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ABSTRACT. We construct symmetric pairs for Drinfeld doubles of pre-Nichols
algebras of diagonal type and determine when they possess an Iwasawa de-
composition. This extends G. Letzter’s theory of quantum symmetric pairs.
Our results can be uniformly applied to Kac-Moody quantum groups for a
generic quantum parameter, for roots of unity in respect to both big and small
quantum groups, to quantum supergroups and to exotic quantum groups of
ufo type. We give a second construction of symmetric pairs for Heisenberg
doubles in the above generality and prove that they always admit an Iwasawa
decomposition.

For symmetric pair coideal subalgebras with Iwasawa decomposition in the
above generality we then address two problems which are fundamental al-
ready in the setting of quantum groups. Firstly, we show that the symmetric
pair coideal subalgebras are isomorphic to intrinsically defined deformations
of partial bosonizations of the corresponding pre-Nichols algebras. To this end
we develop a general notion of star products on N-graded connected algebras
which provides an efficient tool to prove that two deformations of the partial
bosonization are isomorphic. The new perspective also provides an effective
algorithm for determining the defining relations of the coideal subalgebras.

Secondly, for Nichols algebras of diagonal type, we use the linear isomor-
phism between the coideal subalgebra and the partial bosonization to give an
explicit construction of quasi K-matrices as sums over dual bases. We show
that the resulting quasi K-matrices give rise to weakly universal K-matrices
in the above generality.

1. INTRODUCTION

1.1. (Pre-)Nichols algebras of diagonal type. Since their inception in the
1980s quantum groups have become an integral part of representation theory with
many deep applications. Quantum groups in particular reinvigorated the general
investigation of Hopf algebras as they provided many new noncommutative, nonco-
commutative examples. In the late 1990s N. Andruskiewitsch and H.-J. Schneider
proposed an approach to the classification of finite dimensional, pointed Hopf al-
gebras [AS02]. In this approach a central role is played by Nichols algebras which
are Hopf algebras in a braided category of Yetter-Drinfeld modules. Important
examples of Nichols algebras include the positive part U™ of quantized enveloping
algebras U,(g) for ¢ not a root of unity, and the positive part of the small quan-
tum group u,(g) if ¢ is a root of unity. Other examples come from quantum Lie
superalgebras, but there are also large example classes which had not been studied
previously.
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The starting point for the construction of a Nichols algebra 2B(V') is a Hopf
algebra H and a Yetter-Drinfeld module V over H. If H is the group algebra
of an abelian group and V is semisimple and finite rank, the B(V) is called a
Nichols algebra of diagonal type. Nichols algebras of diagonal type are determined
by a bicharacter y : Z" x Z"™ — k into the base field k. The finite dimensional
such Nichols algebras were classified by I. Heckenberger in [Hec09]. The Nichols
algebra B(V) is a quotient of the tensor algebra T'(V') by the uniquely determined
maximal proper biideal Zya C ®°_,VE™. If instead one considers any H-stable
biideal Z with {0} C Z C Zjax then T(V)/Z is a pre-Nichols algebra as introduced
by Angiono in [Angl6]. Prominent examples of pre-Nichols algebras which are not
Nichols algebras are the positive parts of quantized enveloping (super) algebras at
roots of unity.

1.2. Quantum symmetric pairs. Let g be a semisimple complex Lie algebra
and let @ : g — g be an involutive Lie algebra automorphism with pointwise fixed
Lie subalgebra £ = {x € g|f0(z) = z}. The theory of quantum symmetric pairs
provides quantum group analogs B. = U, () C U,(g) of the universal enveloping
algebra U(¥). Crucially, B C U,(g) is not a Hopf subalgebra but satisfies the
weaker coideal property

A(Bg) C Bc®Ugy(g)

for the coproduct A of U,(g). Quantum symmetric pairs for classical g were orig-
inally introduced by M. Noumi, M. Dijkhuizen and T. Sugitani, case by case, to
perform harmonic analysis on quantum group analogs of symmetric spaces, see
[Nou96], [Dijo6], [NS95]. Independently, G. Letzter developed a comprehensive
theory of quantum symmetric pairs based on the classification of involutive auto-
morphisms of g in terms of Satake diagrams [Let99], [Let02]. A Satake diagram
(X, 7) consists of a subset X of the nodes of the Dynkin diagram for g and a diagram
automorphism 7 satisfying certain compatibility conditions, see [Ara62]. Letzter’s
construction was extended to the Kac-Moody case in [Koll4].

Much is known about the structure of the algebras B.. Generators and relations
for B, were determined in [Let03, Section 7], see also [Koll4, Section 7]. Let
px be the standard parabolic subalgebra corresponding the X. The algebra B,
has a natural filtration such that the associated graded algebra is isomorphic to a
subalgebra U (px) of the quantized enveloping algebra U, (px ). This suggests that
it is possible to interpret B, as a deformation of Uy (px).

Problem I. Explicitly define an associative product x on U;(px) such that the
algebra (U (px),*) is canonically isomorphic to Be.

In the quasi-split case X = 0, the algebras B, were already introduced in [Let97].
In this case the involution 6 can be given in terms of the Chevalley generators
{ei,fi,hi|i c I} Ofg by

0(ei) = —fr i) 0(fi) = =€) 0(hi) = —h @)

Let E;, F;, KX for i € I denote the standard generators of U,(g). Then the
quantum symmetric pair coideal subalgebra B corresponding to ({}, 7) is generated
by the elements

(1.1) B =F;+ B, )K", KiK;é) forallie I



SYMMETRIC PAIRS FOR NICHOLS ALGEBRAS OF DIAGONAL TYPE 3

where ¢ = (¢;);er € k! are fixed parameters. The parameters c; need to satisfy cer-
tain compatibility conditions which assure that gr(B.) is canonically isomorphic to
the subalgebra U, (b) = k(F, KiKT_é) |7 € I) of Uy(g). This conditions is equivalent
to the fact that the pair (U,(g), Bc) satisfies a quantum Iwasawa decomposition.
In the quasi-split case this means that the multiplication map

(1.2) Ut @ Uj @ Be — Uy(g)

is a linear isomorphism. Here U}, is the subalgebra of U, (g) generated by {K;** |i €
I} where I; C I is a set of representatives of the T-orbits in I, and Ut C U,(g) is
the subalgebra generated by {F; |i € I}. The central role of the quantum Iwasawa
decomposition was first highlighted in [Let97]. More general versions appeared in
[Let99], [Let04], [Koll4]. In the general case [Let02], [Kol14], the generators B; may
come with a second parameter s;. Here we suppress this parameter for simplicity,
but we note that the theory can be extended by twisting by a character, see for
example [DK18, Section 3.5].

The theory of quantum symmetric pairs received a big push in 2013 when the
preprint versions of [BW18a] and [ES18] introduced the notion of a bar involu-
tion for quantum symmetric pairs. H. Bao and W. Wang showed that much of
G. Lusztig’s theory of canonical bases allows analogs for quantum symmetric pairs
[BW18a], [BW18b]. Of pivotal importance in Lusztig’s theory is the quasi R-matrix
© which lives in a completion of U~ ® UT and intertwines two bar involution on
A(Uy(g)), see [Lus94, Theorem 4.1.2]. For the symmetric pair of type AIII with
X = (), Bao and Wang showed in particular that there exists an intertwiner ©%
in a completion of B, ® Ut which plays a similar role as the quasi R-matrix ©.
The existence of the intertwiner © was established in full generality in [Kol17].
Following the program outlined in [BW18a], the intertwiner ©Y was used in [BK],
[Koll7] to construct a universal K-matrix for quantum symmetric pairs. The uni-
versal K-matrix is an analog of the universal R-matrix for U,(g). For this reason
we call the intertwiner % the quasi K-matriz for Be.

The construction of the quasi K-matrix in [BW18a], [BK] is recursive and based
on the intertwiner property for the bar involutions on U,(g) and B.. This dif-
fers from the situation with (quasi) R-matrices. Drinfeld constructed universal
R-matrices for the doubles of all Hopf algebras as sums of dual bases [Dri87]. In
this direction, the quasi R-matrix © has a second description in terms of dual bases
of U™ and U™ with respect to a non-degenerate pairing, see [Lus94, Theorem 4.1.2].
It is an open question to give a similar description of the quasi K-matrix 6.

Problem II. Give a conceptual, non-recursive description of the quasi K-matrix
©Y for quantum symmetric pairs in terms of dual bases of U~ and U*. This
description should be parallel to the Drinfeld-Lusztig construction of the quasi R-
matrices © as sums of dual bases, and should not involve the bar-involutions which
are not applicable in closely related situations, such as roots of unity.

For large classes of examples there exist explicit formulas for the quasi K-matrix,
see [DK18]. However, these formulas do not come from dual bases on U~ and U™.

1.3. Goal of this paper. In the present paper we propose a construction of sym-
metric pairs for pre-Nichols algebras which extends Letzter’s construction of quan-
tum symmetric pairs. To keep things manageable, we restrict to pre-Nichols alge-
bras of diagonal type. For quantum symmetric pairs this means that we restrict
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to the case X = (). The theory developed in the present paper includes examples
of symmetric pairs for quantized enveloping algebras at roots of unity, quantum
Lie superalgebras, and the more exotic examples which arose from Heckenberger’s
classification [Hec09] of Nichols algebras of diagonal type. We do not place any
restrictions on the Gelfand-Kirillov dimension of the pre-Nichols algebra. The case
of general X will involve Nichols algebras for Yetter-Drinfeld modules over more
general Hopf algebras. We intend to address this more general case in the future.
One of the upshots of this is an intrinsic construction of quantum symmetric pairs
in terms of a base Hopf algebra H, an involutive Hopf algebra automorphism of H,
and an isomorphism between two Yetter-Drinfeld modules for H.

For pre-Nichols algebras of diagonal type we develop a general theory in full
analogy to Letzter’s theory [Let99], [Let02], [Koll4]. For a symmetric bicharacter
X : Z™ x Z™ — k, we consider a Hopf algebra U(x) with triangular decomposition
U(x) 2 Ut x Hx U~ where H = k[Z"] is the group algebra of Z" and U, U~
are pre-Nichols algebra associated to y. We call U(x) the Drinfeld double of U™,
see Remark 2.1. We define a coideal subalgebra B, C U(x) which depends on
parameters ¢ = (¢;) € k™ and is generated by elements analogous to those given in
(1.1). The coideal subalgebra B, has a natural filtration and we determine the set
of parameters ¢ for which gr(B.) is isomorphic to a partial bosonization Hy x U~.

In this setting we answer Problems I and II from Section 1.2. Lusztig’s quasi R-
matrix © also exists in the general setting of the present paper. To answer Problem
I, we define two associative products on Hy x U~ . First, by a twisting construction,
we define a product * by a closed formula which only involves the quasi R-matrix
O and an explicitly given algebra homomorphism & : U~ < Ut x H. Secondly, we
use a linear isomorphism

P:Be— Hogx U™,

coming from a triangular decomposition of U(x), to push forward the algebra struc-
ture on B.. We develop a general theory of star products on N-graded algebras
generated in degree 0 and 1 to show that the two algebra structures on Hy x U™
coincide. Hence the map 9 : B — (Hg X U™, %) is an algebra isomorphism.

To resolve Problem II we need to restrict to the case where U, U~ are Nichols
algebras. We show that the element

(1.3) e = (v~ ®id)(©)

which lives in a completion of B, ® U™, has all the desired properties of a quasi
K-matrix, and indeed coincides with the quasi K-matrix in the case of quantum
symmetric pairs. We then use ©Y to essentially construct a universal K-matrix
for B. in the setting of Nichols algebras of diagonal type. We do not discuss the
representation theory of U(), but follow an approach proposed by N. Reshetikhin
and T. Tanisaki for universal R-matrices in [Tan92], [Res95]. We obtain a weak
notion of a universal K-matrix, which consists of an automorphism of a completion
of B, ® U(x) which satisfies the properties of conjugation by a universal K-matrix.
In the following we discuss the results of the present paper in more detail. All
through this paper the symbol N denotes the natural numbers including 0, that is
N={0,1,2,...}.

1.4. Symmetric pairs for pre-Nichols algebras. For the construction of the
Hopf algebra U(x) we mostly follow [Hec10], which extended Lusztig’s braid group



SYMMETRIC PAIRS FOR NICHOLS ALGEBRAS OF DIAGONAL TYPE 5

action to Nichols algebras of diagonal type, but we allow pre-Nichols algebras as
introduced in [Angl6]. Associated to the bicharacter x is a Yetter-Drinfeld module
V*(x) with basis {E1, ..., E,}. We consider the corresponding pre-Nichols algebra
Ut =T(V*(x))/Z where T is a Z"-graded biideal of the tensor algebra T'(V(x)).
We then form the bosonization U+ x H and consider a quotient U (x) of the quantum
double of UT x H obtained by identifying the two copies of H. The Hopf algebra
U(x) is a natural generalisation of U,(g). In particular, it is generated by elements
E; F;, Kiil fori € I = {1,...,n}, has a triangular decomposition U(x) = U™ x H x
U, and satisfies relations similar to those for U,(g), see Section 2.1. Let {e; |7 € I}
be the standard basis of Z", and let 7 : I — I be an involutive bijection such that
X(ariy, ar)) = Xx(i,a ) for all i,j € I. We define B to be the subalgebra of
U(x) generated by the elements given in (1.1) where ¢ = (¢, ..., ¢,) € k™ are fixed
parameters. Moreover, we let Hy denote the subalgebra of H generated by the
elements KiK;é) for all ¢ € I. The algebra B; has a natural filtration given by
the degree function deg(B;) = 1, deg(KZ-K;é)) = 0. There is always a surjective
algebra homomorphism

(1.4) p:gr(B.) > Hyx U™

We use linear projection maps w0 : U(x) = H and P, : U(x) = U(x) for p € Z",
which were first defined in [Let02], to show the following result.

Theorem A. (Theorem 2.13) The map ¢ is an algebra isomorphism if and only if
the following condition holds:
(c) The ideal T C T(V*t(x)) is generated by homogeneous, noncommutative
polynomials p;(E1, ..., Ey) for j =1,...,k of degree \; € N", respectively,
fO?” which 70,0 © P_)\j (pj(Bla ceay Bn)) =0.

As in the quantum case, the map ¢ is an isomorphism if and only if the pair
(U(x), Be) admits an Iwasawa decomposition analogous to (1.2), see Remark 2.15.

Let U(x)P°Y be the subalgebra of U(x) generated by the elements EiKi_l, F;,
K, KZ-KT_(% for all i € I. The algebra U(x)P°Y contains B, and has a natural
surjection x : U(x)P°YY — Heis(x) onto a Heisenberg double Heis(y) associated to
the bicharacter x. By construction, the kernel of & is the ideal generated by K !
for all i € I. We can consider the image B, = k(B) inside Heis(x). Again we have
a natural filtration given by a degree function and a surjection

D:gr(Be) > Hyx U™
It turns out that map @ is an algebra isomorphism irrespective of the choice of
parameters c. Let G" be the subalgebra of Heis(x) generated by the elements
k(B K; ') for alli € I.
Theorem B. (Theorem 2.9) The map @ is an isomorphism, that is, the pair
(Heis(x), Be) always admits an Twasawa decomposition Heis(y) = G @ B..

The algebra U (x)P°Y has an N-filtration given by the degree function defined by
deg(B;K; ') = deg(Fy) = deg(K; ') =1, deg(l;K_;)) =0

(%
for all i € I. We call the associated graded algebra Heis(x)Y = gr(U(x)P°Y)

the negative Heisenberg double associated to Ut. We observe that condition (c)
in Theorem A can be verified in the negative Heisenberg double. Indeed, the
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projection map 7o o has an analog my, : Heis(x)" — H. For all i € I set B} =
F;+ ¢;E.;)K; " € Heis(x)".

Theorem C. (Theorem 2.17) For any homogeneous, noncommutative polynomial
p(x1,...,x,) of degree A € N™ we have

70,0 © P>\<p<B1’ .. '7Bn)) = 7r(\)/,O(p(Blv7 .. "BT\{))'

The point of Theorem C is that calculations in Heis(x)Y are easier than calcu-
lations in U(x). We can summarize the situation in the following diagram:

EC « 5 ﬁ'(X)poly | SN ﬁ‘(X)

A A

By > U(x)PY —— U(x)

/ /\

B. —— Heis(x Heis(x)V

Here the tildes ~ denote the versions of U(x), Be, U(x)P°Y in the case where the
biideal Z is trivial, that is Z = {0}. In this case U(x) = T(V*(x)) is just the tensor
algebra. The map 7 denotes the canonical projections.

In Section 3 we apply Theorems A and C to various classes of examples. For
each example class we determine the parameters ¢ € k™ for which the maps ¢ in
(1.4) is an algebra isomorphism. In each case the calculation simplifies significantly
because Theorem C allows us to calculate in the negative Heisenberg double. We
first consider quantized enveloping algebras in Section 3.1 extending known results
from [Let02], [Kol14] to the root of unity case. In Section 3.2 we consider the small
quantum groups u¢(sl3) where ( is an arbitrary root of unity. The calculations for
this example naturally lead us to consider the Al-Salam-Carlitz I discrete orthogonal
polynomials Ul (z; q) originally defined in [ASCG65], see also [KLS10]. As further
examples we consider quantized enveloping algebras of Lie superalgebras of type
sl(m|k) and the distinguished pre-Nichols algebra of type ufo(8) in Sections 3.3 and
3.4, respectively.

1.5. Star products on partial bosonizations. In Section 5 we introduce star
products and apply them to solve Problem I from Section 1.2. We define a star
product on an N-graded k-algebra A = . yA; to be an associative bilinear
operation

jEN

x: AxA— A, (a,b)—axb
such that
axb—abe€ Acmin foralla € A,,, b€e A,.

A star product will be called 0-equivariant if

axh=ah and h*xa=ha forall he€ Ay,ac€ A.

