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Abstract

A dynamic problem of coupled thermoelasticity for a composite body is analyzed.
The body is modeled as a composite beam in response to elastic deformation. It
consists of two parts of different densities chosen such that the center of mass is
the junction point. The beam is clamped at the center of mass and free at its
ends. The body acts as a two-dimensional structure in response to the heat flow.
The problem reduces to three partial integro-differential equations, and the two
beam equations are coupled by the heat equation. A method based on integral
transformations and expansion of the transforms of the beam deflection in terms of
shape and vibration modes is proposed. Ultimately, it leads to an infinite system
of linear algebraic equations with respect to the Laplace transforms of the vibration
modes solved by the method of successive approximations. In addition, expressions
for the generalized free energy and the dissipation function are derived. By employing
the variational principle it is shown that this formulation deduces the governing
differential equations of thermoelastic vibration of the thin structure that follow
from dynamic thermoelasticity and the beam theory.
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1 Introduction

It is known [1] that at high speed hypersonic regimes, aerodynamic heating becomes a
major and extremely complicated problem. For example, an accurate modeling of high-
speed flight during the atmospheric reentry that captures the effects of high temperatures
in the shock layer, large aerodynamic heating of the vehicle and the chemically reacting
gas surrounding the vehicle in addition to the classical aerodynamics requires employing
several disciplines, including those of gas dynamics, thermodynamics, thermochemistry,
molecular physics, and statistical mechanics.

By making use of mean axes, Lagrange’s equations and the principle of virtual work
nonlinear equations of motion for uncoupled elastic and rigid body modes were developed
in [2], [3], [4]. Analysis of coupled elastic and rigid body modes of a maneuvering flexible
aircraft was carried out in [5], [6], [7]. Nonlinear equations of longitudinal dynamics for
an elastic aircraft were derived in [8]. The aircraft was modeled as a beam, and the
bending vibration modes of the aircraft and rigid body dynamics were coupled in the



resulting dynamical system. Thermal effects as a part of a generalized Lagrange force
acting upon a beam in the framework of uncoupled thermoelasticity were studied in [9]. A
model problem for a single simply supported beam acting as a two-dimensional structure
in response to heat by the averaging method for integral equations was approximately
solved in [10].

Motivated by applications of the model problem on vibration of elastic and thermoe-
lastic beams to aircraft dynamics in this paper we analyze a model dynamic problem
of coupled thermoelasticity for a thin structure. It works as a one-dimensional body (a
composite beam) in response to elastic deformation and a two-dimensional rectangular
body in response to heat flow. The beam is clamped at the center of mass, has free ends,
and the elastic equations for the two parts of the beam are coupled by the heat equation.
This model problem is different from [10] since it concerns a composite beam, and the
beam ends are assumed to be free, not simply supported. The change of the boundary
conditions makes the method [10] inapplicable. Also, instead of the averaging procedure
with respect to time employed in [10] our method hinges on the exact direct and inverse
Laplace transforms.

In Section 2, we derive a governing boundary value problem for partial integro-
differential equations. Section 3 describes the method of solution that requires applying
the Laplace transform, two finite sine-integral transforms and expanding the deflection
of the composite beam in terms of the shape and vibration modes. Eventually, the proce-
dure deduces an infinite system of linear algebraic equations for the Laplace transforms
of the vibration modes. It is solved by the method of successive approximations. In
Section 4, similarly to [11], we derive the generalized free energy and the dissipation
function associated with the structure considered in the previous sections. The aim of
this section is to derive an alternative variational formulation of the model problem and
show its equivalence to the system of governing partial integro-differential equations em-
ployed in Section 3. Also, the expression of the isothermal strain energy obtained may
be used for derivation of a dynamical system associated with the flight dynamics of a
thermoelastic aircraft.

2 Governing boundary value problem

The problem under consideration is one of dynamic coupled thermoelasticity for a struc-
ture acting as a beam {—l_ <z <l4,—b/2 <y <b/2,—h/2 <z < h/2} (b<<li,h<<
l1) in response to deformation in the z-direction and as a two-dimensional body (a rect-
angle) in response to heat flow. The beam consists of two parts, B_ = {—I_ < z < 0}
and By = {0 < x < 4}, of mass densities p_ and p; = p_I_/l, respectively, and the
point z = 0 is the center of mass. It is assumed that the beam is clamped at the center
of mass

ow
T =22(0%¢) = >
w(0™, t) 9 (0=,t) =0, t=>0, (2.1)
and its ends are free
&%w Pw

while its upper side is subjected to a load of density p(x,t). Here, w(x,t) is the deflection
of a point x of the beam at time ¢. The initial deflection and its rate vanish at all points



of the structure, w(x,0) = w(z,0) = 0, —I_ < z < [, and the initial temperature of
the beam is prescribed and constant, T' = Tj. It is assumed that the surface temperature
T(z,z,t) does not change with time everywhere on the surface except at the upper side,
T(z,h/2,t) = 0T (x,t) + Ty, with 07 (z,t) being a prescribed function.

