} such that d | uv. Iflc(v) € D*, then d | u.

Proof. Let 1t(u) = bx/ and 1t(v) = ca9 where b,c € D\{0} and f,g € Z]zvo- By assumption,
¢ € D* and wv = dw for some w € R'\{0}. We proceed by induction on f with respect
to <. If f =0, we have v = b and bex? = lt(uv) = d 1t(w). In this case, d | be, whence d

divides b = u because c is a unit in D.
Now assume that f > 0. In view of [15, Eq. (3.20)], we have

Abe = le(uv) = d le(w)

for some A € D which is a product of )\ ;s. By assumption, A is a unit in D, whence
b = de for some e € D. Now u = dex +u’ where either v’ = 0 or 1t(u/) = V'z/’ with ¥’ € D
and f’ < f. In the second case,

u'v = uv — dexlv = d(w — ex'v).
By induction, d | v/, and thus d | u. This verifies the induction step. ]

Proposition 4.15. Assume that (3.1) has a D-form Rp = D(z1,...,xN) which contains
Y1,---,YnN- If Y is the multiplicative set generated by D* U {yi1,...,yn}, then

(4.11) Rp[Y'|NR=Ryp.

Recall from Lemma 4.6(b) that Y is a denominator set in Rp.
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Proof. If r € Rp[Y !N R, then 7 = ay~! for some a € Rp and y € Y. Since r € KRy, we
also have r = d~'b for some d € D\{0} and b € Rp. Now da = by. Since lc(y;) = 1 for all
J € [1, N], we see via [15, Eq. (3.20)] that lc(y) € D*. By Lemma 4.14, b = db’ for some
b € Rp. Thus a = b'y and therefore r = ay~! = b’ € Rp. O

From now on, assume that R is a symmetric CGL extension and that (3.1) has a D-
form Rp = D(xi,...,xxn) which contains yi,...,yy.. For each o € Ey, we have the
CGL presentation (3.17) for R, and Rp is a D-form of this presentation by Lemma 4.5(b).
Let Yo.1,...,Yo,n be the (unnormalized) sequence of homogeneous prime elements from
Theorem 3.11 for the presentation (3.17), and let E, denote the multiplicative set generated
by

D*U{you | L € [L,N], s5(1) # +o0} =D* U{yoy | | € ex5},

where s, is the successor function for the level sets of no. (By [15, Corollary 5.6(b)], no
can be chosen as the n-function for the presentation (3.17).) By Proposition 4.7(c) and
Lemma 4.6(b), E, is a denominator set in Rp.

Proposition 4.16. The ring Rp equals the following intersection of localizations:

(4.12) Rp= () RulE,]

oel'n
Proof. Let T denote the right hand side of (4.12). Since (), cp,, R[E;!'] = R by [15,
Theorem 8.19(d)], we have ' C R. On the other hand, Eiq4 is contained in the denominator
set Y of Proposition 4.15, and so T C Rp[Y ~!]. Proposition 4.15 thus implies T C Rp),
yielding (4.12). O

Corollary 4.17. If inv is any subset of [1, N|\ex, then

(4.13) Rply,' |k e€inv]= () RplE,"y," |k € inv].

oel'n

Proof. This follows from Proposition 4.16 in the same way that [15, Theorem 8.19(e)]
follows from [15, Theorem 8.19(d)]. O

Proof of Theorem 4.8(c)(d). Note that the scalars 8, (f) from (3.24), for f € ZV, lie in
D* because of our assumption that all vy € D*. Hence, invoking Proposition 4.7(a), the
normalized elements J; and ¥j; om(;) from (3.25) and (3.26) belong to Rp. By (3.33), we
thus have 9, € Rp for all 0 € Ey and k € [1, N].

We next show that

(4.14) Rp =D(y,, |oc €y, ke[l,N]).

The proof is parallel to that for the corresponding statement in [15, Theorem 8.2(b)]. For
each j € [1, N], there is an element o € I'y with o(1) = j. By (3.33), ¥, is a D*-multiple
of yj;;] = ®j, and so z; € D'y, ;. Therefore all z; lie in the right hand side of (4.14), and
the equation is established. Since all the ¥, , = M,(ex) are cluster variables, it follows
that Rp C A(M, B, @)p.

We have A(M, B, @)p C U(M, B, @)p by the Laurent Phenomenon (2.3), and

U(M7§7®>Dg m D’]zMa’Emg): ﬂ D<ygk7 yo‘]‘keexfﬂje[ ]\exff>

oEEN oEEN
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where ex, appears instead of ex for the indexing reasons explained ahead of Theorem
3.11. Since ]D)@f}g, Usj | k €exs, je(l,N]\ex,) C Rp[E, "] for each o € E, we obtain
UM,B,2)pC () RolE,"].

oEEN

In view of Proposition 4.16, we have the following sequence of inclusions:

(4.15) Ry C A(M,B,2)p CU(M,B,2)p C ()| RplE;']=Rp.

O'EFN

All the inclusions in (4.15) must be equalities, which establishes the first part of Theorem
4.8(c). The finite generation statements concerning A(M, B, @)p now follow from (4.14). If
D is noetherian, the iterated Ore extension Rp is noetherian by standard skew polynomial
ring results. This concludes the proof of part (c).

Part (d) is proved analogously, using Corollary 4.17 in place of Proposition 4.16. U

5. QUANTUM SCHUBERT CELL ALGEBRAS, CANONICAL BASES AND QUANTUM FUNCTION
ALGEBRAS

5.1. Quantized universal enveloping algebras. Fix a (finite) index set I = [1,r] and
consider a Cartan datum (A, P,II, PV, 1Y) consisting of the following:

(i) A generalized Cartan matriz A = (ai;)i jer such that a; = 2 for i € I, —ai; € Z>o
for i # j € I, and there exists a diagonal matrix D = diag(d;);er with relatively
prime entries d; € Z~q for which DA is symmetric.

(ii) A free abelian group P (weight lattice).

(i) A subset Il = {«; | ¢ € I} C P (set of simple roots).

(iv) The dual group PV := Homgz(P,Z) (coweight lattice).

(v) Two linearly independent subsets IV = {h; | i € I} C PV (set of simple coroots)
such that (h;, o) = aj; for i,j € I, and {w; € P | i € I} (set of fundamental
weights) such that (h;,@;) = d;;.

Let g be the symmetrizable Kac—-Moody algebra over QQ corresponding to this Cartan
datum. Denote

Q = Die1Za; C P, Qi = Die1l>o0y;
and

Py :={yeP| (hi,v) € Z>o,Vic I}, Pry:={ye€P|(hi,y) € ZLso,Vie I}

Set h := Q ®z PV. There exists a Q-valued nondegenerate symmetric bilinear form (.,.)
on h* = Q ®z P such that

2( v, )
(v, ;)

(5.1) (hi, py = and (aj,04) =2d; for i €I, pebh*.
Set ||7||? := (v,7) for v € h*. Denote by W the Weyl group of g acting by isometries on
(b*,(.,.)). Denote by s; its generators, by £ : W — Zx>¢ the length function on W, and by
> the Bruhat order on W. We will also denote by (.,.) the transfer of this bilinear form
to b, satisfying (h;, hj) = (ou, a5)/did; for all 4,5 € 1.

Let U,(g) be the quantized universal enveloping algebra of g over the rational function
field Q(q). It has generators ¢", e;, f; for i € I, h € PY and the following relations for
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h,h' € PV, i jecl:
=1, ¢"¢" =",

¢"eiqg" = ¢"Ve;, g7t =g P

dihi _ —dih;
q by q 1
eifj — fiei = dij—————,
qi — g;
lfaij 1
S [ et =0 i
k=0 v
1—a;; 1
—aij|  A—a—k o
D (—Dk[ k J]fi =00 ity
k=0 t
where
. di ..:M =11 [n]; a |7 :ﬁ
gi=q", [n]i: G- [nlit == [1)i [l an k). " [kliln — ki

for k <nin Z>p and i € I. The algebra U,(g) is a Hopf algebra with coproduct, antipode
and counit such that

Al =d"0d¢", Ale)=e;@1+¢" " @e;, A(f)=fiwg ™ +10 fi,
S =a" Sler)=—q "M, S(fi) = —fig"™,
e(q") =1, e(er)=e(fi) =0
for h € PV, i € I. The Hopf algebra U,(g) is Q-graded with
(5.2) dege; = a;, degfi=—a;, degq"=0.