Star products provide us with an efficient way to prove that two filtered defor-
mations of A are isomorphic. Namely, if A is generated in degrees 0 and 1, and
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Ay =), AgF; A for a subset {F;} C Ay, then every 0-equivariant star product on
A is uniquely determined by the collection of k-linear maps

(1.5) ueA— Fxu— Fu€ A,

see Lemma 5.2. The above conditions are satisfied for the algebra A = Hy x U~
which is graded with Ay = Hy and Ay = Hyspan, {F;|i € I}.

We have the decomposition U(x)P?Y = (Hy x U~) @ k(K; ', E;K;* | i € I).
Consider the k-linear map 1 : U(x)P°Y —» Hy x U~ which is the identity map on
Hy x U™ and is the algebra homomorphism given by K;l — 0, Einl — 0 on the
second factor. By restriction to B, we obtain the following commutative diagram:

Be —— (Hy x U™) @ k(K[ L EKY [ € I) ——— U()P°Y

\)lw

Hyx U™

In the setting of quantized enveloping algebras the map 1) recently appeared in [Let,
Corollary 4.4]. Tt turns out that the restriction of 1) to B is a linear isomorphism
if and only if the map ¢ given by (1.4) is an algebra isomorphism, see Remark 5.4.
We may hence use the map v to push forward the algebra structure from B, to
Hygx U™.

Theorem D. (Theorem 5.5) If the map ¢ is an algebra isomorphism (i.e. if
(U(x), Be) admits an Iwasawa decomposition), then the the restriction 1 : B, —
Hy x U™ is an algebra isomorphism to the uniquely determined 0-equivariant star
product on Hy x U™ such that

Fyvu = Fou+ ¢igir)(Ke i) K; )0k (u) forall ie€lueU~
where OF are the frequently used skew derivations of U~ given by (4.11)—(4.12).

In addition to determining the algebraic structure of B., Theorem D also gives
an effective way for the explicit description of the relations among the generators
of B¢. In Proposition 5.9 we prove that the relations among the generators F; and
KiK;é) of the star product algebra (Hy x U™, *) are the relations with respect to

the usual product on Hy x U~ but re-expressed in terms of the star product, see
Section 5.4 for details and examples.

In Section 4.4 we define a second associative binary operation x on Hy x U~.
Denote by Uz, . the Nichols algebras that are factors of U+ and by U())max the
corresponding Drinfeld double. By [Hecl0, Theorem 5.8] there exists a pairing of
Hopf algebras
(1.6) () Ymax : (Hx U,

max

Y@ (UL 3 H) =k

max

which is nondegenerate when restricted to Uy, ® U .. The pairing induces a left

action > and a right action < of Ut x H on H x U™, see Section 4.1. The pairing

(1.6) allows us to define quasi R-matrix for U(X)max @s a sum of tensor products
of dual bases of U, and U . We write formally

max-*

(1.7) 0= (-)"F, @B,
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In Sections 4.1 and 4.2 we show that this quasi R-matrix retains essential properties
of the quasi R-matrix for quantum groups in [Lus94]. There exists an algebra
homomorphism & : U, < Uf,, x H such that (F;) = ¢, ;) K;E.(;) for all i € I,
see Section 4.3. The associative binary operation x on Hy x U~ is defined solely
in terms of the quasi R-matrix © and the algebra homomorphism ¢ and exists

irrespective of the choice of parameters c. Let S denote the antipode of U(X)max-

Theorem E. (Theorem 4.7, Proposition 5.6 and Corollary 5.7) For any c € k™ the
operation

(18)  fxg= > (~DI@(F)eNE,lga (S (E,)K,)] forall f,ge U™

defines a 0-equivariant star product * on Hg x U~. The star product x coincides
with the star product x from Theorem D when the latter is defined.

Theorem E provides the desired explicit formula for the star product on Hy x U~
and hence solves Problem I. The main step in the proof of the first part of Theorem
E is to show that the bilinear operation x defined by (1.8) is associative. The
second statement then follows by comparison of the linear maps (1.5) for the two
star products x and x.

In the situation of Theorem D, the algebra isomorphism 1 turns the algebra
(Hyp x U™, %) into a U(x)max-comodule algebra. In Section 4.5 we give an explicit
formula for the corresponding coaction A,. This formula again only involves the
quasi R-matrix © and the homomorphism @. The U (x)max-comodule algebra struc-
ture on (Hy x U™, *) again exists irrespective of the choice of parameters ¢ € k™.

1.6. Quasi K-matrices versus quasi R-matrices. In Section 6 we address Prob-
lem II from Section 1.2. We need to restrict to the case that U* = UL are Nichols
algebras and we assume that the conditions of Theorem D are satisfied. Under these
assumptions the map 1) is an isomorphism and we may define an element 07 in a
completion of B, ® U by (1.3). In Proposition 6.1 we give explicit formulas for
(A®id)(©%) and (id® A)(6Y) which are analogs of the formulas for (A®id)(0) and
(id ® A)(©) in [Lus94, 4.2]. We then show in Proposition 6.2 that © satisfies an
intertwiner property which reproduces the intertwiner property for bar involutions
of B, and U,(g) from [BW18a, Proposition 3.2] in the case of quantized enveloping
algebras. For this reason we call ©¢ the quasi K-matrix for the pair (U (x)max; Be)-

The following diagram illustrates our double construction for quasi K-matrices
versus the Drinfeld—Lusztig construction for quasi R-matrices:

Ut . xH

max

7z (H9 X UI;&X’*)
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The two axes represent the decomposition U(X)max = (U X H') @ (Hg X Uppax)
for a Hopf subalgebra H' of H, and the corresponding quasi R-matrix is a sum of
dual bases of Uy, and U] .. The diagonal represents the coideal subalgebra B
which is isomorphic via the projection v to a star product on the horizontal axes,
and the corresponding quasi K-matrix is the pull back under 1~ ®id of the quasi
R-matrix.

In Section 6.3 we review the theory of weakly quasitriangular Hopf algebras from
[Tan92], [Res95], see also [Gav97]. This theory is extended to comodule algebras
in Section 6.5. The notion of a weakly quasitriangular comodule algebra captures
the existence of a universal K-matrix. Using the coproduct identities and the

intertwiner property for ©¢ we show the following result.

Theorem F. (Theorem 6.15) Under the above assumptions the coideal subalgebra
Be of U(X)max s weakly quasitriangular up to completion.

Acknowledgements. We would like to thank Nicolds Andruskiewitsch, Ivan An-
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versity in March 2017. This visit was supported by a Scheme 4 grant from the
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2. THE SIZE OF COIDEAL SUBALGEBRAS OF HEISENBERG DOUBLES AND
DRINFELD DOUBLES

In this first section we describe the general setting and introduce the coideal
subalgebras B, which are the main objects of investigation in the present paper.
The algebras B have a natural filtration. We determine the parameters c for which
gr(B.) is of the right size. To this end we use methods first employed for quantized
universal enveloping algebras by G. Letzter in [Let02, Section 7].

2.1. The setting. We review the Drinfeld double (7()() of the tensor algebra of
a braided vector space of diagonal type, following [Hecl0O, Section 4]. We will
need in particular the description of ideals of U (x) which preserve the triangular
decomposition from [Hec10, Proposition 4.17]. This allows us to consider quotients
of U(x) which are generalizations of Drinfeld-Jimbo quantized enveloping algebras
for deformation parameters including roots of unity.

Let k be a field and set k* = k\ {0}. Let I = {1,...,n} and let {o;|i € I}
denote the standard basis of Z". Let H = k[K;, K; ' |i € I] denote the group
algebra of Z™. Let x : Z™ x Z"™ — k> be a bicharacter and set ¢;; = x(c, o) for
all 4,7 € I. In this paper we always assume that the matrix (¢;;) is symmetric,
that is ¢;; = g;; for all 4, j € I. Recall that every bicharacter is twist-equivalent to
a symmetric bicharacter, and that the corresponding Nichols algebras are linearly
isomorphic, see [AS02, Proposition 3.9]. Let

Vi(x) € 8YD, V (x) € BYD

be the Yetter-Drinfeld modules with linear basis {E;|i € I} and {F;|i € I},
respectively, such that the left action - and the left coaction § of H on V*(x) and
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on V7~ (x) are given by

K Ej=q;E;, (B;)=K;® E;,

K;-Fj=q;'F;, §(F)=K;'®F,

respectively. Let T(V*(x)) and T(V~(x)) denote the tensor algebras of VT (x)
and V™ (x), respectively. Recall that T(V*(x)) and T(V~(x)) are braided Hopf
algebras in the category £YD. Let T(V*(x)) x H and T(V~(x)) x H denote the
bosonization of T(V*¥(x)) and T(V~(x)), respectively, which are Hopf algebras,
see [Rad85], [Maj94], [HeclO, (4.5)]. We write (T'(V~(x)) x H)®P to denote the
Hopf algebra structure on T'(V = (x)) x H with the opposite coproduct. There exists
a skew Hopf-pairing between T(V T (x)) x H and (T(V~(x)) x H)P, see [Hecl0,
Proposition 4.3]. We consider the quotient of the corresponding Drinfeld double by
the ideal identifying the two copies of H

() = ((T(vVH()) % H) @ (T(V= () % H)™) /(KL = 1]i € T)

(2.1)

where L; denotes the inverse of K; in the second copy of H, see [Hecl0, Definition

4.5, Remark 5.7]. More explicitly, U(x) is a Hopf algebra generated by the elements
Ei,Fi,Ki,Ki_l with coproducts

A(E;))=E;®1+ K; ® E;,

(2.2) AF)=FoK '+10F,

A(K) = K; @ K;
for all ¢ € I. Defining algebra relations for U (x) are given by

KK ' =1,

(2.3) KiE; = q;;E;K;,  KF; = q;; F;K;,

E,F; — F;E; = 6, j(K; — K; ),
for all 4,5 € I, see [Hec10, Proposition 4.6]. In view of the defining relations (2.3)

of U(x) it follows that w extends to an isomorphism of Hopf algebras w : U(y) —
U(x)®°P such that

w(Ki) = Li7 w(Li) = Ki w(El) = Fi w(Fl) = Ei,
for all ¢ € I. The automorphism w is denoted by ¢3 in [Hec10, Proposition 4.9.(6)].

The algebra U (x) has a triangular decomposition in the sense that the multipli-
cation map

(2.4) TV ()@ HOT(V(x)) = U(x)
is a linear isomorphism, see [Hecl0, Proposition 4.14]. We write this as
U(x) =TV (x) % Hx T(V"(x))

to indicate that the bosonizations T'(V T (x))x H and HxT(V~(x)) = (T(V~(x) x
H)P are subalgebras of U(x). We will use similar notation for other triangular

decompositions later in the paper. We are interested in ideals of U (x) which are
compatible with the triangular decomposition. Let

¢ @ TVH)m

m=2
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be a Z"-graded biideal of T(V*(x)). By [Hecl0, Corollary 4.24] the subspace
THT(V=(x)) is a Hopf ideal of U(x). Similarly one shows that the subspace
T(V*(x))Hw(ZT) is a Hopf ideal of U(x). Let (Z,w(Z)) denote the ideal of U(x)
generated by Z and w(Z). We define

Ux) =U)/(Z.w(@)), U =TV )/, U =TV (x)/wD.
By [Hecl0, Proposition 4.17] the Hopf algebra U(x) has a triangular decomposition
(2.5) U)=UT xHx U™,

The subalgebras U and U~ are pre-Nichols algebras as defined in [Angl6]. Re-
call from [Angl6] that a pre-Nichols algebra of a braided vector space V is any
graded braided Hopf algebra of the form T'(V')/Z where Z is a graded biideal. In
particular, if we choose Z = Zpax(x) € T(VT(x)) to be the maximal Z"-graded
biideal in @, _, (V" (x))m, then U™ is the Nichols algebra of VT (x). We allow
more general graded biideals Z to cover non-restricted specializations of quantized
universal enveloping algebras at roots of unity [CKP92].

Remark 2.1. The algebra U () is a factor of the Drinfeld double of the bosonization
of UT. For the sake of brevity, we will refer to U(x) as the Drinfeld double of the
pre-Nichols algebra U™ .

We end this introductory section by recalling two projection maps which play an
important role in Letzter’s theory of quantum symmetric pairs, see [Let02, Section
4, Lemma 7.3]. Let G~ be the subalgebra of U(x) generated by the elements F;K;
for all i € I. We can rewrite the triangular decomposition (2.5) as

Ux)=U"xHxG™.

As a vector space U(x) has a direct sum decomposition

(2.6) Ux)= P UTK.G™.

AGZ"L
Here we write Ky = K} - -« K} for any A = (Ay,...,\,) € Z". For A € Z" let
(2.7) P\ :U(x) — U+K)\G7

be the canonical projection with respect to the direct sum decomposition (2.6). It
follows from the definition of the coproduct (2.2) that P\ is a homomorphism of
left U(x)-comodules, that is

(2.8) A(Py(2)) = (d @ P\)(A(2))
for all x € U(x). The algebras U™ and U~ are Z"-graded with deg(E;) = a; and
deg(F;) = —a; for all i € I. Degrees of homogeneous elements in Ut and U™ lie in
N™ and —N", respectively. Hence we obtain a second direct sum decomposition
(2.9) Ux)= @ USHUZ,.

a,EN?

For o, 8 € N™ let
(2.10) Tap: Ulx) = UOJ[HU__ﬂ

denote the canonical projection with respect to the direct sum decomposition (2.9).
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2.2. The partial bosonization Hy x U~ and the coideal subalgebra B.. Let
7 : I — I be a bijection such that 72 = id and Qi = qr@i)r(j) for all 4,5 € I. We
may consider 7 as an automorphism of the braided bialgebra T'(V*(x)). We always
assume that the ideal Z used to define U(y) satisfies the relation 7(Z) = Z. We
also consider 7 as a group automorphism of Z" given by 7(c;) = a,(;) for all i € I.
Let 6 : Z™ — Z™ be the involutive group automorphism given by

O(A) = —7(A) for all A € Z"
and set
(2.11) g ={Ne€Z"|0(N) = A},

Define Hy to be the subalgebra of H generated by the elements KZ-K;(% for all
i € I. By construction, Hy is the group algebra of Zjy. We call the subalgebra
Hy x U™ of U(x) generated by Hp and U~ the partial bosonization of U~. As a
vector space we have Hy x U~ = Hy @ U™

For ¢ = (c1,...,¢,) € k™ we define B, to be the subalgebra of U(x) generated
by Hy and the elements

B; = F; 4+ ¢;E;) K" foralli€l.

7

The definition of the coproduct A on U(x) implies that
(212) AB)=Bi®K;'+1®F + K, )K; ' ® E;,(z3 K" foralliel
and hence B. C U(x) is a right coideal subalgebra, that is
A(B.) C Be®U(x).
The algebra B has a filtration F defined by the degree function given by
deg(B;) =1 forall i € I,

2.13
(2.13) deg(h) =0 for all h € Hy.

In the following we want to compare the associated graded algebra gr(B.) with
the algebra Hy x U~. To this end, we first introduce some more notation. For any
multi-index J = (j1, ..., jm) € I™ we write |J| = m, and we write Fy = F},-----F} |
and By =Bj, -+ B;,.. The commutation relations (2.3) imply that KZ-K;(%BJ» =
qigqu(i)ijKiK;(;) foralli,j € I and hence B, = 5" ; HyBjy. Let p = p(x1,...,2,)
be a noncommutative polynomial in variables z; for ¢ € I. To shorten notation
we write p(E) = p(Fi,. ., Fn), p(E) = p(Er,.... En), p(B) = p(Bi..., Ba),
p(ETK_l) = p(E.,.(l)Kfl, ey E.,.(n)Kgl), p(KET) = p(KlET(l), ceey KnET(n)) and
p(F, K1) = p(FT(l)Kl_l7 .. ,FT(n)Kgl). For any m € N define
UZ,, = span, {F, ... Iy, [ j < m}.

By definition of the generators B; and the defining relations (2.3) of U(x) we have
(2.14) Fm—-1(Be) C U+HU§_m—l for any m € N.

Hence, if p be a non-commutative, homogeneous polynomial of degree m then

p(B) € Fn-1(Be) = p(E)=0.
Hence we obtain a surjective homomorphism of graded algebras

(2.15) p:gr(B.) > Hyx U™
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such that ¢(B;) = F; and p(h) = h for alli € I, h € Hy. We want to know under
which conditions the map ¢ is an isomorphism. To this end, for any homogeneous
noncommutative polynomial p of degree m we consider the following property

(Bc'rel) p(E) =0 = p(ﬁ) € ]:mfl(Bc)'

We consider the set N of all degrees for which homogeneous relations in U~ lead
to relations in B, that is

(2.16) Ny = {k € N|any polynomial p of degree m < k satisfies (Bc-rel) }.
By definition of Ny the map ¢ is injective if and only if N, = N.

Proposition 2.2. The map ¢ is an isomorphism of graded algebras if and only if
I\Irel =N.

In Section 2.5 we will formulate necessary and sufficient conditions on the pa-
rameters ¢ which imply that Ny, = N. First, however, we show in Section 2.4 that a
quotient of B, inside a Heisenberg double satisfies the relation Ny, = N irrespective
of the parameters c. For later reference we note the following technical lemma.

Lemma 2.3. Let p be a homogeneous polynomial. The following are equivalent:

(1) p(F) =0,
(2) p(E) =0,
(3) p(E:K~ ') =0,
(4) p(KET) =
(5) p(FrK~ ') =0.

Proof. The equivalence between (1) and (2) follows from p(E) = w(p(F)). As
7(Z) = Z, the latter is equivalent to p(E.(1),...,Er)) = 0. By the triangular
decomposition (2.5), this is equivalent to the relation p(ET(l)Kl_l, LB Kt =
0 in U(x). Indeed, the factor which is obtained by commuting all negative K-
powers to the very right of any monomial of weight A € Z™ depends only on A and
not on the monomial because (g;;) is symmetric. This shows that (2) and (3) are
equivalent. The equivalence between (2) and (4) is verified analogously, and so is
the equivalence between (1) and (5). O

2.3. The Heisenberg double. Let U(x)P°Y be the subalgebra of U(y) gener-
ated by the elements F;, Einl, K;l, KZ-K;(; for all i € I. Let G denote the

subalgebra of U(x) generated by the elements EZ = EK; Yfor all i € I. The
following description of U(x)P°Y in terms of generators and relations follows from
the corresponding description of U ().