To write down the governing equations, first we employ the strain-stress relations of
the beam theory

@ W _ 0w oo VYO, 5
% __Z@_E+OZT’ ey =& = - tarb, (2.3)

where v and F are the Poisson ratio and the Young modulus, respectively, measured
under the conditions of isothermal deformation when T' = Ty, and ar is the linear
thermal expansion coefficient. The variation of temperature 0(x, z,t) = T — Ty and the
beam deflection w(z,t) are to be determined.

By multiplying the first relation in (2.3) by z, integrating it with respect to z in
(—h/2,h/2), using the bending moment representation

h/2
M(x) = b/ oypzdz, (2.4)
—h/2
and the beam equilibrium equation
d>M (z) 0w
72 + bp(z,t) = Pihbw, r € By, t>0, (2.5)

we eventually arrive at the two integro-differential equations which govern thermoelastic
bending of the two parts of the beam

Hw  prhbd*w  12ar 0% [N/2 bp(z,t)
AL W/_hﬂﬁzdz— o 0<a<ly, t>0,
ow  p_hbP*w  12ap 9* /2 bp(z,t)
- = —1_ t 2.
97l + 77 o2 3 a2 /_h/2 0zdz 57 I <x<0, >0, (2.6)

that is a generalization of the homogeneous beam equation [10], p.201 to the case when
the beam is composed of two parts and is subjected to loading. Here, J = %bh3 is the
moment of inertia of a rectangular area.

The system of equations (2.6) should be complemented by a thermoconductivity
equation. Under the assumption that § = T — T is small and Ty = const it can be
linearized to the form [11], [12]

c. 00 EarTy Ocpy Q(z, z,t)

29 . =2~ _ =— 2.
v Ag Ot Ag(1—2v) Ot N 2.7)

where ¢, is the specific heat capacity at T' = T, when there is no deformation, A, is the
thermoconductivity coefficient, €2 is the heat flow capacity, and

2
epp = +eP +eld =-(1- 21/)2% +2(1 4 v)ard. (2.8)

Due to this formula for 5 the thermoconductivity equation can be transformed to the

form
0%0  9%9 106  ETpor 203w Oz, z,t)

2 T2 aoi T A, 0ot A
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—l_<zxz<ly, —h/2<z<h/2, t>0, (2.9)

—1
2E(1 Toa?
0=\ <c5+ 1+v) OO‘T> . (2.10)

where

1—2v

For simplicity, we assume that, apart from the density, the beam parts B_ and B, share
all the parameters involved in equations (2.6) and (2.9). Note that the two equations in
(2.6) for the parts B_ and B, are coupled by the heat equation (2.9). The function
satisfies the Dirichlet boundary conditions and vanishes at the initial time

9|z:h/2 = 9+($7t)7 0|z=—h/2 =0, —l-<z<ly, >0,

Olp=s1. =0, |2z| <h/2, t>0; Oli=0 =0, —l_<z<ly, |2|<h/2. (2.11)

It is convenient to rewrite the governing initial-boundary value problem in dimensionless
coordinates. Denote

X z at
g - 77 C - Ea T ﬁa
. h le ., Eh*»? 12Ea2aTy
b= = pi_="" = 4 - 2.12
I ) C+ I ) + 12Pj:a27 /8 )\q ) ( )

where | = [_ + [; (then, apparently, ¢, + ¢ = 1). Notice that 8 is the dimensionless
thermoelastic diffusivity, D1 are the dimensionless thermoelastic bending rigidities, and
the generalized coordinate 7 is an analogue of the Fourier number Fo = a;t/I?, where
a; = Ag/ce. Introduce the functions

h ~
ZZ)(f,T) = 1102([2’;)’ 0(£7C77) = H(x,z,t),
j _ A _plat) A ~PQ(z,2,)
0+(§7T) - 9+(.Z',t), p(faT) - il2EOéT7 Q(é.?CaT) - T (213)

It is directly verified that the functions w, é, p, and () are dimensionless. The new
functions @ and 6 solve the following initial-boundary value problem.