For a @)-graded subalgebra R of U,(g), its graded components will be denoted by R,
where v € Q). For a homogeneous = € U,(g)~, set wtz := . Define the torus

M= (Q(g))".
For v =Y njo; € Q, let t — t7 denote the character of H given by (r;)ier — [, r;"*. This
identifies the rational character lattice of H with Q). The torus H acts on Uy(g) by
(5.3) t-x=t"x for xe€Uyg), v€Q.
Let AL C Q4 be the set of positive roots of g. For w € W, denote the following Lie

subalgebras of the Kac—-Moody algebra g,

(5.4) Ny = Baea, 0% (W) = Boea, mw-1(—a,)8"

where for a € A, g™ are the corresponding root spaces in g. Let bs be the corresponding
Borel subalgebras of g. Denote by U,(nt) and U,(h) the unital subalgebras of U,(g)
respectively generated by {e; | i € I}, {fi | i € I} and {¢" | h € PV}. Denote the Hopf
subalgebras Uy (b) := Uy(ng)Uq(h) of Uy(g).

Consider the Q(g)-linear anti-automorphisms * and ¢ of U,(g) defined by

i=ei, fii=fi (qh)* = qih, and
ole) == fi, o(fi)=ei old")=4q"

for i € I, h € PV. Their composition ¢* := @ ox = %0 ¢ is the Q(g)-linear automorphism
of U,(g) satisfying

e

o e) = fiy O (fi)=e and ¢*(¢")=q7"
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Denote by ¢ ~ ¢ the automorphism of the field Q(q) given by § = ¢~'. The bar involution
x — T of Uy(g) is its Q(g)-skewlinear automorphism such that ¢z = ¢z for ¢ € Q(g),
x € Uy(g) and f; = fi, & = ei, ¢" = ¢~ for i € I, h € PV. Denote the Q(g)-skewlinear
antiautomorphism @ of Uy(g),

P(x) :=(T) = p(z), VoeUilg).

A Uy(g)-module V is called integrable if e; and f; act locally nilpotently on V' and

V =®uecpV, with dimV, <oo, where V,={ve M| " v =gy, Vhe PY}.
The category Oini(g) consists of the integrable U,(g) modules whose nontrivial graded
subspaces have weights in U;(p; + @) for finitely many pi,...,u, € P (depending on
the module). It is a semisimple monoidal category with respect to the tensor product of
U,(g)-modules and with simple objects given by the irreducible highest weight modules
V(u) with highest weights u € Py.

For V' € Oin(g) its restricted dual module with respect to the antiautomorphism ¢ is a
module in Oin(g) defined by

D,V = ®uecpV,;, where V is the dual Q(g)-vector space of V,.

The U,(g)-action on D,V is given by (x-§,v) = (£, ¢(x) -v) forve V,{e€ D,V.

Denote by {7; | i € I} the generators of the braid group of W. For w € W, let
Ty =T ---T;, for a reduced expression s;, ---s;, of w. We will denote by the same
notation Lustig’s braid group action [34] on U,(g) and on the modules in Ojne(g). We will
follow the conventions of [20].

5.2. Two bilinear forms. Consider the Q(g)-linear skew-derivations e/ of U(n_),

- hi7
el (f;) =8y and e(ay) = @)y +q; " Vel (y)
for all 4,5 € I, x € Uy(n_),, y € Ug(n_). The Kashiwara-Lusztig nondegenerate, sym-

metric bilinear form (—, —)xr, : Ug(n-) x Uy(n—) — Q(q) is the unique bilinear form such
that

(1,Dkr =1 and (fiz,y)xr = (¢ " — @) "z, e/ (y))kr, Vi€l, z,y€ Uy(n).

Remark 5.1. The Lusztig form uses the scalars (1 — g; 2)~! instead of (¢; ' — ;)77 see

(33, Eq. (1.2.13)(a)]. For the Kashiwara form (g; ' — ¢;)! is replaced by 1, and e/ are
replaced by the skew-derivations e} of U,(n_) satistying e}(zy) = e}(x)y + ¢ @V xel(y), see
[24, Eq. (3.4.4) and Proposition 3.4.4].

The use of the above form leads to minimal rescaling of dual PBW generators, quantum
minors, and cluster variables.

Let d € Z~¢ be such that (PY, PY) C Z/d. The Rosso-Tanisaki form [20, §6.12]

(= =)rr = Ug(b-) x Uy(b1) = Q(g"/7)
is the Hopf algebra pairing satisfying

(5.5) (z, 9y ) rr = (A(x),y' @ y)rr, (22’ y)rr = (x @ 2", A(y))rr
for z, 2" € Uy(b_), v,y € Uy(by), and normalized by
(fivei)rr = 0ij(q; —a) ™Y (@ d )V rr =), (fi,d")rr = (¢",e))rr = 0

for all 4,5 € I, h € PV. Tts restrictions to Uy(n_) x Uy(by) and Uy(b_) x Uy(ny) take
values in Q(g). The above two forms are related by

(5.6) (z,2") k1 = (z, 0" (&) gr, Vr,2' € Uyn_),
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see e.g. [29, Lemma 3.8] or [39, Proposition 8.3].

5.3. Integral forms and canonical bases. Recall the notation (1.3). The (divided

power) integral forms Ug(ng)a of Uy(ny) are the A-subalgebras generated by e(k) =

ek /[k];! (resp. f k)= = fEJ[k];!) for i € I, k € Zso. We have ¢*(Uy(n_)4) = Uy(ny)4. The

dual integral form U q(n=)} of Ug(n_) is the A-subalgebra

(5.7) Ug(n-)q = {z € Ug(n-) | (2, Ug(n-) )k C A}
={z € Uy(n_) | (,Uq(ny)a)rr C A}

Kashiwara [24] defined a lower global basis B of U,(n_)4 and an upper global basis

B"P of Uy(n_)Y. The basis B"P is defined from B!°" as the dual basis with respect to the

form (—, —) k. Lusztig [33] defined related canonical and dual canonical bases of Uy(ny) 4
and a dual integral form of U,(ny).

5.4. Quantum Schubert cell algebras, dual integral forms and CGL extensions.
To each w € W, De Concini-Kac-Procesi [5] and Lusztig [34, §40.2] associated quantum
Schubert cell subalgebras of Uy(ny). Given a reduced expression

(5.8) W= Sj; ... Siy,
define
W< 1= Siy - Sipy Wik 7= Sij - - Sis w;,i = (wgk)_l, w[;}c} = (w[jvk])_l eWw
for 0 < j <k < N. Denote the roots and root vectors
(5-9) B = wSk—l(aik)a fﬁk = T;}1 (flk) € Uq(n*)Av €8, = Tujfll (elk) € U(I(nJr).A
<k—1 <k—1

for k € [1, N]. The algebras Uy(ns(w)) are the unital Q(g)-subalgebras of Uy(n) gener-
ated by eg,,...,egy and fg,,..., fgy, respectively. These definitions are independent of
the choice of reduced expression of w. Furthermore,

Ug(ng(w)) = Uy(ng) N T;}l(Uq(n$)),
Ugni) = (Ug(ne) T, (Ug(ns))) Uy (s (w)).