Lemma 2.4. The algebra U(x)P°Y is the factor of the free product of the algebras
G, U™, Kk[Kx|Ae-N"+7Zp]

by the relations

(2.17) K\E; = x(\, ai)Ei Ky,  ExF; = x(\, a;) ' F, K
forie I, A€ =N" 4+ 7Zg and the cross relations
(218) q;lﬁle - FJEZ = (5”(1 — K;Q)

fori,jel.
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It follows from the above Lemma and from the triangular decomposition (2.5)
of U(x) that U(x)P°Y has a triangular decomposition

(2.19) UX)PY 2GTok[Ky\| e -N"+Z3|@U".
Observe that U(x)P°Y is a sub-bialgebra of U(x) but not a sub-Hopf algebra. By
construction we have B, C U(x)P°Y. By definition of the coproduct (2.2) the two
sided ideal 3~ = (K ' |i € I) in U(x)P°Y is a right coideal, that is
A7) ST UK.

Hence the quotient Heis(y) = U(x)P°Y /3~ is a right U(x)P°Y-comodule algebra
with generators F; = Einl, F;, KZ-K;(% for i € I. We call Heis(x) the Heisenberg
double associated to bicharacter y and the pre-Nichols algebra UT. We write

A : Heis(x) — Heis(x) ® U(x)P°Y

to denote the coaction. Let x : U(x)P°Y — Heis(x) be the projection map and
observe that

(2.20) A(k(z)) = (k ®id) A(x) for all x € U(x)P°V.
Lemma 2.4 implies that Heis() is the factor of the free product of G, U~ and
E[Kx| A € Z}] by the relations (2.17) for i € I, A € Zj and the cross relations
a; EiF; — FjE; = 6
for 4,7 € I. This implies that Heis() has a triangular decomposition
(2.21) Heis(x) =2 G* x Hg x U™
where Gt = k(E; |i € I).

Remark 2.5. In the special case of the quantized universal enveloping algebra U,(g)
of a symmetrizable Kac-Moody algebra at a non-root of unity ¢ and 7 = id, the
algebra Heis(x) is isomorphic to Kashiwara’s bosonic algebra %,(g) [Kas91, Section
3.3]. When g is finite dimensional, in [GY, Theorem 6.2] it was proved that it has
the structure of a quantum cluster algebra; the algebra was denoted by U, > ur
in [GY, Theorem 4.7, Remark 4.8].

The projection maps Py for A € Z™ and 74 g for a, 8 € Z} from the end of Section
2.1 have analogs for the Heisenberg double. For a € Z7 we write Gf = UTHNG™.
In view of the triangular decomposition (2.21) of the Heisenberg double we get a
direct sum decomposition

. _ + -
(2.22) Heis(y) = @ Go KU .
a,fEN", ueZy
Now the projection Py from (2.7) induces a projection
(2.23) Py:Heis(x) » @ GIK. U,
p—a—p=X\
By (2.8) we obtain
(2.24) Ao Py(r) = (id® Py)A(z)  for all z € Heis(y).
Moreover, for a, 8 € Z7} let

(2.25) Ta,p - Heis(x) — G;'H(;U:B
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be the projection with respect to the decomposition (2.22). We consider the partial
order on Z™ given by

(Uto-sdn) S UL-ndn) = Ji<yjp fori=1,....n
For later use we note the following property of the projection map (2.25).

Lemma 2.6. Let u € Heis(x) and let a € N™ be mazimal with respect to the partial
order such that Ta g(u) # 0 for some 8 € N*. Then

0 % (id @ 7a.0) A(u).

Proof. Using the direct sum decomposition (2.22) we write

0
u= Y Ty
v,BEN" I
where 2, ; € G,j are linearly independent, and ug”@’i € Hy and y_g,; € U__ﬁ. Let
now « be as in the assumption and set

Uq = Z za,iugﬁ’iy_ﬁ’i
BEN™ 4
and uxq = U — Uo. By the maximality of a we have

(id ® Ta,0) A(usza) = 0.
Hence, using Sweedler notation for the coaction A in the form A(u) = U(0) @ U(1)
we obtain

(id® 7Ta70)Z(U) =({d® ﬂ'a,o)Z(ua)

0 0
= Z Ua,8,i(1)Y—B,i ® Ta,illa,p,i(2) B -p
BEN™ ¢

and the latter expression is non-zero by the linear independence of the z, ;. ([

2.4. Relations in B,. Recall the projection map x : U(x)P°Y — Heis(x) and
define B, = k(B.). We also use the notation Z = x(z) for z € U(x)P°Y and write
in particular B; = x(B;) for all i € I. We proceed as in Section 2.2. The algebra
B, is filtered by a degree function with deg(B;) = 1 for all i € I and deg(h) = 0

for all h € Hy. Let gr(Bc) denote the associated graded algebra. We obtain a
surjective homomorphism of graded algebras

@:egr(Be) = Hyx U™

such that p(B;) = F; and g(h) = h for alli € I, h € Hy. For any non-commutative
polynomial p in variables w1, ..., x, we write p(B) = p(By, ..., By). Assume that
the noncommutative polynomial p has degree m. In analogy to property (Be-rel)
we are interested in the following property

(Be-rel) p(F)=0 = p(B) € Fn_1(Be).

We consider the set N,¢ of all degrees for which homogeneous relations in U~ lead
to relations in B, that is

(2.26) N, = {k € N|any polynomial p of degree | < k satisfies (Be-rel) }.

We know that 1 € N1 The following lemma provides a main step in the proof
that N = N, below.
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Lemma 2.7. Let 3 € Z™ with > 0 and n € Nyo. Then

K(G_ng) N Z H@EJ = {0}
[71<n
Proof. Let a € k(G"K_g) N> ., HyB;. Choose k € Ny minimal such that
a € K(GTK_g) N> ;.. HoB. We want to show that k = 0. Assume on the
contrary that k > 1 and write a = ag + ap with ag € ZlJlgk—l HyBj and a;, €
Z‘J‘:k HyB,;. By the minimality of k¥ we have ay # 0. Write ay, = >, h;p;i(B)
where h; € Hy are linearly independent and p; = p;(x1,...,x,) are homogeneous
polynomials of degree k. The relation a € k(G~K_g) together with the definition
of the generators B; of B. (and the linear independence of the h;) imply that
pi(E;K~') = 0. Hence we have p;(F) = 0 by Lemma 2.3. As k € N, we obtain
pi(B) € ZlJlskﬂ HyBj;. But then a = ag +ay, € Z|J|§k—1 HyBj in contradiction
to the minimality of k. Hence the assumption k£ > 1 was incorrect and we obtain

k = 0. Hence a € x(G"K_g N Hy) = {0} which concludes the proof of the
lemma. g

With these preparations we can show that B, is not too big.
Proposition 2.8. N, = N.

Proof. We proceed by induction. Let k& € N and assume that {1,...,k—1} C Nyo.
Let p be a polynomial of degree k such that p(F) = 0. Without loss of generality we
may assume that p is homogeneous of degree A € Z" with |\| = k. Write Y = p(B)
and Z = P_,(Y) where P_j, is the projection operator from (2.23). Note that
Z € Be by (2.24). Relations (2.12) and (2.20) imply that

AY)eY@K x+ Y. HyB;oU(X)™.
|J]<k—1
Hence (2.24) implies that the element Z satisfies the relation
(2.27) AZ)eY®K x+ Y. HgB;&P\(UX™Y).
|J|<k—1
We now prove Z = 0 as in [Koll4, Proposition 5.16]. Assume that Z # 0. Let
a € 77 be maximal with respect to the partial order such that 7, g(Z) # 0 for

some 3 € Z}. By Lemma 2.3 we know that o < A. Moreover, by Lemma 2.6 we
have

(2.28) 0# ({d®Ta,0)A(2) € K(GTK_xja) UTK_,.
If o # 0 then (2.27) implies that

(id @ Ta.0)A(Z) € (/i(G_K,)\Jra) ny H(,E,) QU*K_,.
|J]<k—1
However, the left hand side of the above expression is {0} by Lemma 2.7 in contra-
diction to (2.28). Hence @ = 0 and Z € k(G K_)). But then the relation p(£) = 0
implies that Z € @4, K(G_zK_») = {0}. Hence Z = 0.
Now we apply the counit € to the second tensor factor in (2.27) to obtain

Ye > HpBj.
| 7| <k—1
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Hence the polynomial p satisfies property (Bc-rel). This proves that k € Ny O

We can now repeat the argument which led to Proposition 2.2 to obtain the
following result.

Theorem 2.9. For all pre-Nichols algebras UT of diagonal type and c € k™, the

map @ : gr(Be) = Ho x U™ is an isomorphism of graded algebras.

2.5. Relations in B.. We now want to see how much of the argument in the
previous section translates from B, to the algebra B.. Recall the definition of the
subset Ny C N from (2.16). A word by word translation of the proof of Lemma
2.7 gives the following result.

Lemma 2.10. Let § € Z™ with 8 > 0 and n € Ny . Then
G K_3gn Y  HpB; ={0}.
|J]<n
Translating the initial steps of the proof of Proposition 2.8 into the setting of B,

we obtain the following result.

Proposition 2.11. Let p be a homogeneous polynomial of degree A € Z™ with |\
minimal such that p(F) =0 but

p(B) ¢ Y HyBy.
[JI<IAl
Then P_x(p(B)) = m,0(P-x(p(B))) = apK_» for some a, € k* and hence K_j €
B..

Proof. Write Y = p(B) and Z = P_,(Y). Equation (2.12) for the coproducts of
the generators B; implies that

A(Y) cY®R®K_)+ Z HGBJ®U(X)pOIy.
[J]<IA]-1
Hence (2.8) implies that the element Z satisfies the relation
(2.29) AZ)eY®K x+ Y. HoB;@P_y(UX)PY).
[JI<IAl-1

If Z = 0 then we can apply the counit € to the second tensor leg of the above
expression and obtain Y € ZIJISIM—I HyBj; in contradiction to the assumption.
Hence Z # 0.

Let o € Z" be maximal such that 7, g(Z) # 0 for some 3 € Z". By Lemma 2.3
we know that o < A\. Moreover, in complete analogy to Lemma 2.6, we obtain

(2.30) 0# ({d®7Ta0)AZ2) € GTK _)ia @UTK_,.
If & # 0 then (2.29) implies that
(id @ ma.0)A(Z) € (G‘K,Ha n oy HgBJ) QUTK_,.
[II<IAI-1

However, the left hand side of the above expression is {0} by Lemma 2.10 in con-
tradiction to (2.30). Hence « =0 and Z € G~ K_j.



18 STEFAN KOLB AND MILEN YAKIMOV

Now choose 8 € Z'} maximal such that m5(Z) # 0. As p(F) = 0 we have
B < A. In analogy to Lemma 2.6 we have

(2.31) 0+#(1d® 7T0’5)A(Z) €EK  \ig® GgK,)\

Comparison with (2.29) and application of Lemma 2.10 implies (as before for «)
that § = 0. Hence Z = m¢(Z) = a,K_» for some a, € k and the claim follows
from the relation Z € B, \ {0}. O

Recall that Z C T(V*(x)) denotes the ideal in the tensor algebra such that
Ut =T(V*(x))/L.

The above proposition provides us with a method to check that condition (Bc-rel)
holds for all polynomials.

Corollary 2.12. Let p; for j = 1,...,k be homogeneous, non-commutative poly-
nomials of degree \; € L'y, respectively, such that the set {p;(E)|j = 1,...,k}
generates the ideal T. Assume that

(2.32) mo,0 0 P_x;(p;(B)) =0 forj=1,... k.
Then N, = N.

Proof. We prove this indirectly. Let p be a homogeneous polynomial of minimal
degree A € Z" such that p(E) € T but

p(B) ¢ > HyB,.
| J[<IA]
We can write
p= Z Z 45,0Pj Tj.¢
j=1 ¢
where gj ¢, 7,0 € T(V*(x)) are homogeneous polynomials and
deg(gj o) + Aj +deg(rj ) =X forall 4,0

By the minimality assumption, any summand s = g; ¢p;7;,¢ with deg(s) > deg(p;)
satisfies s(B) € Z\JKI)\]‘I HyBj and hence may be omitted. Thus we may assume
that

k
p= Zajpj for some a; € k.
=1

However, by Proposition 2.11 this is impossible, because of the assumption (2.32).
O

Corollary 2.12 suggests the following assumption about the parameters ¢ in the
definition of the coideal subalgebra Be:

(¢) The ideal Z C T(V™*(x)) is generated by homogeneous, non-commutative
polynomials p;(E) for j = 1,..., k of degree \; € Z, respectively, for which
0,0 © P, (p;(B)) = 0.

Condition (c) provides a reformulation of the condition Ny, = N which can be
verified in explicit examples.
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Theorem 2.13. For all pre-Nichols algebras U™ of diagonal type the following
statements are equivalent:

(1) The map ¢ : gr(Be) — Hyg x U™ is an isomorphism.

(2) Ny =N.

(3) Condition (c) holds.
Moreover, if Nyoy # N then there exists A € N™ \ {0} such that K_) € Be.

Proof. The equivalence between (1) and (2) is the statement of Proposition 2.2.
By Corollary 2.12 we have that (3) implies (2). Conversely, if condition (c) does
not hold, then Proposition 2.11 implies that P_x(p(B)) = apK_» with a, € k* for
some homogeneous polynomial p of degree A for which p(F) = 0. As

P > HeB;| =0,
[T]<[Al

we see that the polynomial p violates condition (Be-rel). This proves that (2)
implies (3) and the final statement of the theorem. O

If condition (c) holds then the above theorem allows us to write down a basis

of B as a left Hgp-module. Let J C U I* be a subset of multiidices such that
k=0

{Fy|J € J} is a linear basis of U~. The following corollary is a version of [Koll4,

Proposition 6.2] in our setting. It is a consequence of the implication (3) = (1) in

the theorem.

Corollary 2.14. Let UT be a pre-Nichols algebra of diagonal type and assume that
condition (c) holds. Then B is a free left Hg-module with basis {B;|J € J}.

Remark 2.15. One of the reasons for which the condition in Theorem 2.13 is im-
portant is its relation to Iwasawa decompositions. The definition of the filtration
(2.14) implies at once that for all B, the following statements are equivalent:

(1) The map ¢ : gr(Be) — Hyp x U~ is an isomorphism.

(2) The algebra U(x)P°Y admits the Iwasawa decomposition

U)PY 2 GT @ k[K; ' |icI]® B..
(3) The algebra U(x) admits the Iwasawa decomposition
Ux)=U*®@kK |iel]® B,
where I, C I is a set of representatives of the T-orbits in I.

2.6. The negative Heisenberg double. Recall the algebra U(x)P°Y defined at
the beginning of Section 2.3. In this section we show that condition (c¢) for B, to
be of the right size can be verified in a simpler algebra which is closely related to
quantum Weyl algebras. This fact will be applied extensively in Section 3.

The algebra U (x)P°Y has an N-filtration F defined by the following degree func-
tion on the generators

(2.33) deg(E;) = deg(F;) = deg(K; ') =1, deg(KiK;é)) =0
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for all 4 € I. Tt follows from the triangular decomposition (2.19) that the multipli-
cation map

(2.34) P HooGlokK 50U, — Fu(U(X)"Y)

a,B,yEN™
|at+B+y|<m

is a linear isomorphism for any m € N. With the notation

(GTRKE ! ieloU )n= P GCLlokK 30U

a,B,yEN™
latB+y|=m

the linear isomorphism (2.34) provides a direct sum decomposition

(2.35) Fn(U(x)PY) = Frman(UX)PY) @ (Hp @ (GT @ K[K; ' i € ] QU ).

K2

We call the graded algebra
Heis(x)" = grz(U(x)*Y)

associated to the filtration F of U(x)P°Y the negative Heisenberg double associated
to the pre-Nichols algebra Ut. By (2.35) for any m € N the graded component
Heis(x)y, is a free Hp-module

Heis(x)y, = Hy @ (GT @ k[K; ' [i € [| @ U™ )y

K3

In particular Heis(x)y = Hp. The above also implies that G*, k[Ky |\ € —N"+Z]
and U~ are graded subalgebras of Heis(x)" and that the multiplication map

(2.36) Gt @k[K)\|A€ -N"+Zy] @ U~ — Heis(x)"

is a linear isomorphism. The presentation of U (X)p°1y in Lemma 2.4 and the tri-
angular decomposition (2.36) allow us to describe the negative Heisenberg double
Heis(x)V in terms of generators and relations.

Lemma 2.16. The negative Heisenberg double Heis(x)" is canonically isomorphic
to the quotient of the free product of the algebras G, k[Kx |\ € N +Z72] and U~
by the relations (2.17) and the cross relations

(2.37) ;' EiF; — FjE; = ;K% for alli,j €.

Proof. Let Heis(x)"’ be the algebra described in the lemma. The algebra Heis(y)"’
is graded by the degree function (2.33) because the defining relations for Heis(x)v/
are homogeneous. It follows from Lemma 2.4 that there is a surjective homomor-
phism of graded algebras

¢ : Heis(x)"" — Heis(x)"
which maps E;, K_x, F, € Heis(x)"' to E;, K_y,F; € Heis(x)V, respectively, for

all i € I,A € —N" + Z». The defining relations for Heis(x)"’ imply that the
multiplication map

' Heis(x) = Gt @ k[Ky | A € N + Z8] @ U~ — Heis(x)"’

is surjective where we use the triangular decomposition (2.36). With this identi-
fication the composition ¢ o ' : Heis(x)" — Heis(x)Y is the identity map which
implies that ¢ is also injective. [
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We now show that condition (¢) can be verified in the negative Heisenberg dou-
ble. Let Gi and U] denote the augmentation ideals of G and U™, respectively.
The triangular decomposition (2.36) of Heis()" implies that

(2.38) Heis(x)" = k[Kx | A € —=N" + Z§] & (G Heis(x)" + Heis(x)"U;).