Find the functions w(&,7) and é(é,C,T), the solutions of the system of differential
equations

ot 1 v 9 /1/2

8§4+D—iw+3—§2 HCdC:p, O<§<C+7 T>07

~1/2

Frwo 1 0% 9 Y2 A
8—§4+D—§W+8—§2/ 0Cd¢ =p, —c_<EE<0, 7>0,

-1/2
,0% 0% 00 Py A
- —— =0, —c_ 1/2 2.14
subject to the boundary conditions
ow 0w OB
?I)|£:0i = 0, -~ = 0, R yYS) =y, ¢3 = 0, T > 0,
O |e=o+ 06 | _y., 06 | _y.,




Olecijg =0, Ole1p=0, —c_ <€E<cy; Olempe, =0, [¢|<1/2, 7>0, (2.15)
and the initial conditions
ow

=57 =0 e <<y Olr—o =0, —c_ <& <cy, [(|<1/2. (2.16)
7=0

w‘r:O

3 Solution method

3.1 Infinite system of linear algebraic equations

We apply the operational method to the problem to reduce its dimensionality and even-
tually to convert it into an infinite system of linear algebraic transforms with respect to
the Laplace transforms of the vibration modes. Introduce the Laplace transforms of the
functions é, w, O, and P as

(6.(6: 0w € 2(E Opul€) = [ 7 (.10, 0 p)ar. (3.1)

In virtue of the initial conditions the system of equations (2.14) becomes

0%0s 020 d?ws

B2 e e — 505 + BsC =0 —c_<E<ecy, |C<1/2,

dw,  stw, 4 (U2
_5Ws @ 0.Cd¢ = pe, be, 2
=y BCIC S S (32)

where a_ = —c_, ay. = 0, b_ = 0, by = c4. We consider first the heat equation.
Applying the finite sine-transforms

1/2
0(©) = [ 8.(6.Q)sinTh(C + 1/2)d.

~1/2
Bt = /_ " (€ sinmm(€ + c_)de (3.3)

to the first equation in (3.2) and taking into account the boundary and initial conditions
for the function 6 we find

stm - ﬂ-k(_l)keg_m + /leufkw:m

Ootom — i 3.4
g w2 (h2m? + k%) + s (34)
Here
C+ d2 s . = e
wip = [ (e e, - { ST
+ o > + —sT
0, = /—c, 51n7rm(£+c_)d£/0 07 (&, e Tdr,
c+ 1/2
Qom = / sinTm(€ + c_)dg/ Q4(&, () sinmk(¢ + 1/2)dC. (3.5)
—c_ —1/2
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Notice that the terms wj},, are unknown. Integration by parts in the integral representa-
tion of w?  does not simplify the expression since the function ws(§) is unknown at the
ends £ = fc4.

To proceed with the solution of the second and third equations in the system (3.2)
we invert the two sine-transforms

0s(&,¢) =14 i i sinmm(§ + c—) sin k(¢ + 1/2)0skm (3.6)

k=1m=1

and write down the expression for the integral in (3.2)

/
/_11/22 05(S, Q)¢d¢ = Es(§) + Fu(§) + Gs(6), (3.7)

where

2 N1 X sinm(€ + e )Qsorm
ES - 7 )
©= ng z:: 2(h2m? + 4k2) + s

= 1

F, (&) =4 Z sinmm(§ + )05, >

= = w2 (h2m?2 + 4k2) + s
sinTm/(§ + c-)w}
Wsm 3.8
Zkamz; w2(h2m? 4+ 4k2) + s’ (3:8)

The double sums can be simplified by summing the terms depending on k [13]. This
yields us

1/2 sm 7m(€ + c_) (sinh27wag,(
Eu(€) = —2¢)d
712 Z /1/2 a2, ( sinh ma g, C) ¢
1 & 1
Fs(é = — sin ﬂ-m(g te- ) <C0th TQgm — ) )
2 el Agsm Thgm
Bs < sinmm(€ + co)wk, [n? m 1
Gs(f) = m Zl agm F — 2a5m coth TQgm + % 5 (39)

where )
A = %\/ m2h2m? + s (3.10)

is a fixed branch of the two-valued function v2(s) = (472)~ Y (x2h2m? + s).
Rewrite now the second and third equations of the system (3.2) in the form

d4 s 2 d2
2054(5) - ;—iws(é) = ps(§) — d—g[Es(é) + Fs(§) + Gs(§)], 0<&<ey,
d4w5(§) s d?