This was conjectured in [1, Conjecture 5.3] and proved in [28, 38].
Note that the algebras considered in [5] (see also [20]) are

UF[w] = #(Uy(ns(w))).
We use Uj(ni(w)) instead, to avoid making all algebras here antiisomorphic to the ones
n [9]. The A-algebra

(5.10)

Ug(n—(w)) 4 := Ug(n—(w)) N Uy(n_)4
is called the dual integral form of Uy(n_(w)). Define the dual PBW generators of Ug(n_(w))

1 1
(5.11) f5, = Wfﬁk = 0*(es,) = (¢, — qi,) f3,

(p*(ey), ©*(es,)) kL

for £ € [1,N]. Note that ¢*(eg, ) differs from f_ by a unit of A, namely p*(eg,) =
(=) [1;(—ai)"™ f3, where n; € Z>( are such that £, = > n;o; (see e.g [20, Eq. 8.14(9)]).
The inner products between the dual PBW monomials and the divided-power PBW mono-
mials are given by

N
(5.12)  ((F5)™ - (30, egﬁ...eg;j))m = [T bt @Y%, gl € Z0
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(see e.g. [20, §8.29-8.30]), where eg:) = elgk/[lk]ik.

Theorem 5.2. (Kimura) [27, Prop. 4.26, Thms. 4.25 and 4.27] The algebras Ug(n_(w))Y%
have the following decompositions as free A-modules:

(5.13) Un-(w)h= @  A-F5)™ - (FH)m™

mi,....mNEZL>q
= $ A-d.
deBPNUq(n—(w))

The Levendorskii—-Soibelman straightening law takes on the form
(5.14) S5, 05— dP 15 15,
- Z bm(fgjﬂ)m”l T (fgk—1)mk71’ b € A

m:(mjﬂ,...,mk,l)ez’;jfl
foralll <j<k<N.
Remark 5.3. Recall (5.3) and denote
(5.15) t:= (ql-_1 — qi)ier € H.

The objects associated to Uy(n;.) used by Geif}, Leclerc and Schréer in [9] are precisely the
images under the isomorphism

[

(t-) 0 @* : Ug(n_) —> Uq(ny)
of the objects associated to Uy(n_) which we consider. Firstly, [9] uses the canonical basis

P(BY) = ¢*(B'Y) of Uy(ny) and the PBW generators eg, = ®(fs,). They use the
bilinear form (—, —) on Uy(ny) defined by

(5.16) (v.9) = (@ (W), " (W )krL, Yo,y € Uylny)
leading to the following:
(1) The dual canonical basis of U, (n.) constructed from the canonical basis p(Bl°V) =
©*(B'°") and the bilinear form (5.16), thus giving the basis (¢-) o ¢*(B");
(2) The dual PBW generators ej := eg, /(eg,,es,) = (t) o 9™ (f3,) of Ug(ni(w));
(3) The dual integral forms (t-) o ¢*(Ug(n=)%) = {y € Us(ny) | (z,Uq(ng)a) C A} of
Ug(ny) and () 0 ™ (Ug(n—(w))}3) of Ug(ny(w)). O
For a reduced expression (5.8) of w € W and k € [1, N], fix elements tj,t; € H such
that
(5.17) £ = qPP) for je[1,k] and (£;)% = ¢ P for I € [k, N],
cf. (5.3); such ty,t; exist but are not unique since the restriction of the form (.,.) to @
is degenerate when g is not finite dimensional. Note that the algebras Uy(n_(w))Y are
preserved by the automorphisms (t-), ().
Lemma 5.4. Let w € W, (5.8) a reduced expression of w, and ty € H satisfying (5.17).
(a) For k € [1,N], the algebra Ug(n—(w<y))Y is an Ore extension

Ug(n—(w<p)) = Ug(n—(w<p—1))4Lf5,5 (tr-), Okl
where O, is the locally nilpotent (ty-)-derivation of Ug(n—(w<p—1))% given by
or(z) == fh2 — q(ﬁ’“wm)xfgk for homogeneous x € Uy(ny(w<k—1))4.

The ty-etgenvalue of f5  equals q,?k, which is not a root of unity.
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(b) The algebra

(5.18) Uq(n—(w)) = Q(q)[5,][f3,5 (t2), 02] - - [ 35 (tn), O]
1s a symmetric CGL extension. The algebra
(5.19) Ug(n-(w)) 4 = A[f5,1115, (t2), 2] - [f3 (tn+), O]

with the generators fgl, e ,ng is an A-form of the CGL extension (5.18).
(c) The interval subalgebras of Ug(n_(w))Y are

(5.20) U)o =T, (Ugln(w)) for 1<G<k<N.

Proof. Part (a) follows from (5.13) and (5.14).

(b) The facts that Uy(n_(w)) is a CGL extension and that Uy(n_(w))" with the gen-
erators fgl, ceey f;N is an A-form of it follow by iterating (a). Its symmetricity is proved
analogously to (a).

(c) Applying twice (5.13) and using (5.11), we obtain

(Ug(n— (@) D)) = By mpezag A (F5)7 - (F5,)™
=T (Ompmiezs A+ (05" =0 fi)™ (@ = @) T Fo)™)

Wej—1 k—1]
=T 2 (Ug(n-(w))h),
<j-1
which proves (5.20). O
An important feature of the normalization of (—, —) g is that there are no additional

scalars in Lemma 5.4(c) due to the braid group action.

5.5. The quantum function algebra of g. Consider the full dual Q(g)-vector space
U,(g)* which is canonically a unital algebra using the coproduct and counit of Uy(g). It is
a Ugy(g)-bimodule by

(5.21) (w-cy.2) = (yz) for ceUy(e), o,y € Uylo).
For a right Uy(g)-module V', let V¥ be the left U,(g)-module structure on the vector space
V such that
z-v=v-p(x) for veV, zeUyilg).

For each p € Py, there exists a unique irreducible right U,(g) module V"(x) such that
VI(w)¥ =2 V(). Analogously to Oint(g), one defines an O-type category of integrable right
U,(g)-modules; it is denoted by Oine(g°P).

Kashiwara defined [25, Sect. 7] the quantized coordinate ring A,(g) of the Kac-Moody
group of g as the unital subalgebra of U,(g)* consisting of those f € U,(g)* such that

Uy(g) - f € Ome(g) and f-Uy(g) € Oume(g°").

Kashiwara also proved [25, Proposition 7.2.2] a quantum version of the Peter-Weyl theorem
that there is an isomorphism of Ug(g)-bimodules

(5.22) Ag(e) = P V() @ V().
pnePy
For M € Oin(g) and v € M, £ € D,M define the matrix coefficient
(5.23) ceo € Ug(g)™  given by  (cep, @) == (&, - v) Vo € Uy(g).

It follows from (5.22) that
Aq(g) = {Cfv | M € Oint(ﬂ), v E Ma 5 € D(PM} = @,UEPJr{C&) ‘ (S V(/L), g € DLPV(:M)}
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This is the form in which quantum function algebras were defined in the finite dimensional
case [32]. The algebra A,(g) is P x P-graded by

(5.24) A @uy ={cew | £ € (V)" C DV, v eV, Ve Oiylg)}, Yu,veP.
6. HOMOGENEOUS PRIME IDEALS OF Ag(ny(w))

6.1. The algebras A,(n;) and A,(ni(w)). It follows from the first identity in (5.5) and
the nondegeneracy of the form that the map
(6.1) ¢:Ug(n=) = Ugy(by)® given by (u(z),y) = (z,y)rr, Vr € Uy(n-), y € Uy(by)

is an injective algebra homomorphism. Here U,(b)* denotes the unital algebra which is
the full dual of the Hopf algebra U, (b) over Q(q).
Following Geifi-Leclerc-Schroer [9, §4.2], denote the subalgebra A,(ny) C U,(b4)* con-
sisting of those f € U,(b)* such that
(i) f(zg") = f(z) for all x € Uy(ny), h € PY and
(ii) f(xz) =0 for all x € Uy(ny)y and v € Q4 \S for a finite subset S of Q.