Let 7o @ Heis(x)” — k[Kx | A € =N" 4+ Zy] denote the projection onto the
first term in (2.38). For any i € I we define B = F; + ciET(i)(KT(i)Ki_l) €

Heis(x)Y, and for any non-commutative polynomial p(z1, ..., x,) we write p(BY) =
p(BY,....By).

Theorem 2.17. Let U™ be a pre-Nichols algebra of diagonal type corresponding to
a bicharacter x. Let p(x1,...,x,) be a homogeneous, non-commutative polynomial
of degree A € N™. Then

(2.39) 0,0 © P_x(p(B)) = mgo(p(BY)).

Furthermore, if

(2.40) A ¢ @ierN(a; + ar)),

then P_y omo(p(B)) =0 in U(x)P°Y.

Proof. By Lemma, 2.16 the negative Heisenberg double is —N 4 Zj graded by the
degree function given by

deg(E;) = deg(F;) = deg(K; ') = —a, deg(K; KT(Z)) = — Q)

foralli € I. For any u € N"+Zg let PY, : Heis(x)" — Heis(x)Y, be the projection
onto the graded component Heis(x)”,.

Let A = Y, c;mioy; € N" and set m = [N = 3, c;mi. As Frpo1 (U(X)PY) C
Ker(P_,) we obtain a commutative diagram

(2.41) Frn1(U ()P ) F, (U(x)P°Y) —— Heis(x)Y,
WO,OOP,)\
kK
Let now p(x1,...,x,) be a homogeneous non-commutative polynomial of degree .

As BY € Heis(x)Y,, the element p(B") € Heis(x),, is homogeneous of degree —\
and hence my 0 PY, (p(B")) = 7y o(p(B")). The relation (2.39) now follows from
the commutativity of the diagram (2.41).

To prove the second statement in the theorem write p(B) as a linear combination

of noncommutative monomials in F; and E‘i(KZKT_é)) for i € I. Here we distribute

parenthesis, but do not commute the E and F generators. If (2.40) holds, then
there is no monomial of this kind that contains equal number of terms F; and
El(KzK;(i)) for all ¢ € I. Tt follows from the cross relations (2.37) that in this case

T, 0( (Bv)) 0.

Now the second statement of the theorem follows from the relation (2.39). g
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3. EXAMPLES OF COIDEAL SUBALGEBRAS

We now consider various classes of pre-Nichols algebras U™ which fall into the
setting of Section 2. In each case, using Theorems 2.13 and 2.17, we determine
all parameters ¢ for which the map ¢ : gr(B.) — Hp x U~ given by (2.15) is
an isomorphism. It is convenient to work with non-symmetric quantum integers.
Given £ € k,set [nle=1+&+---+&" 1 and

[n]q' = [TL]& ce [1]5, [2’/7, - 1]5” = [QTL - 1]5[271 - 3}5 ce [1]5

(), = e S

for 0 < k < m. Note that the &-binomial coefficient is a polynomial in Z[¢] and
therefore defined even for roots of unity.

for n € N, and

3.1. Quantized universal enveloping algebras and nonrestricted special-
izations. Let g be a symmetrizable Kac-Moody algebra with (generalized) Cartan
matrix (ai;)ijer where I = {1,...,n}. Denote by {d; | i € I} a set of relatively
prime positive integers such that the matrix (d;a,;) is symmetric. Let g’ := [g, g] be
the derived subalgebra of g. Fix ¢ € k*, ¢ # 1. Denote by U¢(g') the k-algebra
with generators E;, Fj, Kiil, i € I and the following relations for i,j € I:

K,K; = K;K;, K,E; =(%"E;K;, K;F;=¢ %% FK,;,
(3.1) E;F; — FjE; = 6;;(K; — K; 1),
pij(Ei, Ej) = pij(Fy, Fy) =0, i # j,

where p;;(z,y) are the noncommutative polynomials in two variables given by

1—aqy
pij(w,y) = Y (—DF¢dktman=h (1 _kaij> atm iy,
k=0 C2di
In the case when ( is not a root of unity, Us(g’) is the quantized universal enveloping
algebra of g’ for the deformation parameter ¢. If ¢ is a root of unity, then Uc(g’)
is the big quantum group of g’ at ¢, defined and studied by De Concini, Kac and
Procesi [CKP92]. In either case U¢(g’) is a Hopf algebra with coproduct given by

AK) =K, ®K;, AE)=E®1+K,®F, AF)=FoK '+1®F,

for i € I. Denote by U+ the unital k-subalgebras of U¢(g') generated by {E; | i € I}
and {F; | i € I}, respectively. Set H = k[K' | i € I]. Consider the symmetric
bicharacter
X:Z" X Z™ — kX defined by  x(a;, o) = (4%,

If ¢ € k* is not a root of unity, then U™ is isomorphic to the Nichols algebra of the
Yetter—Drinfeld module V(). If ¢ € k* is a root of unity and g is finite dimensional
(and ¢3 # 1 if g is of type Gs), then UT is isomorphic to the distinguished pre-
Nichols algebra of V(x) defined by Angiono [Angl6, Definition 1]. For all { €
k> \ {£1} and symmetrizable Kac-Moody algebras g, the algebra U™ is a pre-
Nichols algebra of V() and U¢(g') = U(x) is the Drinfeld double of U™ in the sense
of Remark 2.1. Thus the constructions from the previous section are applicable to

Uc(g").-
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Let 7 : I — I be a diagram automorphism, that is, it satisfies a,)-(;) = aij
for all 4,5 € I. Given ¢ = (c1,...¢,) € k™, consider the coideal subalgebra B of
Uc(¢') generated by the elements

B; = Fi+ ;B K" = Fi+ ;B (K K, KK} foralliel.

In the case when ( is not a root of unity, the following result is contained in [Kol14,
Lemma 5.4, Proposition 5.16 and Theorem 7.3], see also [Let02, Section 7] for a
similar discussion for g of finite type.

Proposition 3.1. Let g be a symmetrizable Kac—Moody algebra, ¢ € k* \ {£1},
and let 7 : I — I be a diagram automorphism.
(i) Ifa;j # 0 or (i) # j, then mo,00 P_x(pi;(Bi, B;)) = 0 for A = (1 —a;;)a; +
a;. If a;; =0 and 7(i) = j, then

(32) P_ai_aj o WO,O(pij(Bia BJ)) = (Cj — Ci)K»_lKj_l.

3

(ii) For the coideal subalgebra B of Uc(g’) the map ¢ : gr(Be) — Ho x U™ is
an algebra isomorphism if and only if c; = cry for alli € I with a;-;y = 0.

Proof. (i) We work in the corresponding negative Heisenberg double, which we
denote by Heis¢(g’)", and apply Theorem 2.17 to get the statement in Uc(g’).

Let i # j € I. If a;; # 0 or 7(i) # j, then A = (1 — a;5)a; + o satisfies (2.40),
and by the second part of Theorem 2.17 we have

70,0 © P-x(pij(Bi, Bj)) =0

in this case.
Now assume that a;; = 0 and 7(¢) = j. Then in the notation of Section 2.6 we
have

mo(pig (BY . BY)) = mfo (s + By (KK ) ™ (E, + ¢ B IGKT) ™)

— (B + & B(IG KT ) (F 4+ e B (KK ™) = (o = ) KK

in Heis¢(g’)¥. Hence Theorem 2.17 implies (3.2). Part (ii) follows from the first
part and Theorem 2.13. (]

3.2. The small quantum group u¢(sl3). Consider the Nichols algebra of type
Ay at a root of unity. For this we fix an integer N > 2 and set

N
3.3 Mi=—""_.
(33) ged(N, 2)
Let ¢ be a primitive N-th root of unity and x : Z2 x Z? — k* be the symmetric
bicharacter defined by

q11 = a2 = (%, Q12 =¢qo1 = (!

The Nichols algebra B(V T (y)) is an algebra in £YD with braiding ¢, and it is
generated by elements x1,xs. Recall that the braided commutator is defined by
[z,y]c = po(id—c)(x®y) for all z,y € B(V*'(x)) where p denotes multiplication.
Set w12 = [71,%2]c = x179 — (" lwox;. With this notation defining relations for
B(V™*(x)) are given by [AA17, Equation (4.5)]

af =2yt =2l) =0, [71, [21, 22]c]e = 0 = [22, [22, 21]c]c-
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Denote by u¢(sl3) the Drinfeld double of B(V *(x)). Its factor by the ideal generated
by KN —1 for i = 1,2 is isomorphic to the small quantum group uc(sl3) of type
As.

Consider the diagram automorphism 7 given by 7(1) = 2, 7(2) = 1. It follows
from Theorem 2.17 that the only relation which gives a condition on the parameters
c1,co of the coideal subalgebra is the relation x{VQI = 0 because the other four
relations are homogeneous of a degree A\ which satisfies (2.40). This relation gives
a condition for any integer N (even or odd!). Recall that

Bl = Fl —+ ClEQKl_l = Fl + ClE"Q(KlK;l)ila

(3.4) ~
By =Fy + CzEle_l =F+ CzEl(KQKl_l)il'

We define a non-commutative polynomial p(z1,z2) by
p(z1,22) = (2122 — ¢ taozy)M.
Note that p(z1,x2) is homogeneous of degree A\ = (M, M) € Z2.
Proposition 3.2. Let N € N with N > 2 and let ( € k be a primitive N-th root
of unity. Let M be given by (3.3).
(i) In the quantum double uc(sl3) of the Nichols algebra of type As correspond-
ing to the root of unity ¢, we have

. —
MMM if N=2 mod4
(70,0 © P_x(p(B1, B2)) | K\ = {;M Cln[ otherwise
2 T 41 .

(i) For the coideal subalgebra Be of uc(sls) the map ¢ : gr(Be) — Ho x U™ is
an algebra isomorphism if and only if
c1 = vey
where v € k is such that v™ = —1 if N =2 mod 4, and v™ = 1, otherwise.
For example, when N = 4 we have ( = /—1. Then
70,0 © P-x(p(B1, B2)) = (¢ — ¢{) Kx

and B, C u\/jl(slg) is of the right size if and only if c; = +¢;.

In the proof of the proposition we will use the Al-Salam-Carlitz I discrete or-
thogonal polynomials U,(La)(x; q), see [ASC65] and [KLS10, pp. 534-537]. They have
been used in the related setting of the g-harmonic oscillator in [AS93]. From an

algebraic point of view UL (x;q) € Za, g, x] is given by

00w =3 (7)) ot 1) g

k=0
The Al-Salam-Carlitz I polynomials satisfy the backward shift recursion
(35) =g "TaU (21q) = aUyY, (w;0) — (v = (@ — ) (g7 w;0)

for all n > 0, see [KLS10, Eq. (14.24.8)]. Consider the g-derivative 9,f(x) =
(f(gz) — f(2))/((¢ — 1)z) for f(x) € k[x]. The recursion (3.5) implies the following
lemma. The proof is left to the reader.
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Lemma 3.3. Consider the polynomials p,(x;t,q) € Z[t, ¢, x] defined recursively
by
(3:6) po(zit,q) =1, palxit,q) = (@ +1q" "Dy +q " )pa-i(wit,q), ¥n >0
Consider Z[t, ¢, z] as a subring of Z[tT', ¢*', ] via the map t — (q— 1)ty (t1 +1).
Then in Z[tfl, ¢!, x] we have

2 (—t7t =1 _
pu(ast,q) = t7q ™ U "V (g s q)

for alln € N,

Define the quantum Weyl algebra A{ as the k[¢T!]-algebra with generators
X,Y, Zy,Z5 and relations

YX —q XY =2y, Z,Y =¢'YZ;, Z;,X =q 'XZ;, Z1Zs=Z27,.

Inside the localization Af[Z; 1] we have a copy of the first quantized Weyl algebra
A}, which is the k[g*']-algebra with generators y = Y Z; ', o = X Z7Y, 2 = 2,272
and relations

Yr —qry = 2, 2T =TZ, 2Y = Yz.

The algebra A} acts on k[g*!,t, 2] by © — (), y — tD, z > (t). Iterating the
recursion (3.6) gives that the polynomials p,(z; 2, q) € Z[g, t, z] satisfy

(@+ay+q") .. (e+q Py +q7") 1= palz;2,9).
Since k[g*!,t,2] = AL/(Aly) as left Aj-modules, we have
(37) (X+Y+Z)" ="V 220+ q My +q ). (g 2y g
= " tD/2 gz (232,q) mod ATY.

For £ € kX, let A§ = AY/(q — &) A7 denote the specialization of A{ at &.

Proof of Proposition 3.2. (i) We work in the negative Heisenberg double Heis, (sl3)"
corresponding to u¢(sl3) and apply Theorem 2.17 to get the statement in u¢(sls3).
Set

By = E(KiK;Y) = B\K; Y, Eoi= Ey(KoK ') = BoK Y, Ky = Ky Ko,
so BY = F} + ¢1Ey and BY = Fy + c3E,. Denote also
Fio =\ F, — ('R, Eo =EE, —( 'E1Es.
One verifies that
FioE; = ('EjFip + 0,1 Ky forj=1,2
from which it follows that
Fi19F9 = (2B Fio + (1 - ¢(2)?E\ LK + ¢ 1 - KL
In a similar fashion one shows that

FIZ(ElFl) = CiQ(FlFl)Fl% E21(E1F1) = 42(E1F1)E21~
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From the last three identities one derives that we have a homomorphism p : A§2 —
Heis¢(sl3)" given by

p(X) = cicaBar, p(Y) = Fia,

p(Z1) = (C = (e B L+ (ca — (T le) Koy

p(Za) = (1= ’eeEi KR + ¢ (1= HaeKy
Equation (3.7) implies that
(3.8) p(BY,By)=p(X +Y + Z1)"

= (MY 5 Z M par (p(X Z7Y); P p(Z9Z7h),¢?) mod Heise (sl3)Y Fia.

There are no terms with Z;-denominators in the right hand side because deg p,,(z;t, q) =
n when p,(x;t,q) is considered as a polynomial in « and ¢ and the degree is com-
puted with respect to the grading degxz = 1, degt = 2. This follows from the
recursion (3.6) and the fact that the operator 7,2 lowers the degree by 1.

Every pair of the six terms of p(X), p(Z1) and p(Zs) quasi-commute. Therefore

irzd - —1\J (p— - —2\k
0 (p(XTZ{Z5)) = 6i0((c2 — ¢ ) K" ) (¢TH1 = ¢ 2)ereaK1y)
for all ¢, j, k € N. Combining this with (3.8) gives that
(3.9) oo (p(BY, By)) = (MM ey — (o) Mpar (08, ) K5

where

(€=¢Neres.

(c2 = (7 ter)?

Ast = (¢ —1ti(t1 + 1) for t; = —co/(ca — (" tey) we can apply Lemma 3.3 and
obtain

2. (¢ ter/c
(3.10) par (05, %) = )¢ /o) (0;¢2).

t:

2

Since (2 is a primitive M-th root of unity, <J\k4> =0 for all 0 < k < M. For the
corresponding Al-Salam-Carlitz I polynomials we hence have
(3.11) UL (0:¢3) = (~1)MMOTD(1 4 o),
Inserting (3.10) and (3.11) into (3.9) we obtain
— — 20 (=¢ ey /e
o (p(BY, BY )KL = (MO (0 — (Tley) Madl (T2 U ¢ 0; ¢2)

= + (=M M,

which proves part (i). Part (ii) follows directly from the first part. O

3.3. The quantum supergroups of type sl(m|k). Let m, k be positive integers
such that (m, k) # (1,1). Denote n = m + k — 1. The (super) Dynkin diagrams of
the Lie superalgebra sl(m|k) associated to different choices of Borel subalgebras are
the Dynkin diagrams of type A,, where each vertex is denoted in two different ways:
by ) if the vertex is odd and by Q) if it is even, cf. [Kac77, Sections 2.5.5-2.5.6].
(There is a dependence between the number of odd vertices, m and k which will
not play a role below.) All odd simple roots are necessarily isotropic. We label the
vertices in an increasing way from left to right by the elements of I = {1,...,n}.
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Define the parity function p : I — {0,1} by letting p(i) = 0 for even vertices and
p(i) = 1 for odd vertices. The corresponding (super) Cartan matrix is given by

-1, pi)=0andj=14i+1,

2, i) =10 L

a;; = p(z) and fori#j a;;=4=+1, pi)=1land j=i=+1,
0, p(i)=-1 A

07 IZ _.]‘ > 17

cf. [AA17, Section 5.1.5].
Fix ¢ € k*, { # £1 and consider the bicharacter x : Z" x Z"™ — k* given by

x(v, ;) = (71)?("’)17(]-)40‘1']'
for i,j € I. Denote by U™ the k-algebra with generators x;, i € I and relations
[l‘i, [xia xiil]c]c - 07 p(z) = 07 [xivxj]c = 07 1< .7 - i)
[[xiflv [xi;xi+1]c]caxi]c = 07 p(l) = 17 IE? = 0; p(’L) =1
In the case ¢ = +/—1, following [Angl6, Definition 1], we also add the relations
[l‘i, [-Tia-rijzl]c]c =0 for p(l) =1.
If ¢ is not a root of unity, then U™ is isomorphic to the Nichols algebra of V*(y),
see [AA17, Eq. (5.10)]. If ¢ is a root of unity, then U™ is isomorphic to the
distinguished pre-Nichols algebra of V1 (x), see [Angl6, Definition 1] and [AA17,
Eq. (5.10)].
Denote the set of odd vertices J = {i € I | p(i) = 1}. Denote the Drinfeld
double of U™ by U(x) and form the smash product

U (sl(mlk))s = U(x) % ko
where the generator o of Zs acts on U(x) by
o(E) = (-)PVE;, o(F)=(-1)'"F, oK) =K

for all ¢ € I. Our generators differ from those in [Yam94, BKK00]. In terms of the
generators e, f;,t; of [BKKO00], our generators are given by

Bi=0"We;, F=fi, K=o

for all ¢ € I. The coproduct convention of [BKKO00] is also slightly different from
ours. By [Hecl0, Theorem 6.11], for different choices of .J, the Hopf algebras
U¢(sl(m|k)) s are isomorphic to each other as algebras with isomorphisms provided
by generalized Lusztig isomorphisms (these isomorphisms descend from the actual
Drinfeld double to its quotient U(x)). However, the Lusztig isomorphisms are not
Hopf algebra isomorphisms, and as a consequence, U¢(sl(mlk)); are not isomor-
phic to each other as Hopf algebras for different choices of J. The Hopf algebra
U¢(gl(mlk)) in [BKKOO] is our U (sl(m|k)),y up a slightly different convention for
the coproduct.