Q- D—4_’ws(§) =ps(§) — e

The function w,(€) has to satisfy the boundary conditions

[Es(§) + Fs(§) + G5(§)],  —c- <€<0. (3.11)

ws(0) = wl(0) =0, w!(Fcy)=w.(£ecy)=0. (3.12)



It would be a simple matter to solve this boundary value problem if the right-hand
side did not have the unknown function G4(§). Initially, we assume that the right-hand
side is known and expand the solution of the problem (3.11) to (3.12) in terms of the
eigenfunctions (the shape modes) ¢+ (&) as

ws(g) = Z 775m:|:¢m:|:(£)7 at <& < by, (313)
m=1
with the functions 7,,+(7) to be determined. Here, a_ = —c_, ay =0, b_ =0, by =

c4. The Laplace inversion of these representations give expansions of the dimensionless
displacement (&, 7) in terms of the shape modes ¢,,+ (§) and the vibration modes 7,4 (7)

D)= D et (T)Pma(6), ax <& < by (3.14)
m=1
The functions ¢, (€) solve the eigenvalue problems

d4
d_£4¢m+(§) - an+¢m+(§) =0, 0<&<ecy,

6t (0) = 0 O =0 () = o) =0, [T R @as=1  @15)

and .
%WW@—%ﬁm@za—a<&ﬂ
0
Om—(0) = ¢L,_(0) =0, ¢}, _(—c—)=¢m_(—c_) =0, ¢2,_(£)d¢ =1, (3.16)

—C—

and form orthonormal bases of the associated functional spaces. The eigenvalues wy,+ =
cj_clfym (m=1,2,...) are expressed through the roots ~,, of the transcendental equation

cosymcoshy, +1 =0, m=12..., (3.17)

The eigenfunctions ¢,,+(£) admit the following representation

Om (&) = 6;1/2um{i(sin Ym — sinh vy, ) [sin(wp,+ &) — sinh(w,£8)]

+(cos Y + cosh v, ) [cos(wmt &) — cosh(wm+&)]} (3.18)
with v, being determined as
V= =M S0, m=1,2.... (3.19)
sin® vy,

The numerical values of the roots of the transcendental equation (3.17) can be easily
determined by the iterative procedure

fyﬁ,?):(_l)m_lcos_l ( _% _1)> —|—27T(m—1), n:1,2,...,
cosh v,
4O = (_1)7”—1% +or(m—1), m=12,.... (3.20)



For m > 4, the roots are determined asymptotically by
m—17
Ym ~ (—1) 5 +27(m — 1) (3.21)

with accuracy 10~7. As for the eigenfunctions, for numerical purposes, it will be conve-
nient to use their alternative representation
G (€) =~ {sinl (1 F €/2)] & ()" sinlryn ]
= ——{sin c — sin c
m-+ \/Esin Y Im L F + Tm +

LT sinh(ym&/cx) + (—=1)™ sinh[y,, (1 F &/cy)]

. 3.22
cosh v, ( )
Here, we employed the following identities for the eigenvalues:
1
cosh v, = — ., sinhy, = (1) tan",,, sinqy, = (=1)""'tanh~y,. (3.23)

COS Y,

On expanding the functions ps, E7(€), F7(£), and G (€) in terms of the eigenfunctions
¢+ (£)

ps(f) = Z psm:l:(bm:l:(g)a Eg(f) = Z Esm:l:(bm:l:(f)y ar <& <by,

Fs//(g) = Z Fsm:I:QSm:I:(g)v G/s/(g) = Z Gsm:l:gbm:l:(g)y ay <& <by, (3-24)

m=1 m=1
we can express the coefficients ng,,+ through the known numbers pgp+, Font, and Fgpt,
and the unknown numbers G4+ which depend on 74,,+ . Here,

bt bt
Dot = / D(€)ms (E)IE, By = / E(€)éme (€)de,

by bt
Fys = / FY ()b (), G = / G () s (). (3.25)

The expansions (3.24), when substituted into equations (3.11), give

Psm+ — Esm:l: - Fsm:l: - Gsm:l:
(Ym/cx)* — s/ D1

Now, the unknown coefficients G,+ can be represented in the following series form:

Bs < m2dt, (w2 T 1
Gt = Z — W cothmagy, + %

) 2
dme — g, 6  2asm

Nsm+ = (3.26)