The properties

(ﬂfqh, thl)RT = (z, y)Rqu(h’h/)v (Uq(n_)_% Uy )s)rr =0

for v € Uy(n_), y € Uy(ny), hyh/ € PV, v # § in Q4 (see [20, Eq 6.13(1)]) and the
nondegeneracy of (—, —)gr imply that A;(ny) := ¢(Uy(n-)). Thus
(6.2) L Ug(ns) — Ag(ny)
is an algebra isomorphism. Following [9, §7.2], define A,(n4(w)) := t(Uy(n—(w))). Hence,
¢ restricts to the algebra isomorphsim
(6.3) L Uyl () =5 Ay (w).
Using the isomorphism ¢, transport the isomorphisms Ty, : Uy(n_) N T, Y (U,(n2)) —
Tw(Ug(n=)) N Uy(n_) to such maps on Ay(ny). Denote the integral forms over A
Ag(ny)a=1(Ug(n-)%) and  Ag(ny(w))a = 1(Uy(n-(w))2)
of Ay(ny) and Ay(ny(w)). The algebra A,(ny(w)) is Q4-graded by
Ay (W), = oUyn_(w) ), ¥ € Q.
In other words, the isomorphism (6.3) is not H-equivariant, but satisfies ¢(t-u) = t=1-1(u)

for t € H, u € Uy(n_(w)).

Remark 6.1. Using the bilinear form (5.16), in [9] the algebra A,(n,) is identified with
Uq(ny) via the isomorphism

U: Uy(nyg) — Ag(ny),  (O(9),6'd") = (0,9 )k, Vy,y' € Uy(ny), he PV,

¥ fits in the commutative diagram

Aq(ny)
N\
(t) o~
Ugn-) — Uy(ny)

in terms of ¢ € H given by (5.15). This and Remark 5.3 imply that A,(n; )4 and ¢(B"P)
are precisely the integral form of A,(n,) and the dual canonical basis of A,(n) considered
in [9]. However the braid group action of [9] on A,4(n,) is a conjugate of ours by an element
of the torus H, and involves extra scalars compared to our formulas.
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6.2. An algebra isomorphism. For p € P4, fix a highest weight vector v, of V(u). For
w € W, define the extremal weight vector

Vi 1= T,L;,llvu € V(1) wp-
Denote the associated Demazure modules
Vi(ﬂ) = Uq(bi)ku C V().

Let
Suwp € V(1) € Dp(V (1))  be such that (&, vwy) = 1.

For u,w € W and p € P4, using the notation (5.23), define the quantum minors
Aup,,wp, = Cup,vwp € Aq(g),
which are equivalently given by [2, Eq. (9.10)], [9, Eq. (3.5)]. It is well known that
(6.4) Tq;_ll (v ®vy) = Tz;_llvu ® Tz;_llv,,
for all u,v € P. This implies that
(65) Auu,quul/,wV = Au(,u-l—u),w(u—i—u)v V,u, Ve P+.
Following Joseph [21, §9.1.6], denote the subalgebra
AJ(9) = Buepy {cev, | € € Du(V(1))}
of A,(g). By [8, Lemma 2.1(i)], the multiplicative set
Ew = {AWM:M | 1% € P+}
is a denominator set in A (g). Denote the subsets
Ju = Buepy {cen, | € € Dp(V(n), € L Ve (1)} C AL (9)-

By the proofs of Theorems 6.2 and 6.4 below, they are completely prime ideals of A;r (9).
The P x P-grading (5.24) of A4(g) extends to a P x P-grading of the localization
Af(g)[E,". For a graded subalgebra R C Af(g)[E, '], denote the subalgebra

Ry :== @repRyp,
noting that Ry is naturally P-graded. It is easy to show that every element of (A} (g)[E,'])o

w
has the form cavuA;}hu for some p € Py, £ € Dy(V(p)); in particular, this algebra is Q-
graded. The following theorem was proved in the finite dimensional case in [40].

Theorem 6.2. For all symmetrizable Kac—Moody algebras g and w € W, there exists a

Q-graded surjective homomorphism ¥y, : (Af (9)[Ey'])o — Ag(ny(w)) such that

(66) <¢w(C£,UHA;;7M)7 th> - <§? va,u>
for € Py, £ € Dy(V (1)), y € Uy(by), h € PV. Its kernel equals (J;}[Ey'])o.
We will need the following lemma.

Lemma 6.3. [40, Lemma 3.2] Let H be a Hopf algebra over K and A be an H-module
algebra equipped with a right H-action. For every algebra homomorphism 0 : A — K, the
map Y : A — H*, given by

¢(a)(h) = 0(a - h),

1s an algebra homomorphism.
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Proof of Theorem 6.2. Eq. (6.4) implies that

9w : A;—(g) — Q(Q) given by Hw(cfvu) = <§7Uw/£>7 vlu' € P—l—a 5 € D<P(V(:U’))
is an algebra homomorphism. We apply the lemma to it and to the right action (5.21) of
Uq(by) on Af(g). It shows that the map ty, : Af(g) = Uy(by)*, given by

<ww(cfvu)7y> = <£avau>7 VM € P+7 § € D&p(v(:u'))v RS Uq(b+)7
is an algebra homomorphism. The element 1, (Ayy,,) is a unit of Uy(by)* because

(w(Bupp) yd") = e(w)a™™, vy € Uyny), he P,
Hence, 1, extends to A} (g)[E,'], Yuw((Af (9)[Ey'])0) C Ag(ny), and the restriction of
Y to (AF (9)[E5)o is given by (6.6). From now on we will denote by v, this restriction.
The formula (6.6) implies at once that the kernel of 1, equals (J;}[E_!])o and

(Im th, U(ni(w))y) =0, Yy € (Ug(ng) NT0 (Ug(ns))),, v € Q+\{0}.
For each v € Q4 such that Uy(ny(w)), # 0, there exists u € P, such that the pairing
(Vo (W)y4wp)™ ¥ Ug(ng(w))y  given by &y = (€, yvuwp)

is nondegenerate. This, the second equality in (5.10) and the fact that

(Ug(n-(w)), Ug(ns(w))y)rr =0, Yy € (Ug(ny) N T, 0 (Ug(n4))),, v € Q4 \{0}
imply that Im ¢, = Ag(ny(w)). O
Theorem 6.4. In the setting of Theorem 6.2, there exists a (Q-graded) homomorphism
b (AF (@) Ea'T)o = Uy(b_)* such that

(W (e, D), ya") = (€5 Vup)

foruwe Pr, £ € Dy(V(w), y € Uy(b_), h € PV. Its kernel equals (J, [Ey'])o. Its image
is contained in the image of the antiembedding Uy(ny(w)) — (Uy(b-))* coming from the
second component of the Rosso-Tanisaki form.

The proof of the theorem is analogous to that of Theorem 6.2.

6.3. The prime spectrum of A,(n;(w)). The fact that Oin(g) is a braided monoidal
category gives rise to R-matrix commutation relations in A,(g), [21, Proposition 9.1.5].
Particular cases of those are the relations

(6.7)  Apppr = qi((w“’”)_(“’V))wamu mod JE, Vze A;(g)ym we Py, v,yeP.
For w € W, p € Py, denote the unipotent quantum minors

Dupaop = o Bupup By ) € gty (w).
They are alternatively defined as the elements of Ag(ny(w))—w)u C Ag(n) such that
(6.8) (Dupsop 24") = (Eupss 20}, Y2 € U (9), h € PY,

which implies that they are precisely the elements of A, (ny(w)) defined in [9, Egs. (5.3)-
(5.4)]. Set
W= ={ueW |u<w)
For v € W= denote the ideals
Ly(u) = vu ((J; [Ey o) of Ag(ny(w)).
It follows from (6.5) and (6.7) that

(wpaur)—()

Du,u,w,uDuu,wl/ =q u(p+v),w(ptv)s vlLL’ ve P+
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and that

Dypwpr = q((““““)’”Vt x)xDuWW mod I, (u), Vu € Py, homogeneous x € Ag(ny(w)).