If ¢ € k* is not a root of unity, then U¢(sl(m|k)); exhaust all different quantum
supergroups of type sl(m|k). If ¢ € k* is a root of unity, then U¢(sl(m|k)) are the
corresponding nonrestricted specializations at roots of unity.

Let 7 : I — I be the identity or the involution 7(i) =n —i+ 1 (for i € n —4) in
the case when the vertices ¢ and n — ¢ + 1 have the same parity for all i € I. For
c=(c1,...,¢n) € k", let B, to be the coideal subalgebra of U¢(sl(m|k)) s generated
by Hy and the elements

B, =F,+c¢E (zK;' foralliel
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Proposition 3.4. For all choices of odd roots J C I and ( € k>, ( # 1, for the
coideal subalgebra B. of the the quantum linear supergroup U¢(sl(m|k))s, the map
w:gr(Be) = Hy x U™ is an algebra isomorphism if and only if

(3.12) cri)y = ¢i fori €I such that |T(i) —i] > 1
and

3.13 c¢i =0 for all odd vertices i fixed by T.
(3.13) f fized by

More precisely, the conditions on ¢ in the proposition are as follows:

(1) If 7 = id, then ¢; = 0 for all odd vertices @ € J (there is only one such
vertex for the standard choice of simple roots corresponding to J = {m});

(2) If 7 is the flip 7(i) =n — i+ 1, then ¢; = ¢p—441 for i € {1,..., [n/2] — 1}
and c(p41)/2 = 0 if n is odd and (n +1)/2 is an odd vertex.

For the proof of Proposition 3.4 we will need the following lemma.

Lemma 3.5. Let p(x1,...,x,) be a homogeneous noncommutative polynomial in
T1,...,T, of degree Zj mjoj, and i € I be such that m; > 0. For all bicharacters
X:Z"XxZ" = k*, 7: 1 —=1andc=(c,...,c,) €K™ such that 7(i) = i and
¢; = 0, we have

WO’O(p(Bl, ey Bn)) = 0
in U(x).

Proof. After distributing the parenthesis in p(By, ..., By), we get an expression for
p(Bi,...,By) as a sum of monomials f € U(x) in F, ET(]-)KJ-_l with j € I. If such
a monomial f contains the factor E; LK, then its coeflicient equals 0 because ¢; = 0.
For all other monomials 79 o(f) = 0 which is obtained by directly commuting the
factors of the monomials. (I

Proof of Proposition 3.4. We apply Theorem 2.13 and explicitly compute condition
(c) in Section 2.5. As in the proof of Proposition 3.1(i), the first set of relations of
Ut and the extra relations in the case ( = /—1 give no condition of ¢, while the
second set of relations of U™ gives condition (3.12). If 7(i) = i for some i € I, then
in the negative Heisenberg double Heis(x)Y we have

7&0((Biv)2) = 7T(\J/,O((Fi +CiEi)2) = cl—K;Q.

It follows from Theorem 2.17(ii) that the fourth set of relations of U™ gives condition
(3.13) on c. Finally, we consider the third set of relations of U ™. If the third relation
of U™ for a given odd vertex i gives a condition on ¢, then by Theorem 2.17(ii),

(i1 + 20 + 1) = — (i1 + 205 + 1)

This implies that 7(i) = 4. If (3.13) is satisfied, then we also have ¢; = 0. Now it
follows that in the presence of condition (3.13), the third set of relations of U™ do
not give any new condition on ¢ because of Lemma 3.5. (]

The techniques of this proof can be used to classify the coideal subalgebras B of
the quantized enveloping algebras of all finite dimensional and affine contragredient
Lie superalgebras g with the property that ¢ : gr(B.) — Hy x U™ is an algebra
isomorphism. This is more technical and will appear in a subsequent publication.
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3.4. The Drinfeld double of the distinguished pre-Nichols algebra of type
ufo(8). Let ¢ be a primitive 12-th root of unity and ¢/2 be a primitive 24-th root
of unity that squares to (. Consider the symmetric bicharachter x given by

qu1 = qa2 = —C, Q12 = go1 = CV/2.

It is associated to the first of the three generalized Dynkin diagrams on row 8
of Table 1 in [Hec09]. The corresponding Nichols algebra is one of three such
algebras of type ufo(8). It is one of the non-Cartan type examples that appeared
in Heckenberger’s classification of arithmetic root systems [Hec09)].

The generalized Cartan matrix of the bicharacter y is

2 -2
CX:(—Q 2)'

The generalized root system of x is finite and has three Cartan matrices correspond-
ing to the generalized Dynkin diagrams on row 8 of Table 1 in [Hec09]. We refer
the reader to [Hec06, Sections 3 and 5], [AA17, Section 2.7] and [HYO08, Section 4]
for details on this topic and Weyl groupoids.

The relations of the Nichols algebra of x are given in [AA17, Section 10.8.6].
Let U' denote the distinguished pre-Nichols algebra of x defined by Angiono in
[Ang16, Definition 1] as the factor of T(V " (x)) by removing from the Nichols ideal
the power relations for Cartan roots and adding certain quantum Serre relations.
There are none of the latter in this case and the algebra UT has two generators
1, Ty with relations

xig = xg =0 and [21,%0,4205)c = —(1 + Cil + C72)<1/2x%2,
the third of which is the last relation in [AA17, Eq. (10.55)]. Here
T12 = [T1,22)c and  Zo, 424, = [T12, T2]c

in the free algebra in x1, zo.
Consider the diagram automorphism 7(1) = 2, 7(2) = 1 and the coideal subal-
gebra generators By, By given by (3.4).

Proposition 3.6. The following hold for the quantum double U(x) of the distin-
guished pre-Nichols algebra of type ufo(8):
(1) For p(x1,22) = [¥1, Tay +20s)e + (1 + ¢+ 2222, and A = 204 + 2as,
P_yomoo(p(Bi, B2)) = (1+¢)¢"?(c2 —2¢ Y2100 + 2K _».

(ii) For the coideal subalgebra Be of U(x) the map ¢ : gr(B.) — Hp x U™ s
an algebra isomorphism if and only if

=1+ V1-0¢ e
Proof. (i) We have
(3.14) p(x1,29) = (2223 + 232%) + a(212921 T2 + Tox1 2271 ) + b(21 2521 + 222320)
in the free algebra in x1, 2, where
o=+ b= =1+ TG

From this one directly computes 7y o(p(BY, By)) in the negative Heisenberg double
Heis¢(x)" corresponding to U(x). Now part (i) follows from Theorem 2.17.

(i) It follows from the second statement in Theorem 2.17 that my,((BY)?) =
70,0((By)3) = 0 in Heis¢(x)V. Theorem 2.13 implies the validity of part (ii). O
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4. A TWIST PRODUCT ON PARTIAL BOSONIZATIONS

Assume that condition (c) from Section 2.5 holds. By Theorem 2.13 the algebra
B¢ has a filtration such that the associated graded algebra is isomorphic to the
partial bosonization Hy x U~ . In the present section we use the quasi R-matrix for
U(x) to define a twisted algebra structure x on Hy X U~. We will see in Section 5
that (Hy X U™, %) is canonically isomorphic to Be.

4.1. The quasi R-matrix for U(Y)max. Recall that Zy,ax(x) € T(V T (x)) denotes
the maximal Z"-graded biideal in the braided Hopf algebra T'(V*(x)). In the
following we use the subscript m.x to indicate constructions involving Zyax. In
particular, we use the notation U}, , U for the Nichols algebras corresponding
t0 Znax and we write U(X)max for the corresponding Drinfeld double as defined in
Section 2.1. By [Hec10, Theorem 5.8] there exists a uniquely determined skew-Hopf
pairing

(41) < ) >max : (U;ax )Cop ® (U$ax e H) k

such that

<Fi;Ej>max :6ij; <Ki7Kj>max :q7;7j17

4.2
( ) <Fi7Kj>max:07 <Ki7Ej>max:0

for all 7,5 € I. Recall that by definition of a skew-Hopf pairing we have
(Y, 22 ) max = (U(1), 2 Ymax (Y(2)> ) max
(WY T)max = (Y, T(1))max (Y5 T(2)) max

X H)®P and z,2’ € U, »x H. Let

Tmax : U~ X H — U

max

(4.3)

for all y, ¢’ € (U,

max

denote the canonical projection. By construction m,.x is a surjective Hopf algebra
homomorphism. The pairing (4.1) allows us to define a right and a left U}, »
module structure on H x U~ = (U~ x H)®P by

(44) €l>f = <7Tmax(f(1))7 e>maxf(2)7 f de = <7Tmax(f(2))7 e>maxf(1)

for all e € Uf,, x H, f € (U~ x H)*P. The properties in (4.3) imply that
(U~ x H)°P is a right and a left U}, x H-module algebra.
The pairing ( , )max respects the Z"-grading of U, x H and U}, x H. More-

over, by [Hec10, Theorem 5.8] the restriction of (, >max t0 Uppax @ UL« is nonde-

max
generate. This allows us to formulate the notion of a quasi R-matrix for U(X)max
in complete analogy to [Lus94, Chapter 4]. Let U(xX)max®U (X)max denote the com-

pletion of U(X)max ® U(X)max With respect to the descending sequence of subspaces
H max Z max ® U( )max + U(X)max ® max Z max
lv|>N lv|>N

The k-algebra structure on U (X)max ® U(X)max €xtends to a k-algebra structure on

U(X)maX®U( Jmax-
For any 1 € N let {F), ;} C (Upay)—p and {E,, ;} C (Uf,,), be dual bases with

respect to the nondegenerate pairing (, )max and define ©, Zj(—l)“"Flm ®FE, ;.
For simplicity we usually suppress the summation and write formally

0,=(-)HE, 2 E,.
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Define an element © € U(x)max®U (X)max by
(4.5) O©=> 0,=Y (-1)H"F,E,.
peN™ peN™

For quantized enveloping algebras the element © coincides with the quasi R-matrix
constructed in [Lus94, Chapter 4]. Analogously to [Lus94, Proposition 4.2.2] we
have the following result.

Lemma 4.1. The following relations hold

(4.6) (A®id)(©,) = (- Y~ F\®@ F,K;'® E,E),
Ar=p

(4.7) (id©2)(6,) = ()" > FF, @ E\K, © By
Av=p

Proof. By definition of the coproduct of U(x)max in (2.2) we have

(A ® ld)(eﬂ) € Z (Ur;ax)—A ® (Un:ax)—VK)Tl ® (Uiax)#'
AMrv=p

For e,¢’ € UT the definition of © and the properties of a skew pairing (4.3) imply
that

(4.8) ee’ = Z<F‘“ e ) max By = Z<F#(1)’ € Ymax (Flu(2)> €)maxEy-
2 m
On the other hand
(49) 66/ = Z<Fl” e>maxEu<F>\> 6/>maxE)\ = Z<F)\a e/>maX<FyK)Tla e>maxEl/E)\-
Av A\,v
Comparison of (4.8) and (4.9) implies (4.6), as the componentwise pairing between

D)\ Uinax)—» © Ui K5 F and Ut @ U, is nondegenerate. Equation (4.7) is

max max
verified analogously. O

4.2. The skew derivations 9F and 0 on U~. For quantized universal envelop-
ing algebras Kashiwara [Kas91, 3.4] and Lusztig [Lus94, 1.2.13, 3.1.6] consider
skew-derivations on Ut and U~. As observed in [Hecl0O, Section 5], these skew
derivations allow a straightforward generalisation to the setting of (pre-)Nichols
algebras of diagonal type. In the case of U™, for any i € I, the skew derivations
are the uniquely determined linear maps 97,9% : U~ — U~ such that

(4.10) (B, f] = K:0F(f) —0f(f)K; ' forall feU.

For later reference we collect the main properties of the skew derivations 97 and

OF on U~. Tt follows from the last relation in (2.3) that
(4.11) OF (Fy) =6, =0 (F;)  foralljel.

?

Moreover, Equation (4.10) implies that
aiL(fufu) = aiL(f#)fV + x (4 ai)fuai[/(fu)a
Of (fufy) = x(v,@)0f (fu) o + fudi (f2)

for all f, € UZ,, f, € UZ,. In other words, 0L is a left skew derivation on U~
while 0/ is a right skew derivation. The skew derivations 97 and 9}t are uniquely

(4.12)
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determined by the properties (4.11) and (4.12). They can also be read off from the
coproduct on U~. Indeed, for any f, € UZ, one has

Af) = fu @ KM+ 08 (fu) @ FiK, L, + (rest)y,

(4.13) " .
Afu) =1® fu+ ZFi @ 0 (fu) K™ + (rest)

where (rest)1 € 3,52 Usy ® U-,K; ', and (rest), € Ylaz2Ua ® Us K3t

pn—a
The properties (4.13) of the coproduct and the definition (4.4) of the left and the
right action of UT on H x U~ imply that

(4.14) Epnf=0FNfK;",  faE; =0F(f) forallfecU ,icl.
Let (,): U~ ®@ UT — k denote the pairing defined by
(f,e) = (Tmax(f)s Tmax (€) ) max forall feU ,ec U™

where we use Tpax to denote both canonical projections Ut — Ut
U, ax- The relations (4.13) and (4.3) imply that

max*

(4.15) (f.Bie) = (0 (f).e),  (f,eBi) = (0](f).e)

forall f e U, ec UT and i € I. This tells us how the quasi R-matrix © behaves
under the skew derivations.

and U~ —

Lemma 4.2. For any i € I the following relations hold:

(4.16) (0F ®1d)(©) = —(1 ® E;)0, (OFf ®id)(©) = —0(1 @ E;).

Proof. For any f € U .,
OL(f) = S NOF(F), BV = S U BiE,)

I3 H

the first relation in (4.15) implies that

and hence

S (-)MokF) @ B, =Y (-1)"|F,, EE,)F, ® B,

"R%
S 6 B,
“w

which proves the first relation in (4.16). The second relation is verified similarly. O

Corollary 4.3. (see [Lus94, Theorem 4.1.2]) The element © satisfies the relations

(4.17) (E;®1+K;®E;))©0=0(E; 1+ K; ' © Ej),
(4.18) (F;oK;'+1®F;))0 =0(F; ® K; + 1 ® F})
foralljel.

Proof. Relation (4.17) follows from Lemma 4.2 and the defining relation (4.10) of
the skew derivations 9F and 9. The second relation is verified analogously using
skew derivations on U™, O

Remark 4.4. Just as in [Lus94, Theorem 4.1.2] one can show that the element © €
is the unique element of the form © =7 . 0, with ©, € (Uy.)-n @ (Ugfa) s
for which ©g = 1 ® 1 and the relations in Corollary 4.3 hold.
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4.3. The algebra homomorphism 7 : U, — U}

max max

x H. By Lemma 2.3 there

exists a well-defined algebra homomorphism @ : U, — U} . % H such that
(4.19) G(Fi) = cr(py KBy = ¢y Kijw o 7(F) for all ¢ € I.

For any f, € (Up.y)—pu We can write
(4.20) o(fu) = auKywor(fy)
for some a,, € k.

Lemma 4.5. The coefficients a, for p € N™ are uniquely determined by aa, = ¢,
for alli € I and by the recursion

(4.21) autv = xX(—v, 7(1))aua, for all p,v € N™.

In particular, the coefficient a,, in (4.20) only depends on € N™ and not on the
chosen element f,, € (Upax)—p-

Proof. By (4.19) we have an, = c ;) for all i € I. Let f € (Uy,.)-n and g €

(Upax)—v- Then (4.20) implies that
v Kypwot(fg) =a(fg) = a(f)a(g)
=a,Kwort(f)a,K,worT(g)
= X(—U, T(,U))G#(J,VK#+V(U o T(fg)‘
Hence we get the recursive formula (4.21). (]

We want to apply the algebra homomorphism A o & to the first tensor factor
of the quasi R-matrix © = >_ o ® By As w o 7 is a coalgebra antiaumorphism,
Lemma 4.1 implies that

ZA oo(F,)®E, = ZauKﬂw o T(FH(Q)) ® Kuwo T(F#(1)> ®E,
I I

= arp Kapwor(FK ) @ Kxyywo 7(Fy) @ B, Ej.
A,V

Hence using the recursion (4.21) we obtain

(4.22) Y AoF(F,) @ E, =Y 7(F,)K K.\ @ K,5(F)) ® E,E).
“w A\v

On the other hand, Equation (4.7) implies that

(423) S a(F) © AS T EK,)

I
— Z x(—v,p)a(F,F,) ® S~ E)K,1,®S Y E,)K,.
v,p

Formulas (4.22) and (4.23) will be used to verify the associativity of the twist
product in the next section.
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4.4. Definition and associativity of the twist product. We now use the quasi
R-matrix © and the algebra homomorphism & to define a twisted product on the
partial bosonization Hg x U~. Recall that we write formally © = Zp(—1)|p|Fp ®L,

and that we write S to denote the antipode of U(x). For any f,g € U~ we define
(4.24) Frg=>Y (=)@ (F)pKg< (ST (E,)E,)].

p

Observe that o(F,)>f € U‘KT_(;) and that g <« (S™*(E,)K,) € U~ and hence

fxg € Hyx U~ C U(y). For later reference it is convenient to spell out the
formula for the twist product (4.24) explicitly in the case where one of the factors
equals a generator F;.

Lemma 4.6. For any f,g € U~ and any ¢ € I the relations
(4.25) Fyxg=Fg+ Ciqz'T(i)KT(i)KflaTL(i)(9)7
(4.26) fxFy = [F 4 e @ir@y0r (N IEGE )
hold in Hy x U™ .
Proof. By (4.24) we have
Fixg = Fg— @(Fru)PF) Ko< (S (EBr) Krm)]
= Fg+g¢ ((KT(i)Ei)DFi)KT(i) [g< ET(i)]
1Y Fig+ ciqiry K K 1y0F (9).