0 o o 00
X ( / sinmm (&1 +c) Y nsj- ¢ (€1)dér + /0 sinTm(&) +c_>Znsj+¢;’+<£1)da)

—c_ j=1 7=1
(3.27)



Here, d= . are the sine-transforms of the eigenfunctions ¢y,+ (&)

bt
dt, = / sin mm (€ + c_ )¢, (€)dE. (3.28)
at
These coefficients can be explicitly evaluated. Remembering that ¢, + c— = 1 we have
—1)"md, d,
d;tw — ()7”1”’ d,, = — (3.29)
v/ C+ \/C—
where
dE = 27Tm(’y,,/c:|:)2 . . T .
= — oo [sin ( sinvy, cos Tmey — COS 7y, sin Tme4
sin? v, (/e — mind) TMCL
2,2 2
—(=1)"sin~, (% sin~y, — v sinwmciﬂ . (3.30)
Yo T™mcy

Analysis of asymptotics of the functions ¢/, (£) and the coefficients of the series in (3.27)
and numerical tests show that due to the nonuniform convergence of the series involved
it is infeasible to rewrite the infinite system of equations (3.26), (3.27) with respect to
the coefficients 7gm,+ in the standard form

S
Nsv+ + Z (ijj:nsm—l— + C;m:l:'r/sm—) =Gsvt, Vv=12,.... (331)

m=1

We propose another way for finding the coefficients 7g,,+. It is based on the method of
successive approximations, integration by parts, and summation of the weakly convergent
series exactly.

3.2 Method of successive approximations

Considerable simplifications result if formula (3.26) for the Laplace transforms of the
vibration modes is rewritten in the form

(n)
Psvt — Espr — Foyr — Gg)0 1
), = Pev (fyu/j;)‘l—;g/Di vk op=12..., GU=0, v=1,2.... (332

This transformation itself does not improve the converge of the series representation

of the coefficients (3.27). However, in each step of the iterative procedure (3.32) the
n)

coefficients Ggyi are known, and the convergence may be improved significantly. It is

(n)

convenient to represent the terms G, as

0
k= [ =00 ©ds+ [ OO0, (3.3
where
2
() m?sinTm(€ + c_) ™ 1 (n—1)
S Z N 5 S cothﬂa8m+2a§m o,
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C4 d2 (n 1)

gn=1) — / sinmm(€ + c_)Mdﬁ. (3.34)
e dg?

On integrating by parts two times, taking into account the boundary conditions, the

discontinuity at the point & = 0 of the second and third derivatives of the function ws(§),

the formula
d4 (" 1)

Z i Vet L e (€), ax <€ < by, (3.35)

and also the relations (3.28) we deduce

_ _ i B /\(n—l)
pln=1) _ COSTMC_ s(n—1) _ SINTM (n-1) _ Asm 2,36
sm T — Wy 2m2 sl 2m2’ ( )
where ' ) | o)
x(n—1) dj+2'wsn_ + dj+2'wsn_ _ .
Wsj _W(O )—W(O ), 7=0,1,
00 n—1
An=1) Z ar Psvt — Esy+ — vy — Ggu-i- :
oo\ T=s(e /D)
(n—1)
— Psv— — Esu— - Fsu— - Gs,,_

+dml/ 1 _ 82(C_/D_/’}/l,)4 ) (337)

Combining equation (3.13) to the first formula in (3.37) gives the following expressions

for the terms w:((]n_l) and w*(n Y,

(n—1)

#(n—1) cosvy, — (—1 i11Psv Esyy — Fs Gsu
i o (Y (e
S el /D)

(n—1)
Psy— — ESV— - Fsu— - GS,/_ .
+ C_(w?/_] 82/D4 /w2+]) ) bl j = O, 1 (338)
Now we can sum the weakly convergent series [13] to obtain
3
=) =3 ol (3.39)
7j=1
with o4;(§) being defined as
(n 1) o s sinh 7753(5 + C:I:) *(n—1) *(n 1)%
G i v A mos |
n— 1
J£;2 1) Z m s W;?; (E+e) (—77 coth mas, + )
[ #(n—1) SINTMC_  4(n-1) Al Y
X |cos Tme_wy, - —wy -—,
™ ™
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(n— 1 A s1n7rm(§+ c_)
043 247‘(2 Z Clgm ,  ay < & < bg, (3.40)

and 6, = \/s5(mh)~!, \/s is a fixed branch of the function v? = s.