We have I,,(1) = 0, thus
(6.9) Dy wpx = gt hpwt I).’L'meu, Vu € Py, homogeneous z € Ay(ny(w)).
Denote the multiplicative sets

Eu(u) = ¢*{Dupwop | 1 € Py} in Ag(ng(w)).

Analogously to (5.3), we use the Q4-grading of A,;(ny(w)) to construct an action of the
torus H on it.

Theorem 6.5. For all symmetrizable Kac—-Moody algebras g and w € W, the following
hold:
(a) The graded prime ideals of Aq(ny(w)) are the ideals I,,(u) for u € W=". The map
u > I, (u) is an isomorphism of posets from W= with the Bruhat order to the set
of graded prime ideals of Aq(ny(w)) with the inclusion order.
(b) All prime ideals of Ag(ny(w)) are completely prime and

Spec Ag(ns () = || Spec, Ay(ny (1)),
ueWw=w
where Spec,, Ag(ny(w)) := {J € Spec Ag(ny(w)) | Neen(t - T) = Ly(u)}.
The following hold for uw € W=V

(¢) L(u) N Ey(u) = @ and the localization Ry = (Aq(ny(w))/Iw(uw))[Ew(w) ] is an
H-simple domain.

(d) For u € W=¥, the center Z(Ryw) is a Laurent polynomial ring over Q(q) and
there is a homeomorphism

Nu: Spec Z(Ryw) = Spec,, Ag(ng(w))

where for J € Spec Z(Ryw), nu(J) is the ideal of Ay(ny(w)) containing I,(u)
such that 1, (J)/Tw(u) = T Ryw N (Ag(ng(w))/Iy(u)).

Denote for brevity the algebra
Al = (A7 (@B 1o C AJ (0)[E].

q w
It is Q-graded by
in terms of the P x P-grading (5.24) of A} (g)[E,']. Define the commuting (inner) auto-
morphisms 7/, € Aut(A}) for u € Py by

Th(c) = A;;IL,MCAIUMM'

(A5)y = (AT (@B Do for veQ

For each i € I, define the automorphism x; € Aut(Af(g)) by si(c) := ¢ - ¢%" and the
locally nilpotent (right skew) r;-derivation 9; of Af(g) by di(c) := ¢ f; in terms of the
second action in (5.21). It easy to check that /ii@mi_l = ¢,;0;. Following Joseph [21, §A.2.9],
for c € A} (g)\{0} set

deg;(c) := max{n € Zxo | 9j'(c) # 0}
and

Op(c) :=0pt ... 0;N(c) #0

where ny,...,n1 € Z>o are recursively defined by ny := degik(azc’::l .0;N(c)) in terms
of the reduced expression (5.8). Set 9 (0) := 0.
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Proof. We carry out the proof in four steps as follows:

Step 1. For all u € W=Y, the ideals I,(u) of Ag(ny(w)) are completely prime.

The image of 1, is an iterated skew polynomial extension, and thus is a domain. Simi-
larly one shows that the image of 1/, is also a domain. Therefore (J:5[E'])o are completely
prime ideals of AJ. By direct extension and contraction arguments one gets that J= are
completely prime ideals of Ag‘(g) for u € W, and that the same is true for the ideals
(JE[EZ'Y)o of Af. The remaining part of the proof of the statement of step 1 uses ele-
ments of Gorelik’s and Joseph’s proofs [18, 21] of related facts in the finite dimensional
case. We prove the stronger fact that there exists an embedding

Ag(ng (w))/Tu(u) = A/ (o [Ey o

which we construct next. For a linear map 7 on a Q(g)-vector space V and t € Q(q),
denote by &;(t) the generalized t-eigenspace of 7. Using the first action (5.21), one shows
that for all ¢ € I, w € W such that {(s;w) < {(w) and v € P, A € Py, t € Q(q):

If ce&u(t)NAS (), then 9P(c)€ Ep (tglwrw)—(siwmpinai)y

where n := deg;(c); the proof of this is analogous to [18, Lemma 6.3.1]. By induction on
the length of w, this implies that

(6.00) Al = @neq, (A5)2] where
(AD)29] = D{e e (Af) e € (g™ 1), Y€ Py},
veR
and that for vy € Q4+, A € Py,

(6.11) Cen By € (AN = (1 (cen))A5) € (AD)[0].
The base of the induction for w = 1 follows from (6.7) applied to J; = 0, which gives that
' (c) = ¢*V)c for all c € (A] (g )[El_l])yo, v € —Q4; that is

(6.12) (AD)[27]) = AG}BD {eean A3 1 €€ (VM=) € Dp(V(N)}, ¥y € Q.

Furthermore, we have
(6.13) (JEw Do = S4e0,\ {0y A 27]-

By (6.7), applied to J;|, the right hand side is contained in the left one. Because of (6.10)
it remains to show that (J; [E,])o N A% [0] = 0. Assume the opposite, that (J.}[E,1])o N
AF[0] # 0. By putting elements over a common denominator, each element of A can be
represented in the form Cg’w\A;}\’)\ for some A € P, £ € D,(V()\)). Choose a nonzero
element of this form in (J;f[E,'])oNAL[0]. By (6.11), (97 - 1(05,UA))A;7& € (A7)[0]. Hence,
(6.12) implies that 0 _(ce.vy) = 7¢¢y 0, for some r € Q(f)*. The definition of 9% _; gives
that

(& fir - fiua) #0  for some ny,...,ny € Zxo
in terms of the reduced expression (5.8). However, fi* ... fiN vy € V. (A) by the standard
presentation of Demazure modules [21, Lemma 4.4.3( )]. This contradicts with c¢ ,, A;& €
(J [E5')o and proves (6.13).

w

Since 14, € Aut(A}), Af[0] is a subalgebra of A;}. Theorem 6.2 and (6.10), (6.13) imply

Aq(ni(w)) /T (u) = AL/ (TE1EL Do + (o [Ey' o)
= AG[01/(AZ10] N (5 (B o) = A/ (T [EL o
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Step 2. For allu € W=, I,(u) N Ey(u) = @.

Denote by G™® the minimal Kac-Moody group associated to g, see [30, §7.4] for details.
Let H be the Cartan subgroup of G™", and me and N_ the subgroups of G™™ generated
by its one-parameter unipotent subgroups for positive and negative roots, respectively.
Denote by Bﬂ?in and B_ the associated Borel subgroups of G™". Denote by N, (w) the
unipotent subgroup of N corresponding to ny (w). By [27, Theorem 4.44], we have the
specialization isomorphism

(6.14) Aglny ()4 ® C 2 C[N, (w)

for the map A — C given by g — 1. By [39, Proposition 9.7], I,,(u) N Ay(ny(w)) 4 is an A-
form of I,,(u). The definitions of J, and I,,(u) in terms of Demazure modules imply that
under the specialization isomorphism (6.14), I,,(u) N A4(ny(w)) 4 is mapped to functions
that vanish on the nonempty set

(6.15) N(w) N B_uBPw ™t

which is isomorphic to the open Richardson variety in the flag scheme of G™™ correspond-
ing to the pair u < w € W. Let pu € Py. Analogously to the quantum situation, using
special representatives of w € W in the normalizer of H in G™", one defines the gener-
alized minor A, ., which is a strongly regular function on G™™. It is well known that
under the specialization isomorphism (6.14), the element Dy, € Eyw(u) corresponds to
the restriction of Ay, to N, This function is nowhere vanishing on the set (6.15).
Therefore, the specializations I,(u) and E,,(u) are disjoint, so I,,(u) N Ey(u) = &.
For the next step, we denote for brevity

ce = ww(c&va;i?)\) € Ayinp(w)) for &€ Dy, (V(N), A€ Py.
For J € Spec Ay(ny(w)) and X € Py, denote
CgN)={rveP|Iec(V(AN,)" CD,(V(N) such that cc ¢ T}

Since ¢c¢,, =1 ¢ J, wh € C7(X). Denote by Mz () the set of maximal elements of C7(\)
with respect to the partial order v X v/ if v/ —v € Q4.