This proves (4.25). Equation (4.26) is verified by a similar calculation. O

We now want to extend the definition of the twist product to all of Hy x U~.
For simplicity we suppress tensor symbols and write elements h ® f € Hg x U™ as
hf. We define a bilinear binary operation x on Hy X U~ by

(4.27) (BN ) * (Kug) = x(o, 1) Ky (f % 9)
forall \,p € Zy, f € UZ,, g € U~ and where fxg € Hg x U™ is defined by (4.24).

Theorem 4.7. For all pre-Nichols algebras of diagonal type U™, the bilinear binary
operation on Hg x U™ defined by (4.27) is associative.

Proof. Let A, p,v € Zy and f € UZ,, g € UZg, h € UZ,. By the discussion
following (4.24) we can write

(4.28) frg=> K, rpu,(f9)
P
where u, (f,g) € U:(a+57p77(p)). With this notation we calculate
((ka) * (Kug>) * (K“/h) = X(Oé, :u) Z (KA+;L+p—T(p)u;(fa g)) * (K“/h>
p
= x(a, p)x(@ + B,7) Kt ((f < 9) % h)
where we used the fact that x(p + 7(p),7) = 1 as 7(y) = —v. Similarly one
calculates

(K f) * (Kug) * (Kyh)) = x(B,7)x (0, st + ) Exgpgry (f % (g% h)).
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Hence it suffices to show that (f xg) xh = fx (g h). Using (4.28) we obtain
(429) (f*g *h ZKP T(p)KO' 7(o) ( (f7 )a )

p,o

By definition of u, (f,g) in (4.28) we have
(4.30) w, (f,9) = (=)¥Ix(a=7(p), p=7(p)) [(F(Fp)of) Kr (][99 (STH(EL)K,)].
Inserting the above formula into (4.29) twice, we obtain

(fx9)xh =" Kpioripro) (1)1 (a=7(p), p=7(p))x(a+5-7(0),0~7(0))

(7 ([ E)o N K] [ (5 B ) ) Kooy ] [ (87 (B K )],

Using the fact that U~ x H is a left module algebra over Ut x H and formula
(4.22) we obtain

431)  (frg)xh =D KJ 5,008,020 (FF) Knsr)>[(@(F)0f) K]
PV

(Koo (F\)>[g 9 (STHE) K ) Kr gy [R 2 (STHEVEXN) Ky ia)]

where we use the abbreviations Kg)\_’l, = K xpv—r(p+r+v) and

(432) A, B,p,\ v = (*1)|p|+‘)\|+‘V|X(O‘7T(p)7pr(p))'
x(a+B—1(A+v), \Arv—1(A+v)).
Formula (4.31) can be rewritten as

(4.33) (frg)xh=" Kj,,a8mr0x(=1,7(0)* X(1; T(N) X (B-T(A), 7(1))-
PV

‘ [(E(FVFP)DJC)KT(HV)} : [(E(FA)DQ < (S_l(Ep)Kp))KT(A)]
[ha(STHELEN Ky 10)]-

Similarly, to obtain an explicit expression for f x (g x h), we use (4.28) to write

f * (g * h) = Z KG'*T(O’)kaT()\)X(a7 )‘_T()‘))u; <f7 u}T (ga h))
o,
Using again (4.30) we obtain

Frlgxh)=)" Koixroin (=17 x(a=7(0), 0=7(0))x(at+B-T(A), A=T(N))-
o,

(@ Fe N K rio)] [([FFP) K] [ha (STHENEN)] ) < (571 (Eo)Ko)].

Using Equation (4.23) and the fact that U~ x H is a right module algebra over
U™ x H, we obtain

(434) fx(gxh) =D Kl bapprw[(@FF) K )]
V,p,A

[@(ENP9) K] 4 (STHE)Ksp) [ha(STHENEY)] 2 (STH(EK,)
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where as before Kg)\’y = K, ixtv—r(p+rt+v) and

(4.35) bagorw = (1) (a7 (v4p), vt p—T(v49))-
X(a+B-7(A),A=7(A)) x(=v, p).

Formula (4.34) can be rewritten as

(4.36) fr(gxh) =D Ki, baperoX(,B+A=T(\) = p)-
V,p,A

) [(E(FVFP)Df)KT(p+D)] ) [(E(FA)DQ d (S_I(EP)KP))KT(A)]'
[h<a(STHEVEA)Kuga)].

Now the relation f* (g% h) = (f x g) x h follows from comparison of the Equations
(4.33) and (4.36) and the fact that

aa,8.0 00X (=2, 7(0))* X(, T(A) X(B=7(N), 7(1)) = ba,p.p. A0 X (¥, BHA=T(X)—p)

which in turn follows from (4.32) and (4.35) by direct calculation. O

It is convenient to invert the formula (4.24). In the following lemma we express
the usual multiplication in U~ in terms of the twist product x on Hy x U~

Lemma 4.8. For any f,g € U™ the relation

fg= "3 O (@ERE,) *lg < Bl

peEN™
holds in (Hg x U™, %).
Proof. Note first that (4.7) implies that

437) > (-)HMEEF)© K, K, ® E,K,;'ST(E,)K,K, =111
v,nENT

By bilinearity we may assume that f € UZ,, for some oo € N”. We obtain
S (EEPE) *lg < Byl
N

2D S D (1) (1) Ky (G ) K] * 19 9 B

U2 ST ) (= (), = (1) Ky (T2 (G E 1) K] ) Ko

v

9B < (STHE)K,)

= S (-1)it (E(F,,)D(E(F#)Df)>K#+V [9< (B K ST E) Koyy)]

v
fg

which proves the lemma. O

(4.37)
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4.5. A twisted coaction. Define a linear map A, : Hy x U~ — (Hyx U7) ®
U(X)max by

(4.38) (Ko fa) ZK G(FAPfa 9B Ky ® K, F,K,— o Ey

for all v € Hp and f, € U_,,. For any f € Hy @ U~ and any v € Hyp we have

(4.39) AdK, f) = (K, ® K,)(x® ) A(f),
(4'40) A*(sz/) = A*(f)(*@)')(Ku@Ku)

as x(v, A+ 7(X)) =1 for all A € N". Moreover,
(4.41) AdF)=FoK; '+ K 'K, () ® B, )K" +1® F,
forallz e I.

Proposition 4.9. The map A, endows (Hy x U™, %) with the structure of a right
U (X ) max-comodule algebra.

Proof. Let f € UZ,,. It follows from Lemma 4.1 that

(id®A)o A(f) = (F(F\)pf 9E,) Ky ® A(F,K,_oE))

Ap

= Y (F(E\F)ef <9(EvEy))Knyp @ FyKpryo EAK, ® F,K,_oE,

UV, 0\ [
= Z (E(F)\)D((E(FM)D‘]"QEI,)KT(M)) QEP)K)\-FM—T(H)

V0, [

® FPK/)+V+T(M)—@EAKH—T(M) QF Ky _oE,
S AN(@E) T AE))K,) © Fy Ky oE,

"8 %

= (A ®id) o A(f).

Hence the map A, is coassociative and (Hp X U~ ,e, A,) is a right U(X)max-
comodule. It remains to check that A, is an algebra homomorphism. In view
of (4.39) and (4.40) it suffices to show that

(4.42) Au(frg) = A(f)(x @) Au(g)

for all f,g € U~. Moreover, by the associativity of the twisted product * it suffices
to verify relation (4.42) for f = F; for all i € I.
Assume that f € UZ_, and g € Ujﬁ. From the definition of x and Ay, using the

[e3%

fact that (H x U™)%P is a left and right (H x U™ )-module algebra via the actions
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(4.4), one obtains
(443)  Adfxg)= > (=D)Ix(k,0—p—p)x(v,8—2p— k)

Ko\ s Vs P
(@(F F)f 4 EL) Ky p(G(FN)pg < (STHE) K, Ey) ) K
oY FMFHK/L+K+2p—O£—BEVE)\7
(440)  ANGEIAG = Y (D)Fx(—pv)

Ky Ay Vs P
(G(F,F)>f QEL) Kyt (G(F\)pg < (ES™HE,)K,)) K
@ F,K,— 0B, F K, \E).

For f = F; the first factors in the second line of (4.43) and (4.44) are non-zero if
and only if v = p = p = 0 or two of v, p, u vanish while the remaining one is one of
V = Qr), P = Qr(;) O p= ;. Hence we get

(4.45) A (F;*g) ZX Ky i) Fi(@(F\)>g < Ex) @ F Ko, Ex

+ (E(FT(Z-)»FZ-)KT@) (G(F\)pgQE) Ky ® K; ' FoE, (i) K. gE
+ X("@ _a‘r(l))(E(FT('L))DFZ>KT(’L) (E(F)\)Dg 4 (ET(l) En))K)\

® K, 'FuKyi2a, ., -sEx
+ (Fi< E) (E(F)\)Dg N EH)K)\ ® FF.K gEy.
) in Equation (4.17) for j = 7(i)
from the right by (—1)I*I K, ® 1, we obtain the relation

D B FuKy @ By—=X(k, —0r(i)) FaK gy, () ® Er(i) Ex

Multiplying each summand in U(x)max @ (U,

:ZFHET(i)KH QE, — FuKy ® ExEqr(;y.

This relation can be applied to the second and third summand in (4.45) to give

(Fixg) ZX K, ) Fi(G(F\)>g 4 Ey) @ FuKp— o, sEn

+ (E(Fr(i))DFi)KT(i) (G(F\)pg 9 E) K\ ® K] ' E (i F K E)\
+ (@(Fr(i) D Fi) Ky (G(FA)Pg < (B Er(iy)) Ky @ K[ Fo Ky g Ex
+ (F;, < E;) (G(Fa)g < E.) Ky @ FF K. gEy
= A(F)(*x ® ) As(9)
where the last equality follows from (4.44) for f = F;. O

5. STAR PRODUCTS ON PARTIAL BOSONIZATIONS

In this section we introduce the notion of a star product on a graded algebra. We
show that the twist product * on the partial bosonization Hg x U~ from Section 4.4
is a star product which gives rise to an algebra isomorphic to the coideal subalgebra
Be. In Section 5.4 we employ the star product on Hy x U~ to find a novel way to
obtain defining relations for the algebra Be.
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5.1. General star products on N-graded algebras. For any N-graded k-algebra
A=@;cyAj and any m € N we write A, = @;7:01 Ajand A<, = @)L, A5

Definition 5.1. Let A = ®jeN Aj be a N-graded k-algebra. A star product on A
is an associative bilinear operation x : A x A — A, (a,b) — a*b such that

(5.1) axb—ab€ Acpin foralla € A, be A,.
The star product * on A is called 0-equivariant if
axh=ah and hxa=ha forall he Ag,ac A

If * is a star product on an N-graded algebra A then (A, *) is a filtered algebra
with Fin(A) := A<y,. By condition (5.1) the associated graded algebra satisfies

gr(A, x) = A.

If the graded algebra A is generated in degrees 0 and 1, then every star product
algebra structure (A, %) is also generated in degrees 0 and 1.

Lemma 5.2. Let A be an N-graded k-algebra generated in degrees 0 and 1.

(i) Any 0-equivariant star product on A is uniquely determined by the k-linear

map u* : Ay — Endg(A), f— ,u]% defined by
u?(a):f*a—fa for all f € Aj,a € A.

(ii) If U is a graded subalgebra of A such that AgU = UAy = A, then every
O-equivariant star product on A is uniquely determined by the k-linear map
pk Uy — Homy (U, A), f ,uJLc defined by

ppb)=fxb—fo  forall feU,beU.

Proof. Let * be a 0-equivariant star product on A.
(i) Define a k-linear map ML : A<; — Endy(A) by

ph(a) + fa, if fe Ay

MfL(a) ::f*a:{fa, it fe A,

where in the second case we use the assumption that * is 0-equivariant. The map
M?* is uniquely determined by the linear map p” : A; — Endg(A). Since the
algebra (A, x) is generated in degrees 0 and 1, the vector space A is the k-span of
elements of the form a; * --- % a; for a1,...,a; € A<;. Since

(all*"'*aj)*a:Mti"'lej(a)

for all @ € A, a1,...a; € A<y, the bilinear operation * : A x A — A is uniquely
determined by the linear map u” : A; — Endy(A).

(ii) Similarly to the first part, the assumption that AoU = UAy = A and the
0-equivariance of * imply that the bilinear operation * : A x A — A is uniquely
determined by its restriction to U; x U. This restriction is

frb=fb+puf(b)

for f € U; and b € U, which completes the proof of the lemma. O
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5.2. The first star product on the partial bosonization Hy x U~. We work
in the setting of Section 2. Throughout Sections 5.2, 5.3 and 5.4 we assume that
c € k™ satisfies condition (c) in Section 2.5.

Recall from Section 2.3 that U(x)P°Y denotes the subalgebra of U(y) gener-
ated by Fj, EZ' = Einl, K[l, KiK;é) for all 4+ € I. Consider the triangular
decomposition (2.5) of U(x) written in reverse order

Ux)=2U xHxGT

where G denotes the subalgebra of U (x) generated by {E; |i € I}. The restriction
of this triangular decomposition to the subalgebra U(x)P°Y give rise to a linear
isomorphism

(5.2) U(x)PY 2 (Hy x U™) @ (U(x)P*Yspan, {E;, KV | i € I})
where as before span;, denotes the k-linear span. Let
(5.3) VY UK)PY - Hyx U™

denote the k-linear projection with respect to the direct sum decomposition (5.2).
Since the kernel of 1 is a left ideal we have that

(5.4) P(ab) = Y (ap(b)) for all a,b € U(x)P°Y.

Recall that B, is a subalgebra of U(x)P°Y. For quantized enveloping algebras the
following Lemma recently appeared in [Let, Corollary 4.4].

Lemma 5.3. The restriction of the map (5.3) to Be is a k-linear isomorphism
(5.5) Y:Be— Hyx U™.

Proof. For any multi-index J and any a € Hyg we have the relation

(5.6) Y(aBy) —aFy € HoUZ -4

This shows that the restriction (5.5) is surjective. On the other hand Corollary
2.14 of Theorem 2.13 implies that the restriction (5.5) is also injective. O

Remark 5.4. The statement that the map v in (5.5) is a linear isomorphism is
equivalent to any of the statements in Theorem 2.13 or Remark 2.15. Indeed, if say
condition (c) in Section 2.5 does not hold, then the second part of Theorem 2.13 im-

plies that B, intersects nontrivially with the second summand of the decomposition
(5.2).

We use the isomorphism (5.5) to define an algebra structure * on Hy x U~ by
(5.7) axb=19pA Y a)y (b))  foralla,bc Hyx U~.

Relation (5.6) and Corollary 2.14 imply that * is a star product on the partial
bosonization Hy x U~ with the N-grading defined by setting deg(h) = 0 and
deg(F;) = 1 for all h € Hy, i € I. Moreover, this star product is 0-equivariant
because 1 is a left and right Hg-module homomorphism. The subalgebra U~ C
Hy x U~ satisfies the assumption of Lemma 5.2(ii). Hence, in view of U =
V~(x), the 0-equivariant star product is uniquely determined by a k-linear map
wh V= (x) = Homy (U™, Hg x U™). We summarize the situation in the following

theorem.
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Theorem 5.5. Let UT be a pre-Nichols algebra of diagonal type and assume that
the parameters ¢ € k™ satisfy condition (c) in Section 2.5. Then the algebra struc-
ture x on Hgx U~ defined by (5.7) is a 0-equivariant star product and the associated
k-linear map

p" Vo (x) = Homy (U™, Hg x U™), f+s M,Lf
from Lemma 5.2(ii) is given by
(5.8) 1, () = Cidir(y (K K )0k (1)
foralliel, wueU™.

Proof. It remains to compute the map pu”. For any b € B, and any i € I relation
(5.4) implies that

Fi = 1p(b) = ¢(Bib)

= O((F; + i By K; 1)y (b))

= Fyp(b) + ¢iqiry (K" Ep(5y1(D))

= Fp(b) + cigir (¥ (K [Er(ay, ¥ (D))
Hence we get for any u € U~ the relation

Fyxu = Fu+ iz (K] [Ery,ul)

which by Equation (4.10) and the definition of ¢ implies that
(5.9) Fy s u= Fpu+ ¢iqir ) K; Ko )0F ().

(%

Hence uf is given by (5.8). O

5.3. The second star product on the partial bosonization Hy x U~. Next
we interpret the associative product = from Section 4 in terms of star products on
partial bosonizations. It follows from (4.24) and (4.27) that x is a O-equivariant
star product on Hy x U~. By Lemma 4.6 the corresponding k-linear map u” is
also given by (5.8). We summarize these observations in the following proposition.

Proposition 5.6. For all pre-Nichols algebras of diagonal type U™, the binary
operation * on Hyg x U™ given by (4.27) is a 0-equivariant star product for which
the map pt : U~ — Homy (U, Hy x U™) from Lemma 5.2(ii) is given by

i (u) = CiQiT(i)(KT(i)Kfl)af(i)(u)
foralliel, uweU™.

Combining the above proposition with Theorem 5.5 and using Lemma 5.2(ii) we
obtain the following corollary.

Corollary 5.7. For all pre-Nichols algebras of diagonal type U™, the associative
products x and * on Hyg x U™ coincide.

Recall from Proposition 4.9 that (Hp x U™, *) is a right U(X)max-comodule al-
gebra with coaction A,. Composing the coproduct A : B, — B, ® U(x) on B,
with the projection U(x) — U(X)max on the second tensor factor, one also obtains
a U(X)max-comodule algebra structure on Be.
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Corollary 5.8. For all pre-Nichols algebras of diagonal type U™, the map
(5.10) Y :Be — (Hogx U™, %)
is an isomorphism of right U(X)max-comodule algebras.