It become evident that the new series converge uniformly and absolutely. On multi-
plying the functions ai?_l)(g) by ¢,+(£) and integrating over the intervals (a4, by) we
obtain formulas for the coeflicients Ggy)i efficient for numerical purposes

n—1)
su:l: Zgguj:l: ’ (341)

where

(n—1) _ Bs < *(n—1)

1 _
Gois = —Wg cosh s + —wﬁn Y sinh 7T5,SC:F> Tsva,

T

(n—1) _ 1

Gsvo+ = 87’(’3 Z Qs >
)\("_1)

% [ x(n—1) sinTme_ x(n—1) sm 1

12h2 sinh 78,

maljE

<—7T coth rag,, +

cosmTmc—_w - W —
s0 m sl m

oo n 1) :|:
(n=1) _ d

and
2

Ve (wyy — w0}
w3
Y (cosy, — (—1)¥) sinh ﬂésci] . (3.43)

To+ ==+ ] {—migwgi cosh ey — (—1)/ w362

sin-y,
Numerical tests implemented according to this procedure reveal a good convergence of
the algorithm for 8 € [0,50]. As 8 grows further, the convergence rate slows down, and
the method diverges as 5 > 60. After the Laplace transforms of the vibration modes
are found, the function wg(§) can be found by (3.13), while the Laplace transform of the
function 6 is determined by inversion of the sine-transforms. We have

o oo sinmk (¢ + 3 ) sinmm(€ + )
6 (¢,¢) = Z Z W(Q(,p;z TR+ [k (=1)*0., — B w5 V).
o (3.44)

This expression can be simplified by summing the k-series. We have

60 (¢,¢) = Nis(€,0) + NSV (£,0), (3.45)

where h
o . ~ . 2 1 .
Nis(§,0) =23 sinwm(¢ + ¢ sinh[x(2¢ + 1)a ]9+

m=1

sm?

sinh 2mag,

NV, ¢) = W Z sinmm(C +c-) (QCH_ w> P (3.46)

— az,, sinh ma g,
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Figure 1: Variation of the dimensionless displacement w(§,7) with £ = z/l and for
different values of the parameter 5 when 7 = 1.

3.3 Numerical results

To test the procedure proposed we assume that there is no external heat source, Q(z, z,t) =
0. The composite structure is subjected to uniform loading applied at the moment ¢t = 0,
p(z,t) = PH(t), where P is a constant load density, and H (t) is the Heaviside function.
Denote by P the dimensionless parameter P(E2EaT)_1. Then the coefficients pgp,+
introduced in (3.24) become

2P, Jcx
7_% [cos Y — (—=1)™]. (3.47)
% SiD Yy

The function 67 (z,t) has to vanish at the ends Flx. Select its dimensionless analogue
as 07 (&,7) = A(eqy — €)(E+c_), A is a positive dimensionless parameter. Then

2A
m3m3s

Psm+ = —

O = [(=1)™ —1]. (3.48)

Thus, the coefficients F,,4+ and Fj,,+ have the following values:

24 & d;:m—lz/ 1
Esmt =0, Fgnt = 5. E cothmasom—1 — —— | . (349)
ms = (2m — 1)asom—1 Ts2m—1

The expression (3.46) for the functions o) possesses the coefficients 67,,. By substituting
their expression (3.48) into the first formula in (3.46) we find

84 = sinmm(§ + c—) sinh[m(2¢ + 1)asy)
le(€7 C) - 3. Z (2m — 1)3 sinh 27 a g,

m3s

. (3.50)

m=1
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Figure 2: Variation of the temperature function é(ﬁ ,¢,7) with £ = /1 and for different
values of the parameter § when { =0 and 7 = 1.

The method of successive approximations employed enables us to determine the
Laplace transforms of the vibration modes 7s,+, the dimensionless displacement wg(§),
and the function 64(¢,(). To compute their originals, we compute the inverse Laplace
transforms. For a function fs it is given by

1 c+o0
f(r) = fse*Tds, ¢ > 0. (3.51)

2mi Je—oo
Equivalently (see for example [14]), it can be rewritten as either the cosine inverse trans-
form of the real part of the function f.4;,

f(T) = 2 / Re fc-i—ia cosoTdo, (352)
0

s

or as the sine transform of its imaginary part

flr)= 2% / Im f.y i, sinordo. (3.53)
0

s

These integrals were computed numerically by the Simpson rule.