Step 3. For every J € Spec Ay(ny(w)), there exists a unique w € W=Y such that
Mg (X) = {uA} for all X € Py.

This step is similar to [21, Proposition 9.3.8]. Let A € Py and v € Mz()), so there
exists £ € (V(N)*), such that c¢ ¢ J. The R-matrix commutation relations in A4(g) (see
e.g. [21, Proposition 9.1.5]) and the homomorphism from Theorem 6.2 imply that

cew = q_(”+w)"7)a:c§ mod J, Vx € Aj(ngp(w))y, v € Q.
Take any other pair N € Pyy and v/ € My(XN) going with ¢ € (V(X)*),, such that
ce ¢ J. Applying the last relation twice gives

Ccecer = q_("+“”\”’,_“”\/)_(”_W\’”l‘*‘w)‘,)c£/c5 mod J.

Since A4(ny(w))/J is a prime ideal and the images of ¢¢, ¢ are nonzero normal elements,
they are regular. Therefore the power of ¢ above must equal 0, and thus,

(6.16) AN = (v, V) =0.

It follows from [21, Lemma A.1.17] that v = uy(A) for some uy € W; that is My(\) =
{uxA} (note that u) is non-unique for A € Py\ Py ). It follows from the inclusion relations
for Demazure modules [21, Proposition 4.4.5] and the definition of J; that uy € W= for
A € Pyy. Applying one more time (6.16) gives that uy = uy for A, \' € P, and that for
A€ Py, N € P, the element u) can be chosen so that uy = uy.
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Step 4. Completion of proof. By step 3,
(6.17) Spec Ag(ny (w)) = | | Spec), Ag(ny(w)), where

ucWsw

Spec,, Ag(ny(w)) :={J € Spec Ay(ny(w)) | Mg(\) = {ur}, VA € Py}

Steps 1, 2 and 3 and the fact that dim V(\),,» = 1 imply the following:

(*) For all u € W=*_ we have I,(u) € Spec], A,(ns(w)), all ideals in Spec], A,(n 4 (w))
contain I, (u) and the stratum Spec], A;(n4(w)) contains no other Q-graded prime ideals.

Therefore {I,(w) | u € W=*} exhaust all Q-graded prime ideals of A} (ny(w)). For
up < ug in WS, we have Iy, (w) C Iy,(w) because V,; () 2 V,_(A). Step 2 and the
inclusion relations between Demazure modules [21, Proposition 4.4.5] imply that there are
no other inclusions between these ideals. This proves part (a).

All prime ideals of A,(n;(w)) are completely prime by [12, Theorem 2.3]. It follows
from (*) and the definition of M7 (\) that the stratum Spec, A,(n;(w)), defined in part
(b) of the theorem, coincides with Spec), A;(ni(w)) and equals

{TJ € Spec Ay(n4(w)) | T 2 Ly(u), T N Ey(u) =S}

The second statement in part (b) follows from (6.17), or equivalently, from [3, §I1.2.1].
The properties (*) imply that the ring (Aq(ny(w))/I,(w))[Ey(w)™1] is H-simple since

the stratum Spec), 4,(n4(w)) has a unique Q-graded ideal. This and step 2 prove part

(c). Part (d) now follows from [3, Lemma I1.3.7, Proposition I1.3.8, Theorem I11.6.4]. [

6.4. The homogeneous prime elements of A,(n;(w)). Denote the support of w:
Sw):={iel|si<w}={iel]|i=1 for some k€ [1,N|}
where the second formula is in terms of a reduced expression (5.8).

Corollary 6.6. The homogeneous prime elements of Ag(ny(w)) up to scalar multiples are
(6.18) D, we;  for i€ S(w).

Proof. Theorem 6.5(i) implies that the height one ) -graded prime ideals of A4(n; (w)) are
I,(si) for i € S(w). Since Ag(ny(w)) = Uy(n—(w)) is a CGL extension (Lemma 5.4), it is
an H-UFD; thus, its height one ()1 -graded prime ideals are principal and their generators
are precisely the homogeneous prime elements of Ag(ny(w)). Applying Theorem 6.5(c)
for v = 1 and taking into account that I,,(1) = 0 gives that I,(s;) N E,(1) # @ for
i € S(w). However, E,, (1) consists of monomials in the elements (6.18). Hence each of the
(completely prime) ideals I,,(s;), i € S(w) is generated by one of the elements in (6.18).
The two sets have the same number of elements and D, yw, € Ly(si). Hence,

Lw(81) = Dy we Ag (- (w), Vi € S(w),

and the set (6.18) exhausts all homogeneous prime elements of A,(ny(w)) up to scalar
multiples. O

7. INTEGRAL CLUSTER STRUCTURES ON A (ny(w))

7.1. Statements of main results. Recall the notation (1.1). Throughout the section,
g denotes an arbitrary symmetrizable Kac-Moody algebra and w a Weyl group element.
We fix a reduced expression (5.8). Set

Ug(n—(w) /2 7= Ugn_(w) g @4 A2, Ag(ny (w)) g2 1= Ag(ns(w)) g @4 A2
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and extend ¢ to an algebra isomorphism

(7.1) L Ug(no(w)) e — Ag(ng (w)) /2.

For k € [1, N], denote

(7.2) e =) u(f3) = 4267 — ai)(fs,) € Ag(ny (w)) 412,
recall (5.11). For j < k € [1, N], set

(7.3) alj, k] == |(wyj ) — Dowi, |*/4 € Z/2.

By applying ¢ to (5.18) and extending the scalars from Q(q) to Q(¢/?), we see that
Aq(n+(w))®(@(q)@(q1/2) is a symmetric CGL extension on the generators ¢(f5,), ..., ¢(f5,)-
It follows from Lemma 5.4(a) that the scalars A;, A} of the CGL extension are given by

(7.4) Me=qi, MN.=q,° VYkel[l,N]

Lemma 5.4(b) implies that A,(ny(w)) 412 with the generators 1, ..., zy is an A/2-form
of the symmetric CGL extension A,(n(w)) ®q(q) Q(q'/?). Tt follows from (5.14) that the
scalars

v = g2 Y1 < j <k <N
satisfy Condition (A) in §3.4. Lemma 5.4(c) implies that the interval subalgebras of
Ag(np(w)) q1/2 are

(7.5) (Ag(np (W) g1/2) g = Tujzll_ 1(Aq(n+(w[J-,,d]))AI/Q), Vj < kin [1, N].
=J7—
Our first main theorem on quantum Schubert cells is:

Theorem 7.1. Let g be a symmetrizable Kac—Moody algebra and w € W with a reduced
expression (5.8). Consider the AY%-form Ay(ni(w)) q1/2 of the symmetric CGL extension
Ag(np(w)) ®q(q) Q(q"/?) with the generators x1,...,xN given by (7.2).

(a) The sequence of prime elements from Theorem 3.2 of Aq(ny (w))®Q(q)Q(q1/2) with

respect to the generators x1,...,xN 1S
O_(k)+1)/2
yk:qfk ( ) )/ Dwikﬂuﬁkwik’ kZl,,N

The corresponding sequence of normalized prime elements is
= 1,k .
yk):qa[ }lekﬂﬂgkwlk? k—]_,,N

Moreover, y1,...,yN,J1,---,Gn € Ag(np(w)) 41/2.
(b) The n-function n : [1, N] — Z of Ag(ny(w)) ®@q(q) Q(¢"?) from Theorem 3.2 is
given by

(7.6) n(k) :=1ix, Vke€][l,N].
(c) The normalized interval prime elements of Aq(ny(w)) g1/2 are

y[jM — qa[j,k} D — qa[j,k] ngk_lDwik’w

WLj—1Wiy W<k Wiy, [4,k]¥ig

for all j <k in [1, N] such that i; = ij.