Proof. Tt follows from Lemma 5.3 and the definition of the star product * that
¥ : Be — (Hg x U™, %) is an isomorphism of algebras. By Corollary 5.7 the map
(5.10) is also an isomorphism of algebras. Moreover, by (4.41) the map (5.10)
respects the right U (x)max-coaction. O

5.4. Generators and relations for B, revisited. We can apply the construc-
tions of Sections 5.2 and 5.3 in particular in the case where the biideal Z which
defines U, U~ and U(x) is trivial, that is Z = {0}. In this case we have Hyx U~ =
Hy x T(V~(x)). We write ® to denote the star product * on Hy x T(V~(x)), and
we write Ec, ﬁ(x)p"ly, and 1; to denote Be, U(x)P°Y and v, respectively, in the
case Z = {0}. For a general biideal Z C T'(V*(x)) and parameters ¢ € k™ satisfying
condition (c) in Section 2.5 we hence obtain a commutative diagram

where b = 9|p, and b =1 B.- In the above diagram the vertical arrows are sur-
jective algebra homomorphisms. The rightmost vertical arrow is a homomorphism
both of the undeformed partial bosonizations Hyg x T(V~(x)) — Hp x U~ and
of the transferred algebra structures (Hp x T(V~(x)),®) — (Hp x U™, *). The
maps ¥ and 1; are k-linear maps, while the other two horizontal maps are algebra
embeddings. The maps b and b are algebra isomorphisms.

The following proposition provides a procedure to determine the defining rela-
tions of (Hyg x U™, *) from the defining relations of U~.

Proposition 5.9. Let UT be a pre-Nichols algebras of diagonal type and assume
that the parameters ¢ € k™ satisfy condition (c) in Section 2.5. If S is a generating
set for the kernel of the homomorphism n : T(V—(x)) — U~ for the undeformed
algebra structures, then it is a generating set also for the kernel of the homomor-
phism

n: (He X T(V_(X)),®) — (Hg X U_,*)

with respect to the transferred algebra structures.

Proof. Consider the projection n : Hg x T(V~(x)) — Hy x U~. By the definition
of S we have

ker(n) = (Ho x T(V"(x))) - §- (Ho x T(V"(X)))-
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We need to prove that
(5.11) ker(n) = (Hgx T(V™(x))) ® S® (Hg x T(V~(x)))-

Asn: (Hyx T(V—(x),®) = (Hy x U™, *) is an algebra homomorphism, the right
hand side of (5.11) is contained in ker(n). The map 7 is graded and we show by
induction on j € N that

ker(n); € (Ho x T(V™(x))) ® S @ (Ho x T(V™(x)))-

Indeed, for a € ker(n),+1 there exist homogeneous elements b}, b’ € HoxT(V~(x)),
s; € S such that a = )", ajs;b)'. Property (5.1) of the star product implies that

a—> aj®s ®b €ker(n)<;,
l

and by induction hypothesis we have
ker(n)<; C (Ho x T(V™(x))) ® S ® (Hp x T(V"(x)))-
This shows that ker(n);j41 C (Hg x T(V ™ (x))) ® S ® (Ho x T(V~(x))) and hence

completes the proof of (5.11). O

For any noncommutative polynomial r(z1,...,2,) = > ;ajz;, ...z , inn vari-
ables with coefficients a; € Hy and any elements uy,...,u, in Hg x T(V ™ (x)) we
write

rfup @...,%9u,) = E ajuj, ® - ®u;,.
7

Proposition 5.9 has the following immediate corollary giving an effective way to
determine the relations of the coideal subalgebra B. of U(x).
Procedure for determining the relations of B :

(1) Let S = {pm(x1,...,2m) | m € S} be a set of homogeneous noncommu-
tative polynomials such that {p,,(E) | m € S} generates the kernel of the
projection n : T(V*(x)) — U™T. In other words, S provides the defining
relations of UT. Let d,, denote the degree of the polynomial p,, for all
meS.

(2) Let

T (T1y .oy Tp) = Za(;xh STy
J

be the noncommutative polynomials with coefficients in ay € Hy such that
Pm(Fry . B =r(F1 ®...,9F,)

where the left hand side uses the undeformed product in T'(V~(x)). It
follows from (5.1) that r,,, has degree d,,, and leading term p,,.
(3) The algebra B, is generated by Hy and B; for i € I subject to the relations
(5.12) K\B; = x(\, o) ' B, K, forall \ e Zp, i€,
rm(B) =0 for allm € S.

Example 5.10. Consider the quantized universal enveloping algebra U (slg) for
¢ € k* as described in Section 3.1. It has generators Ey, Fy, K fori € I ={1,2}
and relations given by (3.1). We apply the above procedure to the coideal subalgebra
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B of Ue(slz) corresponding to the bijection T : I — I given by 7(1) =2, 7(2) = 1.
The quantum Serre relations are given by p12(Fy, Fo) = pa1(F1, F3) = 0 where
piz(e,y) = 2%y — (C+ ¢ Nayr +ya®,  paz,y) = pa(y, 2).
Using relation (5.9) one obtains
FL®F=FF+cal( ' KK, FBe (R F) =FF+alF KK

and hence

(5.13) FPR,=FL@F ®F —c((+ YR KK
Similarly one calculates

(5.14) FIRLF =F®eFheF —cl®RKK ' — ol 'K K !
(5.15) BF=FBeF®F -+ Y 3RE K

Combining (5.13), (5.14) and (5.15) one obtains
p12(F1, Fo) = pra(F1 § ) + (C% — () Filei (Ko Kyt + eo¢ 2K Ky .

Hence the noncommutative polynomial r12(x,y) describing the corresponding defin-
ing relation of the coideal subalgebra B is given by

ra(@,y) = pra(,y) + (2 = ()¢ PaKa Kt 4 ol K1 K e,
Similarly one obtains
ro1(,y) = par (2, y) + (¢* = () [eal PaK Ky ' + 1 (Ko Ky,

By the above procedure the algebra B. is generated by Bi, Bs and Hy subject to
the relations (5.12) and r12(B1, B2) = ro1(B1,Bs) = 0. The latter two relations
coincide with the relations given in [Let03, Theorem 7.1 (iv)].

Remark 5.11. For quantum symmetric pair coideal subalgebras a different method
to determine defining relations was devised by G. Letzter in [Let03, Theorem 7.1],
see also [Koll4, Section 7]. This method also works in the general setting of the
present paper. Letzter’s method relies on relation (2.29) which holds with Z = 0 by
choice of parameters. With Letzter’s method individual monomials in the quantum
Serre relations lead to completely different lower order terms in the relations for B,
than with the procedure described above. This shows that the procedure described
above is not a mere reformulation of Letzter’s method.

Example 5.12. As a second example we consider the coideal subalgebra Be of the
Drinfeld double of the distinguished pre-Nichols algebra of type ufo(8) from Section
3.4. The algebra Be has generators K*', By, By where

K=K K;', B =F +cFEK{', By=F+cE K"
Calculating recursively as in Example 5.10 on obtains that
M = FZ@m forall i=1,2 and m € N,

and that for the polynomial p(x1,x2) from (3.14) one has p(Fy, Fy) = r(Fy @ F3)
where

r(z,x) =p(ar, w2) — (3¢ +2) (a1 K~ 'anwy + coKaoan)
+ §—1/2(2C +3)(c1 K ' aoxy + coKaq20)
F Y2 ¢ D) (AK 2+ EK?) — 2(C+ )ereo.
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Assume that the parameters c1,co € k satisfy the relation in Proposition 3.6(ii).
By the above procedure, the algebra Be has generators K, B1, By and relations

KK '=1,
KBy =—(*?BiK, KBy=-(*"’B)K,
B}=B3=0, r(B,By)=0.

We have checked the above relations also with Letzter’s method referred to in Remark
5.11, and this produces the same relation r(By, Bg) = 0.

6. THE QUASI K-MATRIX FOR B¢

From now on we restrict to the case where the graded biideal is maximal Z = Z .«
and hence U* = UL, are Nichols algebras. We also retain the assumption that
c € k™ satisfies condition (c¢) in Section 2.5. Recall the isomorphism of U(X)max-
comodule algebras ¥ : Be — (Hg X U .., *, Ay) from Corollary 5.8 and the quasi

R-matrix © = ZH(—l)““FM ® E,, from Section 4.1. We call the formal sum
61)  ©'=@ ' eid)(©) =) (- N (F) @ E, € [[Be® (Ufuu

I w

the quasi K-matrix for Be. Here we consider the infinite product [], Be ® (Ugfax) s
as a subalgebra of the completion U(x)max®U (X)max from Section 4.1. We multiply
elements in H Be ® (Uj,), as infinite sums.

max

6.1. The coproducts of the quasi K-matrix. Similarly to Lemma 4.1 we are
interested in the behavior of ©% under the coproduct of U(X)max in each tensor
factor. To this end we introduce elements

0,=091, ©3=106,
@11(3*2( )M?/) ( W) @K, ®E,,

n
Olxs =D (D N(F) @ K, ' @ By,
m
a3 = Z<_1)|M|K}L7T(H) ®T(F,) ® E,,
n
O0%se =Y (DMK, .y ® B.K, ) © K, '5(F,)
n
in [],, Be ® H({Ug ) p @ (Ufax)v- As before, we multiply elements in [], , Be ®
HUS}, ), (Uf,.), infinite sums. A formal completion of Be @ U (X)max @U (X)max

containing the above product will be given in Section 6.3. With the above notation
we can express the desired analog of Lemma 4.1.

Proposition 6.1. The quasi K-matriz ©° satisfies the relation

(6.2) (id ® A)(ee) = @?2 ) ?{23 ) ®§K3
in 1, Be ® HU ) ® (Udax)v, and the relation
(6.3) (A®id)(0”) = O3 - Ok - OFs,

in HM Be ® U(X)max @ (Ufax)p-
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Proof. To prove Equation (6.2) first observe that (4.4) and (4.6) imply that

(6.4) Y (-)WMF, @ (F,<E,) @K, ®E,

sV

= Z(—l)lﬂlHMFﬂ @ F\® Ky, ® E,Ey.
J7PN

Similarly, also taking into account (4.20), one obtains

(6.5) > ()N G(F)EFy) K, © B, @ By
TN
=Y (-)"F.K, ) ® E, @ Ba(F,)K,".
oK

With this preparation we use Equation (4.7), Lemma 4.8, and the fact that ¢ is an
isomorphism of algebras, to calculate

(deA)(©%) = > (-1)AHy=Y(F\F) @ E\K, ® B,

A,
= Y (YT (@ (F e R K) ¢ (B 9E,) © EAK, © B,
LWINZ
((;5) Z (71)|u\+|n|w71 (FRKH—T(H))wil(FI/ un) ® EHE(F#)KJIKU ® E,
VK
(6:4) Z (_l)l)\‘+|#|+‘ﬁ‘wil(FH)KH—T(u)wil(FX) ® ERE(EL)K)\ ® B, By
Ky A

— 0 o 0
- @12 ’ C_‘)K23 : @1K3

which proves Equation (6.2). Equations (2.12) and (4.41), the fact that B, is a
coideal subalgebra of U(x)max and Proposition 4.9 imply that ¢ is an isomorphism
of U(X)max-comodules. Therefore

(A®id)(©%) = Y (- ®ideid)(A(F,) ® E,)

v

(4£8) Z (_1)‘1,'1/)71 ((E(F)\)DFV < E,u)K)\) & F,uK,uqu)\ ® Eu
PWINZ
6.4 _ _
WS ()l (GRS F) Ky) © FuK,Ex © E,E,
A0,
6.5 _ _ _
(:) Z (_1)|H|+|n\+|>\\,¢] 1 (Fn)KA—T(A) ® F}LK—I{—T()\)E)\ ® EME,{U(F)\)KA 1
AR, 1

= Oa- @(;1_(3 ' @?gz
which proves Equation (6.3). O

6.2. The intertwiner property of the quasi K-matrix. The quasi K-matrix
©Y also satisfies an analog of Corollary 4.3.
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Proposition 6.2. The element ©Y satisfies the relations

(6.6) A(B;)-6°=0". (B;® K; + cT(i)qiT(i)KT_é)Ki ® E.i)K; +1® F),
(6.7)  A(K,) 0% =0 A(K,)

forallie I, N Zy.

Proof. We rewrite (F; ® K; ') - © in terms of the twisted product

(Fi® K0

(4.25) _
2 Z(—llﬂl)(F-*F)@aKi 'E, clqwmz DK, o K0k (FL) @ KB,
(4.16) D, ~1 ~1

Z F,) @ K B, + ci(K. ) K; ' @ By )K[ 1) - ©.

Similarly we rewrite © - (F; ® K;) in terms of the twisted product

(4.26)
n

(4.16) _
Z DIH(F, * F) @ B K + cr(iy@ir () © - (KiKTé) ® B K5).

Now Equation (6.6) follows from the above two relations, and the fact that ="' :
(Hy x U™, x) — B, is an algebra isomorphism, by application of ¢~! to the first
tensor factor of Equation (4.18). Similarly, Equation (6.7) follows from the relation
A(K))-© =0 - A(K)) by application of ¢)~! to the first tensor factor. O

Remark 6.3. The statement of Proposition 6.2 is known in the theory of quantum
symmetric pairs as the intertwiner property for the quasi K-matrix (called quasi
R-matrix in [BW18a, Section 3]). In [BW18a, Proposition 3.2] and [Kol17, Propo-
sition 3.5] this property is formulated in terms of the bar-involution for quantum
symmetric pair coideal subalgebras. For general Nichols algebras and their coideal
subalgebras there is no bar-involution. Proposition 6.2 achieves a bar-involution
free formulation of the intertwiner property in the same way as Corollary 4.3 pro-
vides a bar-involution free formulation of the intertwiner property for the quasi
R-matrix.

6.3. Weakly quasitriangular Hopf algebras. We now want to show that the
quasi K-matrix (6.1) gives rise to a universal K-matrix for the coideal subalgebra B,
of U(X)max- In [BK] and [Kol17] universal K-matrices are constructed on suitable
categories of representations. Due to the generality of our setting we do not know
much about the representation theory of U(X)max- Instead we follow an approach
used in [Tan92], [Res95], [Gav97] and consider a weak notion of quasitriangularity.
In the present section we recall this approach. In Section 6.5 we introduce the
corresponding notion of weakly quasitriangular coideal subagebras and show that
B is weakly quasitriangular up to completion.

Definition 6.4. ([Res95, Definition 3], [Gav97, Definition 1.2]) A weakly quasitri-
angular Hopf algebra is a pair (U, R) consisting of a Hopf algebra U and an algebra
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automorphism R € Aut(U®?) satisfying the relations

(6.8) RoA=A®° on U,
(69) (A ® ld) oR = ng o R23 (@) (A ® ld) on l]®27
(6.10) (i[d® A)oR =RizoRiz0 (id®A) on U2,

Here we use the usual leg notation where R;; denotes the operation of R on the i-th
and j-th tensor factor.

For any invertible element u of a unital algebra A let Ad(u) denote the inner
automorphism of A defined by

Ad(u)(a) = uau™" for all a € A.

Remark 6.5. Recall the notion of a quasitriangular Hopf algebra from [Dri87]. If
U is a quasitriangular Hopf algebra with universal R-matrix R, then U is weakly
quasitriangular with the automorphism R defined by conjugation R = Ad(R).

Remark 6.6. By [Res95, (7)] the automorphism R of a weakly quasitriangular Hopf
algebra satisfies the quantum Yang-Baxter equation

(6.11) Ri2 0 Ri3 0 Raz = Rz 0 Riz 0 Ria.

Indeed, (6.8) and (6.9) imply that both sides of (6.11) coincide on the image of
A®id, while (6.8) and (6.10) imply that both sides of (6.11) coincide on the image
of id® A. Now the quantum Yang-Baxter equation (6.11) follows from the fact that
if U is a Hopf algebra then Im(A ® id) + Im(id ® A) generates U®3 as an algebra.

Remark 6.7. In [Res95] a weakly quasitriangular Hopf algebra is called a braided
Hopf algebra, see also [Gav97, Definition 1.2]. We avoid this terminology because it
is often used for Hopf algebras in a braided category. In [Tan92, 4.3] weakly quasi-
triangular Hopf algebras are realized under the name pre-triangular Hopf algebras
via a construction similar to the following lemma.

Lemma 6.8. ([Res95, Definition 3|, [Gav97, Definition 1.3]) Let U be a Hopf alge-
bra, RO € Aut(U @ U) an algebra automorphism, and RV € U @ U an invertible
element such that the following relations hold

(6.12) (Ad(RM) o RD) 0 A = AP,
(6.13) (A®id) o R® =RV o R o (A®id),
(6.14) (id®A) o R® =RV R 6 (Awid),
(6.15) (A®id)(RY) = R - R (RE),
(6.16) (id® 4)(RM) = Ry - R (R).

Then (U, Ad(R™M) 0o R(©)) is a weakly quasitriangular Hopf algebra.

The construction of weakly quasitriangular Hopf algebras in the theory of quan-
tum groups involve completions, see [Tan92, 4.3], [Res95, 1.3]. We set up these
completions in a way which also works for the weakly quasitriangular coideal sub-
algebras in Section 6.5. Recall that U(x) = U(X)max is the Drinfeld double of a
Nichols algebra of diagonal type U™ = U, . Let B be an arbitrary algebra and

max-*
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consider a finite sequence of signs s1,...,8, € {+,—} for some m € N. For any
7 € N define
(BoUNU* @---aUXU™), = @ UNUL @ aUNUT, .
B B €N,
ST 18125

Then the inverse limit

(BaUX)®™),, . : y_((B®U ™) (BUNU @ 2 UU™),)

jJEN

is an algebra which contains BRU (x)®™ as a subalgebra. If the algebra B coincides

with the field k then we write (me)sl...sm instead of (k ®ﬁ(x\)®m)slmsm. The
coproduct A extends to the inverse limits. For example, we have algebra homo-
morphisms

(A®id): (U(X)#2),,,, = (U())

(id® 4): (U(X)*?)s,s, = (UO)®?)
which canonically extend A®id,id® A : U(x)®? — U(x)®3. Recall that © denotes
the quasi R-matrix defined by (4.5). For syse € {++,+—,——} we may consider
O = EH(—I)“"EH@FM as an invertible element of (U(x)®?), ... Moreover, there

5182

is a well defined algebra automorphism R(®) € Aut(U(x)®?) such that

(6.17) RONv0sev00, = XBN(E_y) @ (K_g°)

for all B, € Z". Here K_.- and K_g- denote the operators of left multiplication
by K_., and K_g, respectively. In terms of generators of the algebra U(x)®? the
algebra automorphism R(® is given by RV |yen = idgen and

ROE,®1)=E K, !, RO1@E) =K '®E;,
ROF,®1)=F ®K;, ROQ@F)=K,QF,

51852 51518527

$18282

for all i € I. The automorphism R(%) extends canonically to an automorphism of
the completion (U(x)®?)

algebra automorphism R ) of (U( )" ) s

The following theorem states that the Drlnfeld double U(X)max is weakly quasi-
triangular up to completion. The theorem hence extends [Res95, Proposition 1.3.1],
[Gav97, Theorem 3.1] from the setting of quantum groups to Drinfeld doubles of
general Nichols algebras of diagonal type. To simplify notation, we mostly drop the
subscript max-

31 82 We can also make use of the leg notation to obtain

Theorem 6.9. Let siso € {++,+—,——} and let Ut be a Nichols algebra of
diagonal type with Drinfeld double U(x).