For the numerical tests we chose ¢ = 0.6 (then ¢y = 0.4), h = 0.1, D, =1,
D_ = Di/e_Jeq, P = 1, A = 10, The variation of the dimensionless displacement
w(&, 1) with € € (—c_,cy) for 8 =0, § = 5, and f = 10 when 7 = 1 is shown in
Fig. 1. It is seen that for small values of the parameter § there is no big difference
between the results produced by the coupled and uncoupled thermoelasticity models.

13
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Figure 3: The dimensionless displacement w(§,7) at £ = —c_ versus the parameter
T = at/h%.

The discrepancies between the displacements grow with the growth of the parameter 5.
Fig. 2 presents variation of the temperature function 9(5 ,C,m)withgfor(=0and 7 =1
for the same values of the parameter 5. When [ growth, the function 6 also grows. The
displacement function w(&,7) at the left end £ = —c_ is plotted versus 7 in Fig. 3. It
is seen that when 8 = 0, the displacement of the end point does not change with time
after a certain moment t,. If 5 > 0 and the coupling of the elastic and heat equations
is not neglected, then the displacement differs from that for § = 0, and it attains its
asymptotic limit significantly slower. Variation of the temperature function é(§ ,C,T) at
¢ = —0.2, ¢ = 0 with the parameter 7 = at/h? for different values of the parameter f3 is
shown in Fig. 4.

4 Variational formulation

In this section we derive a variational formulation of the thermoelastic vibration of the
thin structure analyzed in the previous section and show that it ultimately leads to the
same governing boundary value problem. This formulation may be used as a basis for an
alternative numerical method for the solution. Also, it can be employed for derivation
of a dynamical system associated with the flight dynamics of a thermoelastic aircraft.
The variational formulation will be based on three invariants, the kinetic energy

1 d? 5
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Figure 4: The temperature function é(ﬁ ,¢,7) at & = —0.2, ¢ = 0 versus the parameter
T = at/h%.

the generalized free energy

1 821/) 2 )
U = 5/3 [al (Zw> +a20

and the dissipation function

dv, (4.2)

D= 1ag/ S-Sdv. (4.3)
2 B

Here, B = B, U B_ is the body (the beam analyzed in the previous section), p(x) is the
density of B, p(z) = p1, © € By, aq, ag, and a3 are some factors to be determined from
the equivalence of the corresponding variational equations and the governing equations
(2.6), (2.9). The vector S is the entropy displacement field (entropy flow) (Biot, 1956)

V-S=-s, (4.4)

and s is the entropy density. The entropy flow S represents the amount of heat which
has flown in a given direction divided by the absolute temperature. For small 8 =T — T}

we have T E
0 QTEKE
=" (s— . 4.
== (S 1— 20 ) (4.5)
On substituting the expression (2.8) and (4.4) into (4.5) we deduce for the function 6
Ty 20w
0=— V-S—-FEoar—— 4.6
65/81 ( ar 92 ) ) ( )
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where
2ETH(1 + v)a3

=1 4.7
fr=1+ (1 —2v) (47)
Remembering the notations (2.10) and (2.12) we express 1 through 3
1207 Ty
B = —L2 4.8
! cef (48)
The variational principle reads

§K +8U + 6D = / (—6n - 6S + pow)dA + / Q- 5Sdv, (4.9)

A B

where dA is an elementary surface of B, p is the load density, V- Q = —)\;19, and € is
the heat flow capacity.
First we represent U as U; + Us and find the variation of Uy

5U—5ﬂ/ ?w\" (4.10)
1= B 5 Zax2 . .

Choosing a; = E and integrating by parts in a usual manner yield

3 l 4
B [% 07 s i, (4.11)

==~ |, a0

Compute now the variation of Us, §Us = an [5650dV . From (4.6) we have

a1y

0Uy = —
2 ce

0w
/Bea (v S— EO‘”@) av. (4.12)

Implementing integration by parts and selecting ay = ¢.31 /Ty bring us
020
5Uy = — / On - 5SdA + / V0 - 6SdV + Ear / 22 Swav. (4.13)
A B B Or

Select next oz = Tp/A, and write down the variation of the kinetic energy and the
dissipation function as

2 T i
5K + 6D = / p Y suwav + —0/ S . 6Sav. (4.14)
B Ot? Ag /B
For the total variation of K + U + D we find

6K+5U+5D:—/6n-5SdA+/
A B

ve-as+%3-5s]dv
q

bR3E [+ &*w Ly 92 h/2 b 92w
—dwd bE — fdzéwd hb —dwdx. (4.1
D) I hkar /_l, Ox? /—h/2z Fowdr ¥ /—l, Pz 0 (4.15)