In the rest of this section we will use the notation (3.4) for the predecessor and successor
functions p, s and the notation (3.5) for the functions O associated to the n-function (7.6).
Eq. (6.9) and Theorem 7.1 imply that for & > 7,

_ q_((wSk"’l)wik7(w§j_1)wij)D

Dwik W< Wi, Dwij W< Wiy Wi ;W< Wi Dwik WL Wiy 0
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and thus there is a unique toric frame M¥: ZN — Fract(Ag(ny(w))Y,/2) with cluster
variables
M"“(ex) = ¢""" Doy, oy, s Vk € [1,N]
and matrix r" with
(77) (rw)kj = q_((w§k+1)wik7(ij_1)Wij)/2’ V1<j<k<N.
We will use a quantum cluster algebra in which the exchangeable variables are
(7.8) ex(w) := {k € [1,N] | s(k) # oo}.

The number of elements of this set is N — |S(w)|. We will index the columns of the
exchange matrices of this quantum cluster algebra (which have sizes N x (N — |S(w)]|)) by
the elements of the set ex(w).

Proposition 7.2. The matriz B of size N x (N — |S(w)|) with entries

(1, if j=p(k)
B 1, if j=s(k)
(B)jk =  @ijip,  if J<k<s(j)<s(k)
—aii, if k< <s(k)<s())

0, otherwise

is compatible with vV, and more precisely, its columns (Ew)k, k € ex(w) satisfy

(79)  Q((BY)e) = g, = O™/ and Y (B®)ju(ws; — Dy, =0
J
for all k € ex(w), I € [1, N], recall (7.4).

The next theorem relates the integral quantum cluster algebra and upper quantum clus-
ter algebra with initial seed (M®, B*) (both defined over .A'/2) to the algebra Ay(n (w)) 41/2.

Theorem 7.3. In the setting of Theorem 7.1 the following hold:
(a) Aq(n+(w))A1/2 = A(Mw,gw,@)AUz = U(Mw,éw, @)Al/Q. _
(b) For each o0 € En C Sy, the quantum cluster algebra A(M"™,B", @) 412 has a seed
with cluster variables

w _ aljk _ alj.k
Ma (el) =q : }Dng—lwiijgkwij =4q : }ngj—lDwijvw[j,k]wij

for j = mino([1,1]) and k := max{m € o([1,1]) | ¢y = i;}. The initial seed
(M™, E“’) equals the seed corresponding to o = idy € En.
(c) The seeds in (b) are linked by sequences of one-step mutations of the following
kind:
Suppose that 0,0’ € Zn are such that o’ = (o(k),0(k+1))oc = coo(k,k+1) for
some k € [L, N —1]. If n(o(k)) # n(o(k+1)), then MY = MY - (k,k+1) in terms
of the action (3.29). If n(o(k)) =n(o(k+1)), then MY = (M) - (k. k +1).

We illustrate Theorem 7.3 and the constructions in §85.4, 6.1 and 7.1 with two examples
of quantum unipotent cells in non-symmetric Kac—-Moody algebras g: a finite dimensional
one and an affine one.

Example 7.4. Let g be of type Bs and w be the longest Weyl group element s;525152.
The corresponding root sequence (5.9) is

B =a1, f2=s1(a2) =01+ ag, P3=s1s2(1) =01+ 2az, and [y = s15251(2) = .
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The root vectors fg,, 1 < k < 4, satisfy

fonfon = @ f. f50r fasfp = faifas + ,1+ f,32a fasf, = @ f3:F5s,

foafp = q72f51fﬂ4 - q72fﬁ27 f8.f8: = Faa 5, — (¢~ +Q)f,337 foafps = q2f53f54'

Note that the scalar in the right hand side of the second equation is not in A. The CGL
extension Uy(n_(w)) = Uy(n_) is the C(g)-algebra with these generators and relations. Its
n-function from Theorem 3.2 is given by n(1) = n(3) = 1, n(2) = n(4) = 2. The generators
of the integral form Uy(n_)% of the CGL extension Uy (n _) (cf. (5.11) and Lemma 5.4(b))

are

f5 =crfs,, where ci=c3=q 2 -¢* ca=au=q"'—q

They satisfy

fafs = afa fa Fafa =I5 05— a a2 = @) (f3,)%
3,05, = & 13,15, fats, = a 215,05, — a2 (a2 = ),
Fauls, = 1505, — (0 = Q) f5, f3.05, = 14,15,
Recall the isomorphism (7.1). The rescaled generators of Ay(ny(w)) g1/2 = Ag(ny) 41/2 are
xp = cpe(f5,), where ¢ =c3=¢q, ¢y =cj= g2
The algebra Ag(ny) 41/2 is the A/2_algebra with generators 1, ..., x4 and relations
To71 = ¢ a10, z3ry = 2123 — (¢ 2 — ¢)a3, w32 = ¢xoms3,
wawy = q Pmws —q (g — ¢*)ra,  wams = wowa — (¢ — q)ws, 2473 = ¢ T3T4.

By Theorem 7.3, Ay(n ) 41/2 has the structure of a quantum cluster algebra over A2 with
initial cluster variables

_ _ _ -2 2 -1
Yp =21, Yo =22, Y3 =213 —q Ty, Y4 =2T2T4—q T3

(where the 3rd and 4th variables are frozen) and mutation matrix

0 -1
- 12 o
B=141 4

0 -1

Note that this is the quantum cluster algebra of type By with principal coefficients. ]

Example 7.5. Let g be the twisted affine Kac—-Moody algebra of type Ag), whose Dynkin

diagram is

o%o

aq

Following the standard convention [22, Ch. 6,8], we label its simple roots by {0, 1} instead
of {1,2}. We have (ag, ) = 2, (a1,a1) =8,do =1, d; =4 and qo = ¢, 1 = ¢*. Consider
the Weyl group element w = s¢s1508150. The corresponding root sequence (5.9) is

B1 = ao, B2 = 4ap + o, B3 = 3ap + au,

B4 = 8ag + 3, B85 = bag + 2.
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The root vectors fg,, 1 < k <5, given by (5.9), satisfy the relations

2921 = 2120, 2321 = 2123 + az, 2329 = q 2923,
ab
2421 = q 2120 + mz@f, zazg = C 2oz + b23 2423 = ¢ 2324,
(7.10)
2521 = q° 2125 + abe(q® — 1) 23 Z5z9 = q zazs + _be
— 3 - 3
*(? -1 -1) =

2 4
2523 = ¢~ 2325 + c24, 2524 = q Z4%5

with a = ¢ = —¢°[4]g and b = —¢*(¢~" — q)*/[4], where [n]g = (¢" —q™")/(¢ —q").
Note that b ¢ A. The CGL extension Uy(n_(w)) is the C(g)-algebra with these generators
and relations. Its n-function from Theorem 3.2 is given by 7(1) = n(3) = n(5) = 0,
n(2) = n(4) = 1. The generators of the integral form U,(n_(w))* of the CGL extension
Uy(n—(w)) (cf. (5.11) and Lemma 5.4(b)) are

fgk - Ckfﬂk, Where C] = C3 = Cs :qil —q, Co=1¢4 :q*4_q4.

They satisfy the relations (7.10) for a = ¢ = q(¢> — 1), b = ¢ 2(¢® — 1) € A, and
furthermore, Uy(n_(w))Y is the A-algebra with these generators and relations. Recall the
isomorphism (7.1). The rescaled generators of Ay(ny(w)) 41/2 are

/ * / / / 1/2 / / 2
xp = cpL(f5,), where d=dy=ch=q"? & =¢ =g

They satisfy the relations (7.10) fora = ¢ = ¢>—1, b= ¢8—1 € A ¢ AY?, and furthermore,
Ag(ny) 172 is the A2 algebra with these generators and relations. By Theorem 7.3,
Aq(ny) 4172 has the structure of a quantum cluster algebra over A2 with initial cluster
variables

= - — -1 4 —4,_4
Yy = X1, Yo = X2, Ys = qr1Tr3 —q T2, Yy =q T2x4 —q T3,
_ 3 -1 3

Us = ¢CT123T5 — qra%s — ¢ [3]qxs — quiz4.