(1) The element RV = Ogy and the automorphism R € Aut((UWQ)
defined by (6.17) satisfy the relations (6.12) — (6.16).

(2) Define an algebra automorphism R*°2 € Aut((UW )syss)
Ad(©g) 0o RO, Then R**> satisfies relations (6.8) — (6.10).

8182)

by Rslsz J—

Proof. (1) It suffices to check (6.12) on the generators E;, F;, K;. Hence property
(6.12) follows from Corollary 4.3. Properties (6.13) and (6.14) hold because the
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coproduct preserves weights. Finally, properties (6.15) and (6.16) hold by Lemma
4.1.
(2) This follows from (1) analogously to the proof of Lemma 6.8. O

Analogously to Remark 6.6, the second part of Theorem 6.9 implies that for
s18283 € {+++,++ —,+ — —,— — —} the quantum Yang-Baxter equation
Ri™ o Ri™ o RE® = RE® o Riy™ o Riy™

holds on (U(x)®?)

515283°

6.4. Extending ¢ to an algebra automorphism. From now on we assume that
the parameters satisfy ¢; # 0 for all ¢ € I. Under this assumption the algebra
homomorphism @ : U~ — U™ x H from Section 4.3 can be extended to an algebra
automorphism of U(x). Indeed, it follows from the defining relations (2.3) and from
Lemma 2.3 that there is a well-defined algebra automorphism & : U(x) — U(x)
such that

(6.18)  T(E;) = c:(li)FT(i)Ki_l, o(F) = c;)KiE iy, o(K;) = K;é)
for all ¢ € I. We are interested in the compatibility between & and the coproduct.

In the following lemma R(®) denotes the algebra automorphism of U(x)®? given by
(6.17) and © denotes the quasi R-matrix for U(x).

Lemma 6.10. Let U be a Nichols algebra of diagonal type with Drinfeld double
U(x). Assume that ¢ € (k*)™. The algebra automorphism T satisfies the relation

(6.19) Aog = (F@id) o Ry o (id ©7) 0 Ad(Q91) 0o R o A.
Proof. Tt suffices to show that both sides of (6.19) coincide when evaluated on
K;, FE; and F;. Evaluated on K; both sides give K;é) ® K;é) By Equation (4.17)
we have
T ®id) o RY) o (id © 7) 0 Ad(Oa;) o R 0 A(E;)
— F®id)oRYY o (d©7)(E; ® K, +1® E;)
=5(F) ® KiK;é) + K ' 0a(E)
= Aog(E;).
The calculation for Fj is similar. O

6.5. Weakly quasitriangular comodule algebras. We now introduce a weak
version of quasitriangularity for comodule algebras over weakly quasitriangular
Hopf algebras.

Definition 6.11. Let (U, R) be a weakly quasitriangular Hopf algebra. A weakly
quasitriangular right comodule algebra over (U, R) is a triple (B, Ap,K) where B
is a right U-comodule algebra with coaction Ag : B — B® U and K is an algebra
automorphism of B ® U which satisfies the following properties

(6.20) KoAp=Ap on B,
(621) (AB & ld) oK = Rgg o IC13 OR23 @) (AB & 1d) on B ® U,
(622) (id@A)O’C:R3QO’C13 OR23OK12O(id®A) OTLB®U

We say that the comodule algebra B is weakly quasitriangular if the coaction Ap
and the automorphism IC are understood.
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Remarks 6.5 and 6.6 have analogs for comodule algebras over a Hopf algebra.

Remark 6.12. Let U be a quasitriangular Hopf algebra with universal R-matrix
R. By Remark 6.5 the pair (U, Ad(R)) is a weakly quasitriangular Hopf algebra.
Recall the definition of a quasitriangular comodule algebra B over U with universal
K-matrix K € B® U from [Koll7, Definition 2.7]. If the U-comodule algebra B
is quasitriangular then B is weakly quasitriangular with the automorphism K =
Ad(K) of BeU.

Remark 6.13. If (B, K) is a weakly quasitriangular comodule algebra over a weakly
quasitriangular Hopf algebra (U, R) then the automorphisms K and R satisfy the
reflection equation

(6.23) Ki2 0 Rs2 0 K130 Ra3 = Raz 0 K13 0 Rez 0 K12
on B U ®U. Indeed, (6.20) and (6.21) imply that
Ki2 0R3z20Ki30Ra30 (Ap ®id) = Raz 0 K130 Raz0 K120 (Ap ®id)
on B ® U while (6.20) and (6.22) imply that
Ki20R320K130Ra30 (id®@A) =Rz 0Ki30Ra30 K120 (id® A)

on B® U. Now the reflection equation (6.23) follows from the fact that if U is a
Hopf algebra then Im(Ap ® id) + Im(id @ A) generates B @ U®? as an algebra.

We have the following analog of Lemma 6.8 for comodule algebras.

Lemma 6.14. Let (U, R, RM) be as in Lemma 6.8 and let B be a right U-
comodule algebra with coaction Ag : B — B® U. Let K9 be an algebra auto-
morphism of B@ U and let K € B® U be an invertible element satisfying the
following relations

6.24) AAEKM) o KO o Ap = Ap,

(
(6.25) (Ap ®@id) o KO =R 0 k¥ 0 RY 0 (Ap ®id),

(6.26) (i[d®A) o KO = K9 oRY o K9 0 Ad(RY) 0o REY 0 (id ® A),
(6.27) (Ap ®id)(KW) = RY) - RE)(K(Y) - REKE (RS),

(6.28) (id® A)(KW) = K - K9 (RS)) - LY RE (51).

Then (B, Ag, Ad(K™M) o K©) is a weakly quasitriangular right comodule algebra
over the weakly quasitriangular Hopf algebra (U, Ad(R™) o R(©)).

Proof. Set K = Ad(K(M)oK(©® € Aut(BaU) and R = Ad(RM)oR©) € Aut(U®?).
Then Equation (6.20) follows from Equation (6.24). Equation (6.21) follows from
Equations (6.25) and (6.27), and Equation (6.22) follows from Equations (6.26) and
(6.28). O

We return to the concrete example of the coideal subalgebra B, of the Drinfeld
double U(x) = U(X)max of a Nichols algebra Ut = U, of diagonal type. There

max

is a well defined algebra automorphism (07 € Aut(U(x) ® U(x)) such that

(6.29) KO 00050000, = XB7=T(1) (K_yir(3)) @ (K_g4r(8)°)
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for all 8,7 € Z". More explicitly, the algebra automorphism K(©)7 is defined by
]C(O)’T|H®H = idH®H and

KO @ B) =K Ky @ B, KO0 F) = KK o F,

(3

K(O),T(Ei ® 1) =E® KflKr(i)v IC(O),T(FZ' ® 1) =F® KZK-,—?(i)

for all ¢ € I. Similarly to the proof of Equations (6.13), (6.14) for the automorphism
R given by (6.17), one sees that

(6.30) (A®id) o KOT = kW7 0 K97 0 (A id),
(6.31) (id®A) o KOT = kD70 k970 (id® A).

The algebra automorphism K(?7 restricts to an automorphism of the subalgebra
B. ® U(x) such that

KO7(B;®1) = B ® KiK G,
for all ¢ € I. Recall the algebra automorphism & from Section 6.4. Define an
algebra automorphism K of B ® U(x) by

KO = kO7 6 (id @ 7).

By construction K(©) extends to algebra isomorphisms

- o —

KO (BeUN)- = BoUN),, kY (BaUN), - BoUN)..
The isomorphism KO will provide us with the desired completed version of the

automorphism K(© in Lemma 6.14. To obtain a completed version of K1), we
may consider the element ©¢ = Zu(fl)“"w’l(Fu) ® E,, from (6.1) as an invertible

o —

element in (B ® U(x)),. By the following theorem the coideal subalgebra B, of
U(x) is weakly quasitriangular up to completion.

Theorem 6.15. Let U™ be a Nichols algebra of diagonal type with Drinfeld double
U(x). Let B be the coideal subalgebra defined in Section 2.2 and assume that the
parameters ¢ € (k™)™ satisfy condition (c) in Section 2.5. Then the following hold:

(1) The element KM = @7 ¢ (Bglf\(x))+ and the isomorphism K©) =
K9 = K076 (id ®7): (BgU\(X))_ — (B@x)h defined by (6.29)
and (6.18) satisfy relations (6.24) — (6.28).

(2) Define an isomorphism of algebras K~ : (Bglf\(x))_ — (Bglf\(x))+ by
K~ = Ad(©%o K. Then K- satisfies relations (6.20) — (6.22) with the

operators R°1%2 from Theorem 6.9.

Proof. (1) We first verify (6.24). Tt suffices to check (6.24) on the generators B; for
i € I and K for A € Zj. We calculate

Ad(©%) 0 K7 o (id @ 7) 0 A(B;)
=Ad(©%) o KO (B; ® K,y + Ky K @ Fy + 1 ® ¢y K B (i)
= Ad(0°)(B; © K; + 1@ F + ¢7(Gir () Ky Ki ® Er(5) K)
= A(Bi)
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where the last equality follows from the intertwiner property (6.6). The relation
Ad(©%) o KO 7o (id®7) 0 A(K)) = A(Ky)  for A€ Zy

holds as (K) = K for all A € Z}. This completes the proof of (6.24).
Property (6.25) follows from the fact that
KO7o(id®d) =RY o (ild® 7)o RY
and from Equation (6.30). Property (6.26) follows from Equation (6.31) and from
Lemma 6.10. Finally, Equations (6.27) and (6.28) hold by Proposition 6.1.
(2) This follows from (1) analogously to the proof of Lemma 6.14. O

Analogously to Remark 6.13, the second part of Theorem 6.15 implies that I~
satisfies the reflection equation
KizoRiy oK30oRy; =Ry oKy oRyy oKy

as an equality of algebra isomorphisms (B ®/Ua)®2)77 = (BUKX)®?) -

REFERENCES

[AA17] N. Andruskiewitsch and I. Angiono, On finite dimensional Nichols algebras of diagonal
type, Bull. Math. Sci. 7 (2017), no. 3, 353573.

[Angl6] 1. Angiono, Distinguished pre-Nichols algebras, Transformation Groups 21 (2016), no. 1,
1-33.

[Ara62] S. Araki, On root systems and an infinitesimal classification of irreducible symmetric
spaces, J. Math. Osaka City Univ. 13 (1962), 1-34.

[AS93] R. Askey and S. K. Suslov, The g-harmonic oscillator and the Al-Salam and Carlitz
polynomials, Lett. Math. Phys. 29 (1993), no. 2, 123-132.

[AS02]  N. Andruskiewitsch and H.-J. Schneider, Pointed Hopf algebras, New directions in Hopf
algebras (Cambridge), MSRI publications, vol. 43, Cambridge Univ. Press, 2002, pp. 1—-

68.

[ASC65] W. A. Al-Salam and L. Carlitz, Some orthogonal g-polynomials, Math. Nachr. 30 (1965),
45-61.

[BK] M. Balagovi¢ and S. Kolb, Universal K-matrixz for quantum symmetric pairs, J. reine
angew. Math., online ahead of print, https://doi.org/10.1515/crelle—2016-0012, 55
pp.

[BKKO00] G. Benkart, S.-J. Kang, and M. Kashiwara, Crystal bases for the quantum superalgebra
Uq(gl(m, n)), J. Amer. Math. Soc. 13 (2000), no. 2, 295-331.

[BW18a] H. Bao and W. Wang, A new approach to Kazhdan-Lusztig theory of type B via quantum
symmetric pairs, Asterisque 402 (2018), vii+134pp.

, Canonical bases arising from quantum symmetric pairs, Invent. Math. 213
(2018), 1099-1177.

[CKP92] C. De Concini, V.G. Kac, and C. Procesi, Quantum coadjoint action, J. Amer. Math.
Soc. 5 (1992), no. 1, 151-189.

[Dij96]  M.S. Dijkhuizen, Some remarks on the construction of quantum symmetric spaces, Acta
Appl. Math. 44 (1996), no. 1-2, 59-80.

[DK18] L. Dobson and S. Kolb, Factorisation of quasi K -matrices for quantum symmetric pairs,
preprint, arXiv:1804.02912 (2018), 45 pp.

[Dri87]  V.G. Drinfeld, Quantum groups, Proceedings ICM 1986, Amer. Math. Soc., 1987,
pp. 798-820.

[ES18] M. Ehrig and C. Stroppel, Nazarov-Wenzl algebras, coideal subalgebras and categorified
skew Howe duality, Adv. Math. 331 (2018), 58-142.

[Gav97] F. Gavarini, Geometric meaning of R-matriz action for quantum groups at roots of 1,
Commun. Math. Phys. 184 (1997), 95-117.

[GY] K.R. Goodearl and M.T. Yakimov, The Berenstein-Zelevinsky quantum cluster algebra
congjecture, preprint, arXiv:1602.00498 (2016), to appear in J. Eur. Math. Soc., 48 pp.

[BW18b]



54

[Hec06]

[Hec09]
[Hec10]

[HYO08]

[Kac77]
[Kas91]

[KLS10]
[Kol14]
[Kol17]
[Let97]
[Let99]

[Let02]

[Let03]
[Let04]
[Let]

[Lus94]
[Majod]

[Nou96]
[NS95]

[Rad85)
[Res95]
[Tan92]

[Yam94]

STEFAN KOLB AND MILEN YAKIMOV

I. Heckenberger, The Weyl groupoid of a Nichols algebra of diagonal type, Invent. Math.
164 (2006), no. 4, 175-188.

, Classification of arithmetic root systems, Adv. Math. 220 (2009), no. 1, 59124.
, Lusztig isomorphisms for Drinfel’d doubles of bosonizations of Nichols algebras
of diagonal type, J. Algebra 323 (2010), 2130-2182.

I. Heckenberger and H. Yamane, A generalization of Cozeter groups, root systems, and
Matsumoto’s theorem, Math. Z. 259 (2008), no. 2, 255-276.

V. Kac, Lie superalgebras, Adv. Math. 26 (1977), no. 1, 8-96.

M. Kashiwara, On crystal bases of the g-analogue of universal enveloping algebras, Duke
Math. J. 63 (1991), no. 2, 465-515.

R. Koekoek, P. A. Lesky, and R. F. Swarttouw, Hypergeometric orthogonal polynomials
and their g-analogues. With a foreword by Tom H. Koornwinder, Springer Monographs
in Mathematics, no. 80, Springer-Verlag, Berlin, 2010.

S. Kolb, Quantum symmetric Kac-Moody pairs, Adv. Math. 267 (2014), 395-469.

, Braided module categories wia quantum symmetric pairs, preprint,
arXiv:1705.04238 (2017), 31pp.

G. Letzter, Subalgebras which appear in quantum Iwasawa decompositions, Canadian
Journal of Mathematics 49 (1997), 1206-1223.

, Symmetric pairs for quantized enveloping algebras, J. Algebra 220 (1999),
729-767.

, Coideal subalgebras and quantum symmetric pairs, New directions in Hopf al-
gebras (Cambridge), MSRI publications, vol. 43, Cambridge Univ. Press, 2002, pp. 117—
166.

, Quantum symmetric pairs and their zonal spherical functions, Transformation
Groups 8 (2003), 261-292.

, Quantum zonal spherical functions and Macdonald polynomials, Adv. Math.
189 (2004), 88-147.

,  Cartan subalgebras for quantum symmetric pair coideals, preprint,
arXiv:1705.05958 (2017), to appear in Represent. Theory, 72pp.

G. Lusztig, Introduction to quantum groups, Birkh&user, Boston, 1994.

S. Majid, Cross products by braided groups and bosonization, J. Algebra 163 (1994),
165-190.

M. Noumi, Macdonald’s symmetric polynomials as zonal spherical functions on some
quantum homogeneous spaces, Adv. Math. 123 (1996), 16-77.

M. Noumi and T. Sugitani, Quantum symmetric spaces and related q-orthogonal polyno-
mials, Group theoretical methods in physics (Singapore) (A. Arima et. al., ed.), World
Scientific, 1995, pp. 28—40.

D. Radford, Hopf algebras with a projection, J. Algebra 92 (1985), 322-347.

N. Yu. Reshetikhin, Quasitriangularity of quantum groups at roots of 1, Commun. Math.
Phys. 170 (1995), 79-99.

T. Tanisaki, Killing forms, Harish-Chandra isomorphisms and universal R-matrices for
quantum algebras, Infinite Analysis, World Scientific, 1992, pp. 941-962.

H. Yamane, Quantized enveloping algebras associated with simple Lie superalgebras and
their universal R-matrices, Publ. Res. Inst. Math. Sci. 30 (1994), no. 1, 15-87.

SCHOOL OF MATHEMATICS, STATISTICS AND PHYSICS, NEWCASTLE UNIVERSITY, NEWCASTLE
uPON TYNE NE1 7RU, UNITED KINGDOM
E-mail address: stefan.kolb@newcastle.ac.uk

DEPARTMENT OF MATHEMATICS, LOUISIANA STATE UNIVERSITY, BATON ROUGE, LA 70803,

U.S.A.

E-mail address: yakimov@math.lsu.edu