Substituting this expression in equation (4.9) gives the following two equations

otw  p(z)hb 0*w  12ar /h/2 bp

LA It
9z T EBJ o2 1 ) C T ES <<l >0,
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Th -
Vo + 28 =Q. (4.16)
)\q

The first equation coincides with (2.6). To write the second equation in (4.16) in the
form (2.9), we apply the divergence operator and use the relation

c:51 00 > Ow

S=-—== —. 4.1
v To ot T 9u2or (4.17)
that follows from (4.5). Since V- Q = —)\;19, after a simple rearrangement, we derive
@ n @ B ce 1 @ ETyar z0%w _ _Q(x,z,t)‘ (4.18)
0x?2 022 Ay Ot Ay 020t Ag

Because of the relation c.31/\; = a! this equation is identical to (2.9).
Note that if we employ the strain-stress relations of the beam theory (2.3), then the

generalized free energy
2
1 0w 05/81 2
= - E|2=——
v 2/3[ <Z8:62> + Toe

derived in this section coincides with the one deduced from the expression [11]

% (4.19)

c
U= / W —592) v 4.20
B ( " 2T (4.20)
proposed for any three-dimensional body B. Here, W is the isothermal strain energy
2W = Aepy, + 2u(ed; + €39 + €33 + 2633 + 265, + 2e1). (4.21)

In what follows we show the equivalence of formulas (4.19) and (4.20). For the thin
thermoelastic structure B of consideration the strain components have the form
0w 0w

ZW, g =¢e33 =vz-— + (1 +v)arl, e;=0, i#j. (4.22)

€11 = — 8.12

Upon computing the integrals

A [h2 A1 — 2020 (92w
—/ Ekde: 3
2 ) o 24 B

h/2 52 h/2
2\ .2 2 w
+2(1+v) )\aT/ 62z — 20(1 — 20) (1 + v)ar s / 204z,
—h/2 O0x® J_n/2

h/2 1+ 2283 (92w)’
M/_h/2(5%1 + &5y + €33)dz = il ) < )

12 0z
h/2 52w [h/2
+2(1+ 1/)2,uoz2T/ 6%dz + 4puv(1 + v)ar+— / 20dz, (4.23)
—h/2 ox? J_p/2
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and adding these expressions we obtain the integral of the energy W

L (B3 (02w’ (1+v)ad [h/2
=bE — T / 2 : 4.24
Jowav—ee [ 24<8$2> bt [, e e (4.24)

This gives us the isothermal strain energy for the thin structure B
2
E | [20%w 2(1 +v)a% 5
=— —20°. 4.2

W 2 ( Ox? ) + 1—2v (425)

It is directly verified that formula (4.20) with W being defined by (4.25) coincides with
the expression (4.19).

5 Concluding remarks

We have analyzed a dynamic model of coupled thermoelasticity for a structure that acts
as a composite beam in response to elastic deformation and as a two-dimensional body
in response to heat flow. The beam is clamped at the center of mass and free at its
ends. The two governing thermoelastic integro-differential equations for the deflection
of the beam parts are coupled by the thermoconductivity equation. We have proposed a
method for the boundary value problem for these three integro-differential equations that
is based on two integral sine transforms applied to the heat equation and one integral sine
transform applied to the elastic equations. The consequent expansion of the deflections in
terms of the shape and vibration modes leads the problem to an infinite system of linear
algebraic equations with respect to the Laplace transforms of the vibration modes. For
its solution we proposed a method that comprises successive approximations, integration
by parts and summation of weakly and nonuniformly convergent series. Our numerical
tests revealed that unless the parameter § is small the coupling of the heat bending
equations effects are essential on the deflection and the temperature distribution.

We have also derived the generalized free energy and the dissipation function ex-
pressions. Employing the variational formulation we have shown that this formulation
deduces the governing differential equations of thermoelastic vibration of the thin struc-
ture analyzed in the first part of the paper. The expressions of the generalized free energy,
the kinetic energy, and the dissipation function, when expanded as quadratic forms, in
conjunction with the variational principle can be employed to obtain the corresponding
Lagrangian equations and ultimately the dynamical system associated with flight of a
thermoelastic aircraft modeled as the two-dimensional structure studied in the paper.
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