(where the 4th and 5th variables are frozen) and mutation matrix

0 —4 1
I R
B=|-1 4 0
0 -1 1
0 0 -1

O

7.2. Proof of Theorem 7.1. If u;,us € W are such that £(ujug) = €(u1) + £(u2), then
we have the decomposition

Ag(ny (wruz))a = Ag(ng () T2 (Ag(ng (u2)) 4

This follows by applying the isomorphism ¢ to the dual PBW basis (5.13) of Ug(n_(uju2))¥.
The next lemma shows the equality of the unipotent quantum minors in Theorem 7.1(c)
and that they belong to the correct integral forms.

Lemma 7.6. If uj,us € W are such that ¢(ujuz) = €(uy) + €(uz), then
(T11)  Duspuiuon = T, 53 Do € T, 5 Ag(ng (w2))a © A (wrwa)), - Vp € Py
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Proof. 1t was proved in [9, Proposition 6.3] that ¥=(D,, 4,,) € t-¢*(B") in the notation
of Remarks 5.3 and 6.1. Theorem 5.2 and the commutative diagram in Remark 6.1 imply
that Dy, € ((B"P) C Ag(ng(ur))a.

The equality (7.11) can be derived from [9, Proposition 7.1] and Remark 6.1, but it also
has a direct proof as follows. For all yi, € Uy(ny(ug)), k =1,2 and h € PY, we have

(Duspjuruops 11T, 71(112) = (Surp T, 71(:’/2)Uu1uzu> (€ Ty (1) Y200 )
= <fu792vuzu> (Y1) = <Du7u2u7y2> (y1) = (v 1( u,uw) Y2) RT €(Y1)
= (T;lb_l(Du,uzu)»Tuflyz)RT €(y1) = <T 1 Dpugps n T 71(y2)q ),
where the sixth equality uses (5.12). O
Proof of Theorem 7.1. We have
€A Vwsk 1wy, = T;;l;fl(eikﬂllvwik) T ;i i T Ywgpm @iy,

and egszqqm =0 for m > 1. Hence

<Dwik,w§kwik I ylegp = 5m1 <Dwik,w§p(k>wik Y y1>
for all y1 € Uy(ny(w<p—1)), m € Z>p. It follows from (5.12) and (7.5) that in Aj(n4(w<i))a =
(Aq(n+(w))A1/2)[Lk] C Ay(ny(w)). 4 we have

(7.12) Dwik,wgkwik = Dwikngp(k)wikl’(f;k) mod Aq(n+(wﬁk—1))A-
Therefore,
O_(k)+1)/2 O_ (p(k 1)/2
Qi(k o/ Dw'ikngkWik. = qi(k ] Wi Wp() Py, TR mod Ag(n(w<k-1)) 4172

for all k € [1, N]. Part (b) and the first statement in part (a) now follow from Corollary
6.6.
We have wepw;, = wep—1(@i), — @iy,) = wepy@iy, — Bk Iterating this gives

all, k] = ”wﬁkwik - wikH2/4 = Hﬂpof(k)(k) +eeet 614”2
= (O-(k)+ Dlew [P/4+ D Bugy Bymiy)/2-
0<I<m<O_ (k)
Therefore,
= —1
Y, = < H Vpl(k)pm(k))yk
0<I<m<O_ (k)
_ ( H q(ﬁpz<k),ﬁpm<k))/2)q(o (k) 1), |12 /D
0<I<m<O_ (k)

a[l,k:}D

@i w<r — 4 Wiy, W<k

which proves the second statement in part (a).
It follows from Lemma 7.6 that y1,...,yn,¥1,---,Un € Ag(ngp(w)) 41/2. Part (c) follows
from (7.5) and part (b). O

7.3. Proof of Theorem 7.3.

Proof of Proposition 7.2. Extend BY to an (N +r) x (N — S(w)) matrix whose rows are
indexed by [—r,—1] U [1, N] and columns by ex(w) by setting

~w 1, if i =14 and p(k) = —
(BY) =i = . p(k)
0, otherwise
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for i € [1,7], k € ex(w).
Denote for simplicity b; := (B);r. We apply [2, Theorem 8.3 and §10.1] to the double
word 1,...,7r,—i1,...,1N, Which gives

N

(7.13) Z bjk; sign(j - l) ((ngwij s wSle’Z) - (wij 5 w”))
7=1

+ Zb—i,k((ng — Dwi;, wi) = 20pdk
=1

for all k € ex(w), | € [1,N]. The graded nature of the seed corresponding to the double
word (cf. [2, Definition 6.5]) means that

N T
(7.14) Z bjkngwij + Z b_; koo =0,
j=1 i=1
N T
(7.15) Z bjkwij + Z b_irw; =0
j=1 i=1

for all k € ex(w). Subtracting (7.14) from (7.13) gives the second identity in (7.9). The
linear combination (7.13) 4 ((7.14), @;,) — ((7.15), w<;w;,) yields the identity

N
Z bk sign(j — 1) ((wej + Vi, (weg — D)wy,) = 201dy,
j=

for all k € ex(w), | € [1, N], which is precisely the first identity in (7.9) in view of (7.7). O

Proposition 7.7. In the setting of Theorem 7.1, the AY2-form Ag(ny(w)) 4172 of the
symmetric CGL extension Aq(ny(w)) ®qg(q) Q(q"/?) with the generators x1,...,xN from
(7.2) satisfies all conditions in Theorem 4.8.

Proof. The scalars vy are integral powers of ¢'/2 and thus are units of AY2. Obviously
condition (A) is satisfied for the base field K = Q(¢'/2). Recall from Lemma 5.4(a) and
(7.4) that

Mo =2 = ¢* = gloal® for ke [1,N],

and from Theorem 7.1(b) that n(k) = iy for k € [1,N]. Therefore, Condition (B) is
satisfied for the positive integers {d; | i € I} from (5.1).

The homogenous prime elements y1, . .., yn belong to Ag(ny(w)) 412 by Theorem 7.1(a).

It remains to show that the condition (3.28) holds. Because of (7.5) and Lemma 7.6
it is sufficient to consider the case when i = 1 and s(¢) = N. Since the n-function of the
CGL extension A4(ny(w)) is given by Theorem 7.1(b), this means that iy = iy = ¢ and
i #ifor k€ [2, N —1]. Tt is well known that for g = sly and | > n € Z~

l _
eZ(L) ’ Tl 1vnw1 = 5lnvnw1-

For k € [2, N — 1], T[lvwi is a highest weight vector for the copy of U,(sl) inside Uy,(g)
generated by e;,, fi,, hi, of highest weight (s;w;, hi, ) = —a;,;w;,. Hence, for | > —a;,,,
@) . T-ilj—;ilvwi) — 5l, -Eflvwi-

Tk 1k Qi

0 -Tillelvwi =71 (e
wey

e
Bk wZp
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Set a := (—Qiyiy..., —Qiy_yi) € Z]>V0_2. Iterating this and using (7.12) and the identity
Ti_vai = —qi_lvwi gives

1 .
—1 (12) (In—1)\ —-q; if a= (l27 R 7lN—1)
<Dwi’wwi — % TITN> €y ---Cpy > - 0, l if a2 (l2,...,In-1)

with respect to the the reverse lexicographic order (3.9). It follows from (5.12) and (7.2)
that

N-1 )

-1 —1 _(azk1+a1k1+1)/2 —Qijoi 7(17;1\]_11‘

lt(Dwi,ww,‘ —4q; xl.TN) = —q; ( H qlk To 2. - Tn_1 .
k=2

By a straightforward calculation with powers of ¢, one obtains from this that the condition
(3.28) is satisfied. O

Theorem 7.3 follows by combining Theorems 4.8 and 7.1 and Propositions 7.2 and 7.7.
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